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This book presents techniques that have been applied successfully in solving 
power system problems with a digital computer. It ean thus serve as a text for 
advanced power system courses to inform prospective power engineers of methods 
currently employed in the electric utilitv industry. Recause of the increaxing 
use of the computer as an indispensable toul in power system engineering, this 
book will also serve as a basic reference for power system engineers responsible 
for the development of computer applications, 

The material contained in the text has heen developed from notes for 
special two-week courses offered since 1964 at Purdue University, The University 
of Wisconsin and the University of Santa Clara. These courses were attended 
hy representatives of universitics, electric utilities, and equipment manufacturers. 

Solution techniques are presented for the three problems encountered most 
fregu.ntly in power system analysis, namely, short circuit, load flow, and power 
system stability, In addition to an enginecring description of these problenis, 
the mathematical techniques that are required for a computer solution are 
described. Thus, relevant material is included from matrix algebra and numeri- 
calanalysis. It is assumed, however, that the reader has a gencral understanding 
of elementary power system analysis. 

Chapter 1 presents, as a brief introduction, the impact of computers on 
power system engineering, the orientation of enginecring problems to computers, 
and the advantages of digital computation. Chapter 2 covers the basic principles 
af matrix alcebra and provides sufficient background in matrix theory for the 
remainder of the bouk. For readers familiar with matrix techniques, (his chapter 
serves as a review and establishes the notation used throughout the text. Inei- 
dence and network matrices are introduced in Chapter 3, which presents the 
techiniqnes for describing the geometric structure of a network and outlines the 
transformations required to derive network matrices. The formation of these 
matrices is the first step in the analysis ef power system problems. Chapter 4 
presents algorithms which can be used in an alternative method fer the forma- 
tion of certain network matrices, These algorithms have proved to be effective 
for use in computer calculation. The methods described in Chapters 3 and 4 are 
developed for single-phase representation of power systems. Chapter 5 extends 


these methods for three-phase representation. The application of network 
matrices to short circuit calculations is presented in Chapter 6. Several 
methods are included and a typical computer prograni is described to illustrate a 
practical application of the techniques. 

Chapter 7 contains a brief introduction to the solution of linear and ron- 
linear simultancous algebraic equations. This maternal is presented tn a maniier 
thet affords direct application to the solution of the load flow problem. The 
formulation and solution of the load flow problem is presented in Chapter Ss. 
This chapter also describes the procedures for handling voltage-controlled buses, 
transformers, and tie line control. The different methods are compared from 
several points of view and a description is given of an actual program used for 
load flow calculations. In a manner similar to that in Chapter 7, Chapter 
introduces methuds for the numerical solution of the differential equations that 
are required for transient stability studies, Chapter 10 covers the formutation 
and solution techniques employed in transient studies and presents procedures 
for the detailed representation of synchronous and induction machines, exciter 
and governor systems, and the distance relays. An actual transient stability 
computer program is described. 

The first efforts in the development of this material were mace in the carly 
1950s at the American Electric Power Service Corporation as a result of the 
interest in the application of computers to the planning and operation of electric 
power systems. In 1959, the authors had an opportunity to work together as 
members of the staff of the American Electric Power Service Corporation and 
continued to work together on a part-time basis for several years. This made 
possible the further development of basic computer methods established in 
previous years. 

This research work was endorsed enthusiastically by the management of the 
American Electric Power Company. The authors wish to express their apprecia- 
tion for this support. 

It is a pleasure also to acknowledge the contributions of those who have 
helped in the preparation of this book. The authors would like particularly to 
thank Jorge F. Dopazo, who studied the text in detail and made many sugyes- 
tions; Marjorie Watson, for her contribution related to the mathematical tech- 
niques and for editing the manuscript; and G. Robert Bailey, Dennis W. Johnston, 
Kasi Nagappan, Janice F. Hohenstein, and ather members of the Enginecring 
Analysis and Computer Division, The authors would like also to thank Profes- 
sors Arun G. Phadke and Daniel K, Reitan of The University of Wisconsin for 
their helpful comments in reviewing the text. Last, but certainly not least, 
sincere thanks to Constance Aquila for her excellent work in the typing and 
genera] preparation of the manuscript. 

Glenn W. Stage 
Ahmed H, Et-Abiad 
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I.l Historical note 


The great technical advances in the design and production of commercial 
and scientific general-purpose digital computers since the early 1950s have’ 
placed a powerful tool at the disposal of the engineering profession. This 
advancement has made econemicaliy feasible the utilization of digital 
computers for routine caleulations encountered in everyday engineering 
work. In addition, it has provided the eapability for performing more 
advanced cugineering and scientific computations that were previously 
mapossible beeause of their complex or time-consuming nature. All 
these trends have increased immensely the interest in digital computers 
and have necessitated a better understanding of the enginecring and 
mathematical bases for probleni solving. 

The planning, design, and operation of power systems require con- 
tinuous and comprehensive analysis to evaluate current system per- 
formance and to ascertain the effectiveness of alternative plans for system 
expansion. These studies play an important role in providing a bigh 
standard of power system rehability and ensuring the maximum utiliza- 
tron of cupital investment. 

The computational task of determining power flows and voltage 
Jevels resulting from a single operating condition for even a small network 
is all but insurmountable if performed by manual methods. The need 
for computational aids in power system engineering Ied in 1929 to the 
design of a special-purpose analog computer called an ac network wnalyzer. 
This device made possible the study of a greater variety of system oper- 
ating conditions for both present and future system designs. It provided 
the ability to determine power flows and system voltages during normal 
and emergency conditions and to study the transient behavior of the 


2 Computer methods in power system analysis 


system resulting from fault conditions and switehing operations. By the 
middle 1950s 50 network analyzers were in operation in the United States 
and Canada and were indispensable tools to planning, relaying, and oper- 
ating engineers. 

The earliest application of digital computers tu power system prob- 
lems dates back to the late 1940s: However, most of the early apphica- 
tions were limited in scope because of the small capacity of the punched 
card calculators generally in use at that time. The availability of large- 
scale digital computers in the middle 1950s provided equipment of sufh- 
cient capacity and speed to mect the requirements of major power system 
problems. In 1957 the American Electric Power Service Corporation 
completed a large-scale load flow program for the [BAI 704 which caleu- 
lated the voltages and power flows for a specified power system network. 

The initial application of the load flow program to transmission 
planning studies proved so successful that all subsequent studies employed 
the digital computer instead of the network analyzer. The success of 
this program led to the development of programs for short circuit and 
transient stability calculations. Today the computer is an indispensable 
{ool in all phases of power system planning, design, and operation, 


i.2 Impact of computers 


The development of computer technology has provided the following 
advantages to power system engineering: 


1. More efficient and economic means of performing routine engineering 
calculations required in the planning, design, and operation of a 
power system 

2. A better utilization of engineering talent by relieving the engineer 
from tedious hand caleulatious and permitting him to spend more 
time on technical work 

3. The ability to perform more effective engineering studies by applying 
caleulating procedures to obtain a number of alternate solutions for a 
particular problem to provide a broad base for engineering decisions 

4. The capability of performing studies which heretofore were not possi- 
ble because of the volume of calculations involved 


Two major factors which have contributed to the realization of these 
benefits are the declining cost of computing equipment and the develop- 
ment of efficient computational techniques. Now that a substantial 
reduction in computing cost has been cffected, principal effort must be 
directed toward the orientation of engineering problems to computer 
solutions. 
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1.3 Orientation of engineering problems to computers 


The process of applying a computer to the solution of engineering prob- 
lems involves a number of distinct steps. These steps are: 


1. Problem definition Initially, the problem must be defined precisely 
and the objectives determined. This may be the most dificult step in 
the entire process. Constderation must be given to the pertinent data 
available for input, the scope of the problem and its limitations, the desired 
results, and their relative importance in making an engineering decision. 
This phase requires the judgement of experienced and capable engineers. 


2. Mathematical formulation After the problem has been defined, it is 
necessary to develop a mathematical model to represent the physical 
system. This requires specifying the characteristics of individual system 
components as well as the relations which govern the interconnection of 
the elements. Different mathematical models may be used to represent 
the same system and, for many problems, complementary (dual) formula- 
tions may be obtained. One formulation may result in a different number 
of equations than another as, for example, in the case of network problems 
which can be solved using either loop equations or node equations. The 
mathematical formulation of the problem, therefore, includes the design 
of a number of models and the selection of the best model to deseribe the 
physical system. 


3. Selection of a solution technique The formulation of most engineering 
problems involves mathematical expressions, such as sets of nonlinear 
equations, differential equations, and trigonometric functions, which 
cannot be evaluated directly by a digital computer. A computer is 
capable of performing only the four basic arithmetic operations of addi- 
tion, subtraction, multiplication, and division. A solution for any 
problem, therefore, must be obtained by numerical techniques which 
employ the four Lusic arithmetic operations. It is important in this 
phase to select a method which is practical for machine computation and, 
in particular, will produce the desired results in a reasonable amount of 
computer time. Since numerical approaches involve a number of assump- 
lions, careful consideration must be given to the degree of accuracy 
required, 


4. Program design The sequence of logical steps by which a particular 
problem is to be solved. the allocation of memory, the access of data, and 
the assignment of input and output units are important aspects of com- 
puter program design. The objectives are primarily to develop a pro- 
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cedure which eliminates unnecessary repetitive calculations and remains 
within the capability of the computer. The program design is usually 
prepared in the form of a diagram called a flow chart. 


6. Programming A digital computer has a series of instructions con- 
sisting of operation codes and addresses which it is able to interpret and 
execute. In addition to the arithmetic and input/output instructions, 
logical instructions are available which are used to direct the sequence of 
calculations. The translation of the precise detailed steps to be per- 
formed in the solution of a problem into an organized list of computer 
instructions is the process of programming. A program can be developed 
by using computer instructions in actual or symbolic form, or it can be 
written in a generalized programming language, such as FORTRAN. 


6. Program verification There are many -opportunities to introduce 
errors in the development of a complete computer program. Therefore, 
a systematic series of checks must be performed to ensure the correctness 
of problem formulation, method of solution, and operation of the program. 


7. Application Engineering programs, in general, can be classified into 
two groups. The first consists of special-purpose programs, which are 
developed in a relatively short period for the solution of simple engineering 
problems. Such a problem is usually well defined, and often the program 
completely serves its purpose after the first series of calculations has been 
completed. Some small programs are used on a continuing basis but are 
restricted in their use because of their special-purpose nature. 

The second group consists of general-purpose programs that are 
designed for the analysis of large engineering problems. These programs 
are appled extensively in the regular studies of once or mure engincering 
departments. Their use may have an effect on the approach to an engi- 
neering problem and the organization of a study. Thus, it is important 
that consideration be given to the manner in which a program is to be 
employed in an engineering activity. Some aspects which must be con- 
sidered are means of collecting and preparing data, processing time, and 
presentation of results, Programs of this type are becoming an integral 
part of power system engineering. 


The relative importance of each of these steps varies from problem to 
problem. Moreover, all steps are closely related and play an important 
role in the decisions that must be made. Of primary importance is the 
interrelation of the mathematical formulation of a problem and the selec- 
tion of a solution technique. Frequently, it is difficult to evaluate the 
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influence of these two steps on cach other without developing a complete 
program and performing actual calculations to campare the alternatives. 

The material covered in this book pertains to the first three steps, 
with particular emphasis on the interrelations of steps 2 and 3. Simpli- 
fied flow charts are used to illustrate the methods presented. 
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Matrix algebra 
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2.1 Introduction 


In recent years, the use of matrix algebra for the formulation and solution 
of complex engineering problems has become increasingly important with 
the advent of digital computers to perform the required calculations. 
The application of matrix notation provides a concise and simplified 
means of expressing many problems. The use of matrix operations pre- 
sents a logical and ordered process which is readily adaptable for a com- 
puter solution of a large system of simultaneous equations. 


2.2 Basic concepts and definitions 
Matrix notation 


Matrix notation is a shorthand means of writing systems of simultaneous 
equations in a concise form. A matrix is defined as a rectangular array 
of numbers, called elements, arranged in a systematic manner with m rows 
and n columns. These elements can be real or complex numbers. <A 
double-subseript notation a, is used to designate a matrix element. 
The first subscript 7 designates the row in which the clement lies, and the 
second subscript 7 designates the column. 

In the following system of equations, 


Qyy21 + Ay2%q + Gi3%2 = Hi 
Gq1X1 + Gq2%_ + Ga3%s = Yo (2.2.1) 
31%, + Gaet2 + Ay3ta = Ys 


Z1, Z, and zz are unknown variables; ai, @12, @y3, . . - . @33 are the coefh- 
cients of these variables; y1, y2, and ys; are known parameters. The 
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coefficients form un array 


Gi, Giz Gia 
G21 G22 G23 (2.2.2) 


which is the coefficient matriz of the system of equations (2.2.1). 
Similarly, the variables and parameters can be written in matrix 
form: 


Zy yi 
x5 and Ye (2.2.3) 
Z3 Y¥3 


The matrix (2.2.2) is designated by a capital letter A and the matrices 
2.2.3) by X and Y, respectively. In matrix notation the equations 
(2.2.1) are written 


AX =Y 


A matrix with m rows and n columns is said to be of dimension m 
by n, orm Xn. <A matrix with a single row and more than one column 
(m = landn > 1) is called a row matriz or row vector. A matrix with a 
single colimn and more than one row is called a column matrix or column 
vector. 


Types of matrices 


Some matrices with special characteristics are significant in matrix opera- 
tions. These are: 


Square matrix When the number of rows equals the number of columns, 
that is, m =n, the matrix is called a square matriz and its order is equal 
to the number of rows (or columns). The elements in a square matmx 
a,; for which 1 = j are called diagonal elements. Those for which t # 7 
are called off-diagonal elements. For elements a,; to the right of the diago- 
nal 7 is less than j, and for those to the left of the diagonal 2 is greater 
than j. 


Upper triangular mairiz If the elements a,, of a square matrix are zero 
for z > Jj, then the matrix is an upper triangular matriz. For example: 


Qi Giz 13 
A=|0 G7. a3 
0 0 33 


Chapter 2 Matrix algebra 9 


Lower triangular matriz If the elements ai; of a square matrix are zero 
for t <j, then the matrix is a lower triangular matrix, For example: 


11 0 0 
A=] Qa O 
G3, 432 33 


Diagonal matrix If all off-diagonal elements of a square matrix are zero 
(a; = 0 for allz + 7), then the matrix is a diagonal matrix. For example: 


Qi 0 0 
A= {0 arr 0 
0 0 33 


Unit or identily matrix Tf all diagonal elements of a square matrix equal 
one and all other elements are zero (a; = lfort = panda; = Ofori # 9), 
the matrix is the unit or tdenttty matriz, designated by the fetter U. 
For example: 


1 0 0 
V=|/0 1 0 
0 01 


Null matriz If all elements of a matrix are zero, it is a null matrix. 


Transpose of a matriz If the rows and columns of an m Xn matrix are 
interchanged, the resultant n X m matrix is the éranspose and is desig- 
nated by At.. For the matrix 


Git a2 | 
A =|a11 Q2 
Qa, G32 


the transpose is 
Ab= Gi. G21 Gat 
G12 222 Aan 
Symmetric matrix If the corresponding off-diagonal elements of a square 


matrix are equal (a, = a;), the matrix is a symmetric matrix. For 
example: 


pe 
N 
oe 
amu 
(a2) 
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The transpose of a symmetric matrix is identical to the matrix itself, 
that is, Af = A. 


Skew-symmetric matrix If A = —A‘ for a square matrix, A is a skew- 
symmetric matriz, The corresponding off-diagonal clements are equal Inuit 
of opposite sign (a; = —a;) and the diagonal elements are zero. For 
example: 
Oo —5 3 
A= D 0 0 
-3 -6 0 


Orthogonal matrix If AtA = U = AA! for a square matrix sith real 
elements, then A is an orthogonal matrir. 


Conjugate of amatriz If all the elements of a matrix are replaced by their 
conjugates (replace the element a + jb by a — jb), the resultant matrix is 
the conjugate and is designated by A*. For a matnx 


it 73 5 
~ [44+5j2 14 ql 


the conjugate is 


a 2 il, 98 i) 
7 Slant ea 
Tf all the elements of A are real, then A = A*. [If all elements are pure 
imaginary, then A = —A*. 


Hermitian matrix If A = (A*)! for a square complex matrix, A is 4 

Hermitian matriz in which all diagonal elements are real. For example: 
9-5 

7 es a i 

2+ 53 5 

Skew-Hermitian matriz If A = —(A*)! for a square complex matrix, A 

is a skew-Hermitian matriz in which all diagonal elements are either zero 

or pure imaginary. For example: 


7 0. . -8ag3 
fis | cpg 0 | 


Unitary matrix If (A*)‘\A = U = A(A*)' for a square complex matrix, 
Aisaunitary matriz. A unitary matrix with real elements is an orthogo- 
nal matrix, 
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Table 2.1 summarizes some types of special matrices. 


Tuble 2.1 Types of special matrices 
Condilion Type of matrix 
A= -A Null 

A= At Symmetric 

A = —-Ab Skew-svinmetric 
A= A* teal 

A= -—A* Pure imaginary 
A (A*)! Hermitian 

A —(A*) Skew-Tfermitian 
AVA U Orthogonal 
(Ata = U Unitary 

2.3 Determinants 


Definition and properties of determinants 


The 


4410) 
Q 1%, 


ean be obtained by eliminating the variables one at a time. 


solution of two simultaneous equations 


+ iT. = 
+ ao2%2 = ky 


(2.3.1) 


Solving for 


vein terms of r, from the second equation and substituting this expression 
for re in the first equation, the following is obtained: 


Ayty + ana 


ke 


Mas 


aay 
“— n1) => ky 
Gas 


Ajy1G 22k j + Qiks —~ Ey2Gnty = Gr2ky 
(@11@22 — 41292) t1 = G22ky — aiaks 


Qa2k, — ay2k, 
2) = 
11492 — 12424 


Then, substituting rin either of the equations (2.3.1), x2 is obtained: 


ayky — doh) 


ro = 


the coefficient matrix -l, where || denotes the determinant 


LA} = 


Q41499 — Ai291 


The expression (@1;@22 — @y2@21) is the value of the determinant of 


| Mi, 42 | 
121 Gan} 


I2 
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The solution of the equations (2.3.1) by means of determinants is 


ky yz | 
ky 22, Baek, — ayeke 
Q11 G12 Q\1G29 —~ Gyo, 
Qa An 
ay. ky 
da ky @iik, ~ ak, 
Zr = oO. SO 
Qi1 Qy2 Q43022 — Qj2421 
Gq, a2 


A determinant is defined only for a square matrix and has a single valuc. 
A method for evaluating the determinant of ann X n matrix is given in 
Chap. 7. 


Determinants have the following properties: 


The value of a determinant is zero if 

a. A}l elements of a row or column are zero 

b. The corresponding elements of two rows (or columns) are equal 

c. A row (or column) is a linear combination of one or more rows 
(or columns) 

If two rows (or columns) of a determinant are interchanged, the value 

of the determinant is changed in sign only 

The value of a determinant is not changed if 

a. All corresponding rows and columns are interchanged, i.¢., 


|A] = |A4 


b. k times the elements of any row (or column) are added to the 
corresponding elements of another row (or column) 

If all elements of a row (or column) are multiplied by a factor k, the 

value of the determinant is multiplied by k 

The determinant of the product of matrices is equal to the product of 

the determinants of the matrices, i.e., 


|A BC| = |A] | BI IC| 


The determinant of the sum (or difference) of matrices is not equal 
to the sum (or difference) of the individual determinants, i.c., 


|A+B-—C|#|A| + |B) — Ic 


The application of these properties can reduce the work in evaluating 
determinants. 


Chapter 2 Matrix algebra 13 


Minors and cofactors 


The determinant obtained by striking out the ith row and jth column is 
called the minor of the clement a. Thus, for 


Git 120 3 
|A| =/@21 Q@22 Gas 
Ga. G32 aa 


the minor of az, is 


Qin Ay, 
Q32 Aga 


The order of this minor is one less than that of the original determinant. 
By striking out any two rows and columns a minor of order two less than 
the original determinant is obtained, ete. 

The cofactor of an element is 


(—1)"+¥Gminor of a,;) 


where the order of the minor of ay ism — 1. The cofactor of a2, desig- 
nated by Ang, is 


Giz Gia} _| au ais| 


| 
Ag = (—1)tU! 
" ( ) | Qs2 Aaa 


'@32 G32 


The following relationships between a determinant and cofactors 
exist: 


1. The sum of the products of the elements in any row (or column) and 
their cofactors 1s equal to the determinant: 


Al = anAa + derd422 + GasAas (2.3.2) 


2. The sum of the products of the elements in any row (or column) and 
the cofactors of the corresponding elements in another row (or column) 
is equal to zero: 


QnAa + d22Aa2 + Q23Aa = 0 (2.3.3) 


Adjoint 


If each clement of a square matrix is replaced by its cofactor and then the 
matrix 1s transposed, the resulting matrix is an adjoint which is designated 
by At 


Any An Au 
At-=s Aw An Ay 
Ang An Ags 
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2.4 Matrix operations 
Equality of matrices 


If A and B are matrices with the same dimension and each element a,; 
of A is equal to the corresponding element 6,; of B, the matrices are 
equal, ie., 


A=8 


Addition and subtraction of matrices 


Matrices of the same dimension are conformable for addition and sub- 
traction. The sum or difference of two m * n matrices, A and B, is a 
matrix C of the same dimension, 1.e., 


AtB=C 

where each element of C is 

ci = ay £ bis 

For 2 conformable matrices the sum or difference is 
AtB+eC+eDt-+- tNe=R 

where the elements of the resultant matrix & are 
ry =arptbs taj taj toc: +t ny 


The commutative and associative laws apply to addition of matrices 
as follows: 


A+Be=B+A commutative law 
i.e., the sum of the matrices is independent of the order of the addition. 
A+B+C=A+(B+C)=(A+B)+C associative law 


i.e., the sum of the matrices is independent of the order in which the 
matrices are associated for addition. 


Multiplication of a matrix by a scalar 


When a matrix is multiplied by, a scalar, the elements of the resultant 
matrix are equal to the product of the original elements and the scalar. 
For example: 


kA = B 


where by; = ka, for all ¢ and 7. 
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The multiplication of a matrix by a scalar obeys the commutative 


law and the distributive law as follows: 


kA = Ak commutative law 
kA+ B) =kA+k4B = (A+ B)k distributive law 


Multiplication of matrices 
Multiplication of two matrices 
AB =C 


is defined only if the number of columns of the first matrix A equals the 
number of rows of B. Thus, for the product of matrix A of dimension 
m X.g and matrix B of dimension q Xn, the matrix C is of dimension 
m >on. Any element c. of C is the sum of the products of the corres- 
ponding elements of the 7th row of A and the jth column of B, that is, 


Cy = Oybyy + abs; + + + + aighy, 

or 
q 

cy = > ainda 7=1,2,...,mjj=1,2,...,n 
k=l 


For example: 


Qi. F129 bi Das Qiuybiy + Gy2b2) Aida + ayrdae 
AB =| an an | bay deo | = | aad) + Garba, Aerbi2 + Gerdea 
QAxy 142 Gaidiy + Gaobar  Gardae fF aaber 

In the product 42, A premultiplies B or B postmultiplies A. The 

product BA is not defined sinec the number of columns of B is not equal 


to the number of rows of A. When the products AB and BA arc defined 
for a square matrix, it can be shown that, in general, 


AB ¥ BA 


Therefore, the commutative law does not hold for matrix multiplication. 
If the matrices A, B, and C satisfy the dimension requirements for multi- 
plication and addition, the following properties hold: 


A(B+C) = AB+ AC istributive law 
A(BC) = (AB)C = ABC associative law 


However, 


AB 
CA 


0 does not necessarily imply that A = Oor B = 0 
CB does not necessarily imply that A = B 


i 


i 
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if C = AB, then the transpose of C is equal to the product of the 
transposed matrices in reverse order, 1.€., 


Cc _ BAt 


This is the reversal rule. 


Inverse of a matrix 


Division does not exist in matrix algebra except in the case of the division 
of a matrix by a scalar. This operation is performed by dividing each 
element of a matrix by the scalar. However, for a given set of equations, 


OyiF1 + Gy2to + Gysl3 = Yi 


Gait. + Gert. + GasX3 = Y2 (2.4.1) 
Qy1%1 + Gye. + Aa3%a = ¥3 

or, in matrix form, 

AX=Y (242) 


it is desirable to express 2), Z2, and x; as functions of y;, y2, and ys, that is, 
X = BY 


If there is a unique solution for the equations (2.4.1), then matrix B 
exists and is the inverse of A. 

If the determinant of A is not zero, the equations can be solved for 
the z,’s as follows: 


An An Aw 
My = y+ Ya + Ya 
|A| |A| |A| 
Aye An Ay 
Lt, = — — = 
2 ae al aye 
Ais Ags Az 
ry = ae ia ee a 
where Air, Aw, ... , 43; are the cofactors of ai, diz, .. . , @ss and |A 


is the determinant of A. Thus 


Ast Asi (An) 
[A] [A] [Al 

Ba| ek set 
lA] Al lAl) 141 
Ai An Ass 
Al |Al [Ais 


where A*is the adjoint of A. 
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It should be noted that the elements of the 


adjoint A* are the cofactors of the elements of A, but are placed in trans- 


posed position. 


The matrix Bis the inverse of A and is written AT" 


Multiplying 4 by its inverse, 


T VpAn Aun An 
—_ 1 0 0 
Qi; Qi2 13 Al |Al Al 
Ay An An 
Q O73 _ 7 = 0 ] 0 = U 

Orme ey Tal Al Tl 
Ais Ags Asa 

L 31 32 33 | Al Al iA| 


results in the unit matrix. 
A diagonal term of U, such as uu, equals 1 since 


ayy 
SA! 


and (2.3.3). 


Au 


a2 
|A| 


Ady 
a1 + 


+ 
\A| 


This follows from the relationships (2.3.2) 


and an off-diagonal term, such as w2, equals zero since 


An Ans 
Qi. A + ai. Al 
Thus 


AAT = ATA SHU 


To solve for V from the matrix equation (2.4.2) both sides of the equation 
are premultiplied by AT! 


AX =Y 
ATAX = ATTY 
UX = AY 
XN = ATTY 


The order of the matrices in the product must be maintained. 
If the determinant of a matrix is zero, the inverse does not exist. 


Such a matrix is called a singular matrix. 


Tf the determinant of a matrix 


is not zero, the matrix is a nonsingular matriz and has a unique inverse. 
The inverse of the product of matrices ean be obtained by the reversal 


rule, 1e., 


(AR)~1 = Bol! 


The transpose and inverse operations on a matrix can be inter- 


changed, 1.e., 


(A) = (4-4! 
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Partitioning of matrices 


A large matrix can be subdivided into several submatrices of smaller 
dimensions: 


i 


on ae 


A; Ag 


If the diagonal submatrices A, and Ay are square, the subdivision is 
called principal partitioning. 

Partitioning can be used to show the specific structure of .t and ta 
simplify matrix computation. Each submatrix is considered us an ¢le- 
ment in the partitioned matrix. Addition or subtraction is performed 
as follows: 


where the dimensions of corresponding submatrices must be conformable. 
Multiplication is performed as follows: 


1 Ay A; 
| 

Ay A4 
where 


Cy = A,B, + A.B; 
Cz = AiB, + A.B, 
C3 = A3B, + A.B, 
A3B, + A.B, 


= 
I 


The rule for partitioning two matrices whose product is to be found is: 
the n columns of the premultiplier are grouped into k and n — & columns 
from left to right, and the n rows of the postmultiplier are grouped into 
k and n — k rows from top to bottom in order that the submatrices are 
conformable for multiplication. 
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The transpose of a partitioned matrix is shown below. 


Ay Ay 
A= | 
Aa j Aa 
i) 
A}! A;! 
Al = | 
A}! | Ag 
The inverse of a partitioned matrix is obtained as follows: 
A, Ag 
A={ [| 
Ay A, 
By By 
At= 
By; By, 
where 
By, = (A, — AodgtAy) 
By = —ByAosl ac 


2.4.3, 
By = —A SOA, ( 3.) 
B, = Agi —_ Ag AaB, 


and A; and 4A, must be square matrices. 


2.5 Linear dependence and rank of a matrix 

Linear dependence 

The columns of ant & 1 matrix A can be written as n column vectors. 
beafice} ° + + tend 

Also, the rows of matrix -{ can be written as m row vectors. 


frylfre} s+ + fret 
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The column vectors are linearly independent if the equation 


pifcy} + pofer} +--+ > + prfe,} = 0 (2.5.1) 
is satisfied only for all pp =O (kK = 1,2, ...,7). Similarly, the row 
vectors are linearly independent if only zero values for the sealars 
ge (r = 1,2, ..., m) satisfy the equation 

qin] + gala} too + dmltn| = 0 (2.5.2) 


It is not possible to express one or more linearly independent column 
vectors (or row vectors) as a linear combination of others. 

If some p, * O satisfies (2.5.1), the column vectors are linearly 
dependent. If some q, * 0 satisfies (2.5.2), the row vectors are linearly 
dependent. That is, it is possible to express one or more column vectors 
(or row vectors) as a linear combination of others. If the eolumn vectors 
(or row vectors) of a matrix A are linearly dependent, then the determ- 
nant of A is zero. 


Rank of a matrix 


The rank of an m * 1 matrix A is equal to the maximum number of 
linearly independent columns of A or the maximum number of linearly 
independent rows of A. The former is called the column rank and the 
latter the row rank. The column rank is cyual to the row rank. The 
rank of a matrix is equal to the order of the largest nonvanishing deter- 
minant in A. For example, consider the matrix 


12 4 
A= |2 4 8 
3.8 #10 


The rows are linearly dependent since the equation 
gi(124} + g2:{248} + ¢:{38 810} =0 


is satisfied for 


gq = 2 
gq = —1 
gs = 0 


Similarly, the columns are linearly dependent since the equation 


1 2 4 
Pij2) + pryde tpry 87 = 0 
3 8 10 


Chapter 2 Matrix algebra 2] 


is satisfied for 


pi = 6 
Pr = —} 
Pr= —l 


However, no two columns are Hnearly dependent and, thercfore, the rank 
of the matrix is 2. 


2.6 Linear equations 


A linear system of mt equations in m unknowns is written 


Gut, + ayet. + + Ante = Yh 
fayT, + QgoXg + °° + 4+ Aone = Y2 (2.6.1) 
Amit, + Amol? + soe + Omntn = Um 


where a; = known coefficients or parameters of the system 
unknown variables of the system 

y, = known constants of the system 
The system of equations (2.6.1) in matrix form is 


AX = ¥Y 


Ik 


Qy 


The augmented matrix of A, designated by A, is formed by adjoining 
the column vector Y as the (n + 1l)st column to A. 


Gy, aa Are OY 
; G21 Gar Qa 2 
A i 
| Gmi Gm2 °° * Gan Ym 
If ya, yo, - - . » Ym are all zero in (2.6.1), the linear equations are 
homogeneous and 
AX =0 


If one or more y, are nonzero, the linear equations are nonhomogeneous. 

The necessary and sufficient condition for a system of linear equations 
to have a solution is that the rank of the coefficient matrix A be equal to 
the rank of the augmented matrix A. A unique solution exists when A 
ig a square matrix and the rank of A is equal to the number of columns 
(variables). The unique solution is nontrivial for nonhomogeneous 
equations and trivial (i.e., zero) for homogeneous equations. If the rank 
of A is less than the number of equations, some of the equations are 
redundant and do not place any further constraint on the variables. 
If the rank of A is less than the number of variables of the system, there 
are an infinite number of nontrivial solutions. 
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Problems 
2.1 Given: 
1 1 6 2 J 5 
A= 3.2 4 and Bz=|-3 4 4 
—7 2 3 7 —2 2 
Determine: 
a C=A+8 


b. What type of matrix C is 
ce D=A—B 
d. What type of matrix D is 


2.2 Given: 
1 2 
A=| 3 - 3 and Be=|3 4 
5 6 
Determine: 
a. C=AB 
b D=BA 
c E = A'B 


d. What the relationship of matrix F to matrix D is 
2.3 Given: 


11 8 39 —2 l 1 
A=] 8&8 1 3 and B= 1 -1l 

5.665 2 3 -1 -1 
Determine: 


a. C= BAB 

b. What type of matrix A is 
c. What type of matrix C is 
d D=C" 

e E=CC 

jf. What type of matrix E is 
24 G 


2.8 
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Determine: 
a B= A! 
b NX from AX = Y 
Given: 
0 rs) 7 1 
—5 G6 -l 7 
As —7 1 0 —5 
-l] -7 ss) 0 
Determine: 


a B= OIA +0507 
b. What tvpe of matrix A is 
ce. That 2B is orthogonal 


Given: 
! 1 l 
1 V3 1 V3 
a ne 3 IS 
vay 1 VE 1 8 
Sgt y Tory 


Determine: 

a B= (A* A 

b. What type of matrix Ais 
Given: 


2 —j2 1473 
2-5 
1-j3 243 8 


Determine: 

a. B= (A*)! 

b. What type of matrix A ts 
Given: 


te 1 —-Il Dp _. je j _ 1 
a=[) =5 jp = |2) A and v=|;| 


Determine: 

a, X from (A+ jB)X* = ¥ 
b. What type of matrix A is 
c. What type of matrix B is 
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2.9 Given the partitioned matrix: 


Determine B = A-?! using the formulas (2.4.3) for the inverse of 
a partitioned matrix. 


2.10 Given: 
ee een 
{. |). 3 i 
At B06" | 0-0-4 1 
eels Pee | ees Se a P| 
As 3° 0:| Se 10> 2 1 
Tage Be VD 1 


Determine A2. 
2.11 Given the partitioned matrices: 


— Oe 
cw OW 
Na 


dom 
Oo 
ow bw 
mor) 
oO mh uo 


J 
ie) 
oo 
bo 
in 
or 


Determine C = AB. 


2.12 


2.13 


2.15 


Chapter 2 Matrix algebra 


Given: 
A | N 
C = | —|_—_ 
N |B 
where 


2 di 2 —i1 
a(t | B= [5 | 
and N is a null matrix. 

Show that the inverse of C is 


2 1 -1 
A=1/5 6 3 
L3 5 4 


Show that 4 is a singular matrix and determine its rank. 
Given: 


| | | leo 3l4 
| ee | [oe at Osh 
il =[1 7 5 3 
| Ay ae | eit 


Determine B = A, — AtA GA; 
Given: 


Determine D = A — C'BC. 
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Incidence and network wa matrives. 


\ 


3.1) 06oIntroduction 


The formulation of a suitable mathematies! model is the first step in the 
analysis of an electrical network. The model must deseribe the enarac- 
teristics of individual network components as well us the relations that 
govern the interconnection of these elements. A network matmx equu- 
tion provides a convenient mathematical model fur « digital computer 
solution. 

The elements of a network matrix depend on the selection of the 
independent variables, which ean be either currents or voltages. Cor- 
respondingly, the elements of the network matriv wil! be impedances or 
admittances. 

The electrical characteristies of the individual network components 
can be presented conveniently in the form of a primitive network mairn. 
This matrix, while adequately describing the characteristics of each com- 
ponent, does not provide any information pertaining to the network con- 
nections. It is necessary, therefore. to transform the primitive network 
matrix into a network matrix that describes the performance of the inter- 
connected network. 

The form of the network matrix used in the performance equation 
depends on the frame of reference, namely, bux or loop. In the bus 
frame of reference the variables are the nodal voltages and nodal currents. 
Tn the loop frame of reference the variables are loop voltages und loop 
currents. 

The formation of the appropriate network matrix ig an integral part 
of a digital computer program for the solution of power system problems, 
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3.2 Graphs 


Ir. order to describe the geometrical structure of a network tt 1s sufficient 
tu replace the network components by single line segraenis irrespective 
of the characteristics of the components. These line segments are called 
elemenfs and their terminals are called nodes. A node and an element are 
inereent of the node is a terminal of the element. Nudes can be incident 
ta one or more elements. 

A graph shows the geometrical interconnection of the elemeits of a 
network. A subgraph is any subset of elements of the graph A path isa 
subgraph of connected elements with no more than iwe elements con- 
nected to any one node. A graph is connected if and only if there is a 
path between every pair of nodes. If each element of the connected 
graph is assigned a direction it is then oriented. A representation of a 
power system and the corresponding oriented graph are shown in Fig. 3.1. 


ta) 


fs) 
© 


© 


(6) 


Fig. 3.1 Power sys- 
tem representations. 
(a) Single line dia- 
gram; (b) positive se- 
quence network dia- 
gram;(c) oriented con- 


nected graph. 
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Branch ¥ 
—~——— Link oO a) 


Fig. 3.2 Tree and cotree of the oriented connected graph. 


A connected subgraph containing all nodes of a graph but no closed 
path is called a tree, The elements of a tree are called branches and form 
a subset of the elements of the connected graph. The number of branches 
6 required to form a tree is 


b=n-—1 (3.2.13 


where n is the number of nodes in the graph. 

Those elements of the connected graph that are not included in the 
tree are called links and form a subgraph, not necessarily connected, 
called the cotree. The cotreeis the complement of thetree. The number 
of links ! of a connected graph with ¢ elements is 


li=e-—b 
From equation (3.2.1) it follows that 
ij=e-—n4+1 (3.2.2) 


A tree and the corresponding cotree of the graph given in Fig. 3.1¢ are 
shown in Fig. 3.2. 

If a link is added to the tree, the resulting graph contains one closed 
path, called a loop. The addition of each subsequent link forms one or 
more additional loops. Loops which contain only one link are inde- 
pendent and are called basic loops. Consequently, the number of basic 
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(0) 


Fig. 3.3 Basic loops of the oriented connected graph. 


loops is equal to the number of links given by equation (3.2.2). Orienta- 
tion of a basic loop is chosen to be the same as that of its link. The basic 
loops of the graph given in Fig. 3.2 are shown in Fig. 3.3. 

A cut-set 1s a set of elements that, if removed, divides a connected 
graph into two connected subgraphs. A unique independent group of 


Fig. 3.4 Basic cut-sets of the oriented connected graph. 
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eut-sets may be chosen if each cut-set contains only one branch. Inde- 
pendent cut-sets are called basic cul-sets. The number of basic cut-sets 
is equal to the number of branches. Orientation of a basic cut-set is 
chosen to be the same as that of its branch. The basie cut-sets of the 
graph given in Fig. 3.2 are shown in Fig. 3.4 


3.3 Incidence matrices 
Element-node incidence matrix A 


The incidence of elements to nodes in a connected graph is shown by the 
element-node incidence matrix. The elements of the matrix are as 
follows: 


a,, = 1 if the 7th element is incident to and oriented away from the jth 
node 

a; = —l if the ith element is incident tu and omented toward the jth 
node 

a, = Oif the 7th element is not incident to the oth node 


The dimension of the matrix is e X n. where € is the number of elements 
and n is the number of nodes in the graph. The element-node incidence 
matrix for the graph shown in Fig. 3.2 is 


Neo © © @ 

1 1 —1 

2 1 —1 

3 1 —1 
A= 4 —1 1 

5 1); -1 

6 1] -1l 

7 1 1 
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Since 


4 
Yo a;=0 ~=1,2,...,e 
a 


y=0 


the columns of A are linearly dependent. Hence, the rank of A <n. 


Bus incidence matrix A 


Any node of a connected graph can be selected as the reference node. 
Then, the variables of the other nodes, referred to as buses, can be 
measured with respect to the assigned reference. The matrix obtained 
from A by deleting the column corresponding to the reference node is the 
element-bus incidence matrix A, which will be called the bus incidence 
matrix. The dimension of this matrix is e * (n — 1) and the rank is 
7 — 1 = 6, where @ is the number of branches in the graph. Selecting 
uode 0 as reference for the graph shown in Fig. 3.2, 


\. bus 
QO ®@ € ®© 
€ 
i = 
2 —1 
3 ah 
i nee 
3 1| -l 
6 1} -—1 
7 1 —1 


This matrix is rectangular and therefore singular. 

If the rows of A are arranged according to a particular tree, the matrix 
can be partitioned into submatrices A, of dimension b X (n — 1) and A: 
of dimension ¢ X (m — 1), where the rows of A, correspond to branches 


and the rows of A, to links. The partitioned matrix for the graph shown 
in Pig. 3.2 is 
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bus 4 bus 
O © ® @ nS Buses 
(4 Pe é me 
1 |= 
2 =] Z 
: As 
3 —1 E 
4= 4 et) piles 
5 1) 1 
6 i) et é 4 
7 1 —] 


Ay is a nonsingular square matrix with rank (n ~ 4). 


Branch-path incidence matrix K 

The incidence of branches to paths in a tree is shown by the branch-path 
incidence matrix, where a path is oriented from s bus ty the reference 
node. The elements of this matrix are: 


kj; = 1 if the th branch is in the path from the jth >us te reference and is 
oriented in the same direction 

ki; = —1 if the 7th branch is in the path from the jth bus to reference but 
is oriented in the opposite direction 

k;; = 0 if the th branch is not in the path from the jth bus to reference 


With node 0 as reference the branch-path incidence matrix assuciated with 
the tree shown in Fig. 3.2 is 


path 
Oo ®©® © © 
b 
i cS e | 
{ 
2f fal | 
K = a a | ee 
3 —1; -1: 
4 -—1; 


This 1s a nonsingular square matrix with rank in — 1). 
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The branch-path incidence matrix and the submatrix A, relate the 
branches to paths and branches to buses, respectively. Since there :s 
a one-to-one correspondence between paths and buses, 


Aski =U (3.3.13 
Therefore, 
At = Ayo (3.3.2) 


Basic cut-set incidence matrix B 


The incidence of elements to basic cut-sets of a connected graph is shown 
by the basic cut-set incidence matrix B. The elements of this matrix are: 


b,, = lif the 7th element is incident to and oriented in the same direction 
as the jth basic cut-set 

b; = ~I1 if the 7th element is incident to and oriented in the opposite 
direction as the jth basic cut-set 

b,, = Oif the 7th element is not ineident to the jth basic cut-set 


The basic cut-set incidence matrix, of dimension e X b, for the graph 
shown in Fig. 3.4 is 


Nb Basic cut-sets 
er |.4° Be 


I 1 


qu 
| 
— 
ry 
ray 


6 —1 l 


= 1 


The matrix B can be partitioned into submatrices U, and B, where the 
rows of U, correspond to branches and the rows of B; to links. The 
partitioned matrix is 
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“\ b| Basic cut-sets Nb] Basie cur-sers 
e\ 4 BC BD aN _— 
: ~ ] i ‘ ] a — en: 
1 1: | : | 
pie, | 
2 | 1 ae | 
3 i : 1 : £ 
Jha | 
B= 4 | t= 
——!——_ | 
5 —1 : i i 
| 
! l : y, 
ae 
7 | —-1l.: ] 


The identity matrix Uy shows the one-to-one correspondence of the 
branches and basic cut-sets. 


The submatrix B; can be obtained from the bus incidence matrix A. 
The incidence of links to buses is shown by the submatrix 4; and the 
incidence of branches to buses is show: by the submatrix A, Since 
there is a one-to-one correspendence of the branches and basic cut-sets. 
B.A, shows the incidence of links to buses. that is, 

BiAy = At 

Therefore, 

By = A,Ay? 

In addition, as shown in equation (3.3.2), 
Ay} = K‘ 

Therefore, 


B, = AK (3.3.3) 


Augmented cut-set incidence matrix B 


Fictitious cut-sets, called tle cut-sets, can be introduced in order that the 
number of ecut-sets equals the number uf elements. Each tie cut-set 
contains only one link of the connected graph. The tie cut-sets for the 
graph given in Fig. 3.4 are shown in Fig. 3.5. An augmented cut-set 
incidence matrix is formed by adjoining to the basic cut-set incidence 
matrix additional columus corresponding to these tie cut-sets. A tie 
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Basic cut - set 


. ; on 
Tie cut-set (0) 


Fig. 3.5 Basic and tie cut-sets of the oriented connected graph. 


cut-set is oriented in the same direction as the associated link. The 
augmented cut-set incidence matrix for the graph shown in Fig. 3.5 is 


€ Basic cut-sets Tie cut-sets 
e A B C D E F G 


bo 


on 
| 
= 
i 
a 
he 


“I 


—I ] 1 


This is a square matrix of dimension e X e¢ and is nonsingular. 
The matrix B can be partitioned as follows: 
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€ Basie cut-sets Tie cut-sets 
é A B c D E F G 


| : 1 : 
: | 
1 }] ; . | | : 
— | ——} pen Peni | a a 
2 ho po 
el 
joe en ee 
B= 431 iy 
———_ |—-— oOo OO 
5 ns ee 
a ee 
6 | -1' 41 i 
| _ _. to. —_ 
7 alo} 1: 
; NS Basie cut-sets Tie cut-sets 
| | 
we | 
B 
<q 
oO { 
a U 0 | 
: a : 
ma | 
i 
i 
P | 
& B, Ci 
eS 


Basic loop incidence matrix € 


The incidence of elements to basic loops of a connected graph is shown by 
the basic loop incidence matrix C, The elements of this matrix are: 


c; = lif the 7th element is incident to and oriented in the same direction 
as the jth basic loop 


G; = —I if the zth element is incident to and oriented in the opposite 
direction as the jth basic loop 
ci; = O if the 7th element is not incident to the jth basic loop 
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The basic loop incidence matrix, of dimension e X J, for the graph shown 
in Fig. 3.3 is 


\ 1} Basie loops 


e SN O# F G 

oT es 

2 ti -1) 1 

3 | 1! ~1 

C= 45-1: 

ae ee 

51 4 

6 1 
—— 

7 | 1 


The matrix C can be partitioned into submatrices C, and U: where 
the rows of Cy correspond to branches and the rows of U, to links. The 
partitioned matrix is 


\ lL; Basie loops i . 
{ i l 
¢ XI E F C N Basic loops 
1 | 1 
2) 1f-1) 1 2 | 
i = ! Cs 
3 —i | —] a i 
C= 4 —j = 
a) 1! 
| 0 
6 1 : U; 
7 1 L 


The identity matrix U; shows the one-to-one correspondence of links to 
basic loops. 


Augmented loop incidence matrix C 


The number of basic loops in a connected graph is equal to the number of 
_jinks. In order to have a total number of loops equal to the number of 
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of 


-« Baste loop 
%; 
~ Open ioop we 


Fig. 3.6 Basic and open loops of the oriented connected graph. 


elements, let i¢ — 1) loops, corresponding to the 6 branches, be designated 
as open loops. An open loop, then, is defined as a path between adjacent 
nodes connected by a branch. The open inops for the graph given in 
Fig. 3.3 are shown in Fig. 3.6. The orientation of an open loop is the 
same as that for the associated branch. 

The augmented loop incidence matnx is formed by adjoining to 
the basic loop incidence matrix the columns showing the incidence of 
elements to open loops. This matrix, for the graph shown in Fig. 3.4, is 


e| Open loops Basic loops 

€ : A B C D E F G 
aa { t SS og 
pease: fe l | 
2 ae a yen 
| 
! | 
a i | 1 -1 25 
C= 4 | | i|-oa ho | 
\ | 
5 1 
eee ee ey 
6 L: 
7 hoa 
| 


This is a square matrix, of dimension e X ¢, and is nonsingular. 
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The matrix C can be partitioned as follows: 


_ 


. 6! Open loops Basic loops 
e\| 4A BC D E& FG 
ee an 
I _—.| 
2 1 -1) 1 
3 i ie 
hb! 
C= 4 | ! 
5 | | 
| — 
- ! 
7 | | 


N Open loops Basic loops 


ep) 
Oo 
S 
i=] Us C, 
fas 
bent 
& 
a 
i 
e 0 Ui 
a 


3.4 Primitive network 


Network components represented both in impedance form and in admit- 
tance form are shown in Fig. 3.7. The performance of the components 
can be expressed using either form. The variables and parameters are: 


'pg is the voltage across the element p-g 
€py 18 the source voltage in series with element p—q 
tpg iS the current through element p-q 
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Jeg 8 the source current in parallel with element p—y 
Zpg 18 the self-impedance of element p-¢ 
Ypq 38 the self-admittance of element p-¢ 


Each element has two variables. :,, and f,,. In steady -rate these 
variables and the parameters of the elements z,, and ypq are real numbers 
for direct current circuits and complex numbers for alternating current 
circuits 

The performance equation of an element in impedance form is 


Upg + pg = Zpqlpg (3.4.1) 
or in admittance form is 
tpq + Joe = Yoot'pa 13.4.2) 


The parallel source current in admittance form is related to the series 
source voltage in impedance form by 


Jpg = —~Yopa€ pe 


A set of unconnected elements is defined as @ primitive netivork. 
The performance equations of a primitive network can be derived from 
(3.4.1) or (3.4.2) by expressing the variables as vectors and the parame- 


eng “ing 

Cpg = E,-E, 

(a) 
Jpg 
Ep Ypq | E, 
®) "pg ——_— @ 
tpg + Jpg 

Upg =Ep—Ey 

(5) 


Fig. 3.7 Representations of a network component. (ai 
Impedance form; (b) admittance form. 
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ters as matrices. The performance equation in impedance form is 


i+ 8 = [2]é 
ort: admittance form is 
“47 = [ye 


4 dagonal element of the matrix [z] or [y] of the primitive network 3s the 
se'f mpedance Zpq.pq or self-admittance Yogyo An off-diagonal element is 
‘he mutual impedance 2p9.r. or the mutual admittance fpr. between the 
-lements p-g and r-s. The primitive admittance matrix [y] can be 
ootained by inverting the primitive impedance matrix {z]. The matrices 
‘:: und [y] are diagonal matrices if there is nc mutual coupling between 
elements. In this case the self-impedances are equal to the reciprocals 
of the corresponding self-admittances. 


3.3 Formation of network matrices 
by singular transformations 


Network performance equations 


A network is made up of an interconnected set of elements. In the bus 
frame of reference, the performance of an interconnected network is 
described by n — 1 independent nodal equations, where n is the number of 
nodes. In matrix notation, the performance equation in impedance 
form is 


Esus = Zaust aus 
or in admittance form 1s 
lacs = YausE aus 


where Esrs = vector of bus voltages measured with respect to the refer- 
ence bus 
Igcs = vector of impressed bus currents 
Zevs = bus impedance matrix whose elements are open circuit 
driving point and transfer impedances 
Yecs = bus admittance matrix whose elements are short circuit 
driving point and transfer admittances 
In the branch frame of reference the performance of the intercon- 
nected network is described by b independent branch equations where 6 
is the number of branches. In matrix notation, the performance equa- 
tion in impedance form is 


Een = Zarlar 
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or in admittance form is 
Isx = York wr 


where Egr = vector of voltages across the branches 

Tar = vector of currents through the branctes 

Zer = branch impedance matrix whose elements are open circuit 
driving peint and transfer impedances or tne branches of 
the network 
branch admittance matrix whose elen.encts are short circuit 
driving peint and transfer admitiaices of the branches of 
the network 

In the loop frame of reference, the performanes of an interconnected 

network is described by / independent loop equations where / is the num- 
ber of links or basic loops. The performance equation in impedance 
form is 


H 


Yar 


lI 


Exoop = Zroorl toop 
or in admittance form is 
Lioop = Yioopl oop 


where Exoop = vector of basic loop voltages 
Itoop = vector of basic loop currents 
Zroop = loop impedance matrix 
Yroop = loop admittance matrix 


Bus admittance and bus impedance matrices 


The bus admittance matrix Vagus can be obtained by using the bus inci- 
dence matrix A to relate the variables and paramerers of the primitive 
network to bus quantities of the interconnected network. The perform- 
ance equation of the primitive network 


t+ J = [y]b 
is premultiplied by A‘, the transpose of the bus incidence matrix. to obtain 
AY + AF = Afyld (3.5.1) 


Since the matrix A shows the incidence of elements to buses, 4% is a 
vector in which each element is the algebraic sum of the currents through 
the network elements terminating at a bus. In accordance with Kirch- 


hoff’s current law, the algebraic sum of the currents at a bus is zero. 
Then 


Aw =0 (3.5.2) 
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Similarly, A‘j gives the algebraic sum of the source currents at each bus 
and equals the vector of impressed bus currents. Therefore 


lars = AF (3.5.3) 
Substituting from equations (3.5.2) and (3.5.3) into (3.5.1) yields 
Tears = A‘lylp (3.5.4) 


Power into the network is ([}ys)'Eacs aud the sum of the powers in the 
primitive network is (7*)%. The power in the primitive and intercon- 
nected networks must be equal, that is, the transformation of variables 
must be power-invariant. Hence 


(ius)'Esus = (J*)® (3.5.5) 
Taking the conjugate transpose of equation (3.5.3) 

(gus)! = (J*)tA* 

Since A is a real matrix 

A* =A 

and 

(Thus) = (THA (3.5.6) 
Substituting from equation (3.5.6) into (3.5.5) 

(7*)'AE gus = (j*)@ 

Since this equation is valid for all values of j, it follows that 

AE sus = 5 (3.5.7) 
Substituting from equation (3.5.7) into (3.5.4), 

Tavs = AlylAEB aus (3.5.8) 
Since the performance equation of the network is 

Ines = YausEscs (3.5.9) 
it follows from equations (3.5.8) and (3.5.9) that 

Yaus = A'ly]A 


The bus incidence matrix A is singular and therefore A{{y]A is a singular 
transformation of [y]. 


The bus impedance matrix can be obtained from 


Zous = Yeus = (Atty]A)>? 
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Branch admittance and branch impedance matrices 


The branch admittance matrix Ysr can be obtained by using the basic 
cut-set incidence matrix B to relate the variables and parameters of the 
primitive network tc branch quantities of the interconnected network. 
The performance equation of the primitive network in admittance form is 
premultiplied by B' to obtain 


Bo + BY = Riz, ih (3.5.10) 


Since the matrix 6B shows the incidence of elements to basic cut-sets, 
B% is a vector in which each element is the algebraic sum of the currents 
through the elements incident to a basic cut-set. 

The elements of a basic cut-set if removed divide the network into 
two connected subnetworks. Therefore, an element of the vector Bt is 
the algebraic sum of the current entering a subnetwork and by Kirchhoff’s 
current law is zero. Therefore 


Bt = 0 (3.5.11) 


Similarly, B'7 is a vector in which each element is the algebraic sum of the 
source currents of the elements incident to the basic cut-set and is the 
total source current in parallel with a branch. Therefore 


Tar = BY (3.512) 
Substituting from equations (3.5.11) and (3.5.12) into (3.5.10) yields 
Ter = Belylb (3.5.13) 


Power into the network is (I*%,)'(Ese2) and since power is invariant 
(Uar)'Epr = (J*) 0 

Obtaining (J%,)' from equation (3.5.12), then 

(J*)'B*E ar = (F*)'6 

Since B is a real matrix 

Bt =B and (7*)'BEar = (J*)0 


Since this equation is valid for all values of J, it follows that 


i = BEse (3.5.14) 
Substituting from equation (3.5.14) into (3.5.13) yields 
Ter = Bly)BEse (3.5.15) 


The relation between the branch currents and the branch voltages is 


Ter = YerEsr (3.5.16) 
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It follows from equations (3.5.15) and (3.5.16) that 
Yer = Bly]B 


The basic cut-set matrix B is a singular matrix and therefore B'[y|B is a 
singular transformation of [y]. 
The branch impedance matrix can be 2btained from 


Zer = Yor = (Bily)B)" 


Loop impedance and loop admittance matrices 


The loop impedance matrix Ziogp can be obtained by using the basic 
loop incidence matrix C to relate the variables and parameters of the 
primitive network to loop quantities of the interconnected network. 
The performance equation of the primitive network 


+ é = [zt 
is premultiplied by C‘ to obtain 
Ce + Ce = Clz]t (3.5.17) 


Since the matrix C shows the incidence of elements to basic loops, C's 
gives the algebraic sum of the voltages around each basic loop. In 
accordance with Kirchhoff’s voltage law, the algebraic sum of the voltages 
around a loop is zero. Hence 


Cu = 0 (3.5.18) 


Similarly C'é gives the algebraic sum of the source voltages around each 
basic loop. Therefore 


E.oop = Ct (3.5.19) 
Since power is invariant 

(toop)'Exoop = (i*)'2 

Substituting for Ezoor from equation (3.5.19), then 

(ioop)'C% = (3*)% 

Since this equation is valid for all values of é, it follows that 

(1*)' = (IT oop)'C* 

Hence, 


1 = C*l1oor 
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Since C is a real matrix, 


C*=C 
and 
i= Chigex (3.5.20) 


Substituting from equations (4.5.18). -3.4 19), and (3.5.20) into (3.5.17) 
yields 


E.oop = C'lz)CTroop (3.5.21) 
The performance equation of the network in the icop frame of reference is 
E1oop = Zroopl Loop (3.5.22) 
and it follows from equations (3.4 21} and (3.5.22) that 

Zioop = C{z]C 


Since C is a singular matrix, C'[zjC is a singular transformation of [2]. 


Table 3.1 Formation of network matrices by 
singular transformations 


Network matrices 


Primitive Loop Bus | Branch 


Impedan 
L$» 
x 
2) 
N 
isp) 
N 
iN 
3 
is] 
q 
NS 
& 
ia 
a 
~ 
ty 
ee) 


Inversion 
<+—_ 
S 
——}-—» 
a4 
> 


Y Loop Vacs | Yer 


Admittance 
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Table 3.2 Current and voltage relations between 
primitive and interconnected networks 


Frame of reference 


I 

Loop | Bus Branch 
= (eee eS 
z | 
£ t= Cl poop Taris = Ath Tar = BY 
= 
= Eyoor = Cé | 6 = AE sus 6 = BEge 
= 


The loop admittance matrix can be obtained from 
Yroop = Zzo0p = (C{z]C)? 


The singular transformations for obtaining network matrices are 
summarized in Table 3.1. The current and voltage relations between the 
primitive and interconnected networks are summarized in Table 3.2. 


3.6 Formation of network matrices 
by nonsingular transformations 


Branch admittance and branch impedance matrices 


The branch admittance matrix Yee can be obtained also by using the 
augmented cut-set incidence matrix B to relate the variables and parame- 
ters of the primitive network to those of an augmented interconnected 
network. The augmented network is obtained by connecting a fictitious 
branch in series with each link of the original network. In order to 
preserve the performance of the interconnected network the admittance 
of each fictitious branch is set to zero and its current source is set equal to 
the current through the associated link, as shown in Fig. 3.8a. The volt- 
age across a fictitious branch is zero. Then a tie cut-set can be inter- 
preted as a cut-set containing a link and a fictitious branch, as shown in 
Fig. 3.8). 

The performance equation of the augmented network in the branch 
frame of reference is 


Ta i Parise 
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} Fictitious 


Fictitious 
‘ranch 


Tie cut-set G 


Protitivus 
node 


aS Fictitious 
branch 


4 


ps 
@ aD 
(b) ~ 
ao 
Fig. 3.8 Representation of an augmented network. (a Fictitious 


branch in series with a link; (b) interpretation of a tie cut-set. 
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The matrix Ysx will be obtained directly from the admittance matrix 


Yer of the augmented network. 
The performance equation for the primitive network 


t+ 7 = ly] 
is premultiplied by B‘ to obtain 


Ba + By = Btylé (3.6.1) 
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Equation (3.6.35 ean be written in the partitioned matrix form: 


ee | 
Un! Be, te us| Be je 
ef eet : | 
) Up ae 1200 4° Ue Pegged 
! I 
U, | Bi 
SSS ea 2) 
0 : U, | 


where the primitive current vectors 7 and j are partitioned into the current 
vectors i, and jx, which are associated with branches of the network, and 
the current vectors 7, and ji, which are associated with links. The left 
side of equation (3.6.2) is 


| 
mt Bit i. jet Bij | 
f+, 
2; ' j 
where 


ip + Bit = BS and jp + Bij, = BY 
However 

Bi =0 and BYy = Ipe 

Then the left side of equation (3.6.2) is 


! | | ' 


0 , ier | Tpr | 
— + — = — 
i ot ae , [ata 


| 
| 
} | 


Since each element of 7 is equal to a current source of a fictitious 
branch, i + ji is a vector in which each element is equal to the algebraic 
sum of the source currents of a fictitious branch and its associated link. 
Therefore, 
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and equation (2.6.1) hecomes 
Tax = Biyli (3.6.3) 


Since the voltages across the fictitious hranches are zero, the voltage 
vector of the augmented network is 


Ear! 
Gracie 
0 


The voltages across the elements of the original network from equation 
(3.5.14) are 


i = BEgr 

However 

BEse = BEsr 

then 

b= BE ox (3.6.4) 
Substituting from equation (3.6.4; into eguation (3.6.3) 

Ter = Bly\BEan (3.6.5) 
Since the performance equation of the augmented network is 

far = Parker (3.6.6) 


it follows from equations (3.6.5) and (3.6.6) that the admittance matrix of 
the augmented network is 


Por = Bly\B (3.6.7) 


Equation (3.6.7) can be written in the partitioned form 


r - Sse acs ts 

a ee ele Be Yor oi U,: 0 

: = i - fein: ES SS (3.A.8) 
Y; Y, 0.) Yb Bu BU, 

es rr | i os mete aticiee CPtaaGet fe Boe 


where [ys] = primitive admittance matrix of branches 
(y:] = [ya]! = primitive admittance matrix whose elements are the 
mutual admittances between branches and links 
[yn] = primitive admittance matrix of links 
It follows from equation (3.6.8) that 


Y: = [yo] + Bilyw) + [yolBi + BrfyulB (3.6.9) 
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Siner 


Yar = Bay |B 


or 


poe ols ee Ye | Uy. 
a Bee 
thier, ote ee See 
Van = Vol + Brilyol + velBr + BrlyulB: (3.6.10) 
From equations (3.6.9) and (3.6.10), therefore, 
Yar = ¥4 


The branch impedance matrix can be obtained from 


Zen = YO 


Loop impedance and loop admittance matrices 


The loop impedance matrix Zreop can be obtained also by using the aug- 
mented loop incidence matrix C to relate the variables and parameters of 
the primitive network to those of an augmented interconnected network. 
The augmented network is obtained by connecting a fictitious link in 
parallel with each branch of the original network. In order to preserve 
the performance of the interconnected network the impedance of each 
fieutious link is set to zero and its voltage source is set equal and opposite 
tu the voltage across the associated branch, as shown in Fig. 3.9a. The 
current through a fictitious link is zero. Then an open loop can be 
tuterpreted as a loop containing a branch and a fictitious link as shown in 
Fig. 3.96. 

The performance equation of the augmented network in the loop 
frame of reference is 


Eioor = Zroorl oop 


The matrix Zroop will be obtained directly from the impedance matrix 
Z.oup of the augmented network. 
The performance equation for the primitive network 


f= @ = [elt 
is premultiplied by €* to obtain 


Ct + Ce = Celt (3.6.11) 
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™~ 
T~ 
(a) 


Fictitious link 


Fictitious 


link Peg oP 
® @ 
Fig. 3.9 Representation of an augmented network. ‘a‘ Fictitious 


link in parallel with a branch; ib: interpretation of an open loop. 


Equation (3.6.11) can be written in the partitioned form 


Poa (oes eee 72 uae a a 
CUO Na ili OB ae | 
| 4 ee i 
Cs Try | v Chelly. e | eae Wipes 
it j Li ese, (ee | 


(3.6.12) 
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where the primitive voltage vectors # and é are partitiuned into the voltage 
vectors dy and @, which are associated with the branches of the network. 
aud the voltage vectors # and &, which are asseciated with the links. 
The left side of equation (3.6.12) is 


1 


i 


i 
| | 
rr a 
+; 
ie ten 1 Coley + e: 
where 
Ces + Dy = Cho and Cre, + & = Ct 
However 


Cr =0 and Cté = Eroop 


Since each element of i is equal to a voltage source of a fictitious link, 
i, + @ is a vector in which each element is equal to the algebraic sum of 
the source voltages in an open loop. Therefore, 


| uw + e 
Lroop = | (3.6.13) 


Exoop 


and from equations (3.6.11) and (3.6.13) 
Eroor = C2] (3.6.14) 


Since the currents in the open loops are zero, the current vector of the 
augmented network is 


0 


loop a 
Toor 


The currents through the elements of the original network from equation 
(3.5.20) are 


i = Clroop 
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However, 
CLlroor = Cl oor 
then 


Pe Gees '3.6.15) 


Substituting trom equation (3.6.15) into equation (32.143, 
ar ee CnaiCh esp 36 16) 
Since the performance equation of the augmented nerwork os 


Eivos = Diehl ivey LO.o.17; 


it follows from equations (3.6.16) and (3.6.17) that the impedance matrix 
of the augmented network is 


Liiop = C{2|C (3.6.18) 


Equation (3.6.18) can be written in the partitioned forn: 


Z, 2, Ce 0 . Zbb : Zot Uy! Cy 
ave wee pel Sr qr : 3.6.19 


Z,. 2, Ce Ly ZH Zu 2 ae U; 


ze 4 C n 


where [zi] = primitive impedance matrix of branches 
(20:.| = [Zn)‘ = primitive impedance matrix whose elements are the 
mutual impedances between branches and iinks 
[21] = primitive impedance matrix of links 
It follows trom equation (3.6.19) that 


HI 


Ze = ColewiC, + [znlCo + Ce'lze] + [zal (3.6.20: 
Since 
ZLooP = C{z]C 
or —_ ; oo 
Zigoe G6 Ui) aw as Co 

eee em 

ZB | Zi | U, 

then 
Zroop = Co'[zw\Ce + [zalCe + Co'[esi] + [zu] (3.6.21) 


From equations (3.6.20) and (3.6.21), therefore, 


ZLoop = Za 
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The loop admittance matrix can he obtained from 


Yioyep = Ze 


Derivation of loop admittance matrix from 
augmented network admittance matrix 


The loop admittance matrix Fyuoor ean be obtained from the augmented 
admittance matix Pre. From equat:ens 63.6.7) and (3.6.18), 


Porgy isp = Ci2)\C Bt y|B (3.6.22) 


In partitioned form. 


CR = 


; ] ' ? 
Cy Cs U, Br; Uy 
; eS oa (3.6.23) 
0 C; 016U,; +0 py 


\ 


The currents through the elements of the primitive network from equa- 
tion 13.5.20) are 


t = Clroop 
Premultiplying by Bt, 
BY = BCT poop (3.6.24) 


However. from equation (3.5.11) the left side of equation (3.6.24) is zero. 
Therefore, equation (3.6.24) can be written 


(Cy + Bi Troop = 0 
It follows that 


Cy = —B: (3.6.25) 
Substituting from equation (3.6.25) into equation (3.6.23), 
CHES (3.6.26) 


In a similar manner it can be shown that 

CB=aU (3.6.27) 
Substituting from equation (3.6.26) into (3.6.22), 

At ee C{z][yJB 


Since 
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then 
Zinopl pe = CB 
Therefore, from equation (3.6.27), 


i phage (3.6.28) 


fquation (3.6.28) mi partiteened form is 


It follows that 


Zi¥, + Z2Y3 = Uy (3.6.29) 
LZ1¥. + Z22Y, = 0 

Z23Y, + ZY: = 0 (3.6.30) 
ZY, +t Z4¥o = UY (3.6.31) 


Solving for Z; from equation (3.6.30), 
£3 = ~LZ4Y5¥y3 

and substituting into equation (3.6.31), 
~Z£4Y2¥ VY. + Z25Y, = Ui 

or 

Z(¥_—- ¥3¥r YY.) = U; 

Since 

ZY roop = Ui 

it follows that 

Yroorp = Y4— YaYr'F¥, 


Derivation of branch impedance matrix 
from augmented impedance matrix 


The branch impedance matrix Zgr can be obtained from the augmented 
impedance matrix Zroop. Combining equations (3.6.29) and (3.6.30) 
yields 


(Z1 — Z.26Z4)Y1 = Uz 
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Since 

Zexl, = Us 

it follows that 

Ler = 2) ~ 2h 62; 


Derivation of branch admittance and impedance matrices 
from bus admittance and impedance matrices 


Using the branch-path incidence matrix K the branch admittance matrix 
Yue can be obtained from Ygrs. From equation (3.3.1), 


A,K! ie! U, 
and from equation (3.3.3), 
B, = AiK' 


Postmultiplying A by K‘, 


Ay ASK! 
AKO = ——i Kt =. (3.6.32) 


Substituting from equations (3.3.1) and (3.3.3) into (3.6.32), 


ae 


AKt=— /=B 
1 Bry 
| 
Transposing, 
AA! = B 


Postmultiplying by [y]4K'‘ yields 

RA tyJAKS = BlyjJAK! 

or 

A(A{yJ]A)K! = B{y]B (3.6.33) 
From the singular transformations, 


Vers = Atfylad and Yar = Bly]B 
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Hence equation (3.6.33) becomes 
Yer = KY pusK' (3.6.34) 
The branch impedance matrix Is 
Are Ton SHY ek (3.6.35) 
From equation (3.3.2), 
Ki = Ay (3.6.36) 
Substituting from equation (3.6.36) Inte equation (3.6.34), 


Zr = ArLevsAs' 


Derivation of bus admittance and impedance matrices 
from branch admittance and impedance matrices 


Equation (3.6.34) is premultiplied by A~? and postmultiplied by (A‘)7! 
to obtain 


KY er(K)-! = Yoars (3.6.37) 
Substituting from equation (3.6.36) into equation (3.6.37), 

Yevs = Ast ¥ arcs 

Since 

Zeus = Yous 

then 

Zavs = (As'Y¥erAs) or Zeus = KtZerKk 


The nonsingular transformations for obtaining network matrices are 
summarized in Table 3.3. 


3.7 Example of formation of 
incidence and network matrices 


The method of forming the incidence and network matrices will be illus- 
trated for the network shown in Fig. 3.10. The incidence matrices for a 
given network are not unique and depend on the orientation of the graph 
and the selection of branches, basic cut-sets, and basic loops. However, 
the network matrices are unique. 
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i rag cas i le aes Fig. 3.1¢ Sample net- 
work. 


Problem 


a. Form the incidence matrices A. A, K, B. B,C. and C for the network 
shown in Fig. 3.10. 

). Form the network matrices Fars. Yer, and Zivep by singular 
transformations. 

«. Form the network matrices Zrvor. Zar. and Zgrs by nonsingular 
sransformations. 


Solution 


The impedance data for the sample network is given in Table 3.4. 


Table 3.4 Impedances for sample network 


Self Mutual 


Element Bus code Impedance Bus code Impedance 


number p-q Zoaise TS Boats 
1 1-2(1) 0.6 
2 1-3 0.5 1-201) Oi 
3 3-4 0.5 
4 1-2(2) 0.4 1-203 0.2 
5 2-4 0.2 


The network contains four nodes and five elements, that is, n = 4 
and e = 5. The number of branches is 


and the number of basic loops is 


l=e—-nt+1=2 
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@) 


3 es 
(4) 


c 
a fee 
[tose tos 4 Sees, Ne oe a 
4 Fig.3.11 Tree and cotree 
Branch of the oriented connected 
iS Pink graph of sample network. 


a. The branches and links of the oriented connected graph of the network 
are shown in Fig. 3.11. The element-node incidence matrix 1s 


ae e @® ® 
ao Ce a 2 

Aa 1 | 

A= 3. el 

| | | 

Paes oo 

SS 

| | | 

a p fhe | -1. 

ee as ee a 


Selecting node 1 as the reference, the bus incidence matrix is 


bus | 
'® ® © 
€ 
1 —1 
2 | -1 
A= 3 ees se 
4 —l; | | 
5 i eg 
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The branch-path ineidernce matrix is 


\ 


path 
~~ bee a. 

Ds ee 
Bee lestue tee S ace 
wee a 
k= 4 ieee ol Meee Oe 
3 | | 
! —1 


The basic aud tie eut-sets of the oriented connected graph of the 
network are shown in Fig. 3.12. The basie cut-set incidence matrix is 


NI A he 
1 | 1 
| ses 
2 1 
B= 3 ee 
a ae 
4 1 | 


Fig. 3.12 Basic and tie 
cut-sets of the oriented 
connected graph of sample 
network. 
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The augmented cut-set incidence matrix 1s 


ele. Bo 6G OB Ce 


oN 


ys a ) | 
2 1 \ 
BS: 3. | 1 
| | 
| ti =i. 
a 1 | 
eS 
5. | Shy bk | a 1 


Fig. 3.13 Basic and open 
loops of the oriented con- 
nected graph of sample 
network. 
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The basic and open loops of the oriented connected graph are shown 
in Fig. 3.18. The basie loop incidence matrix is 


SOPs. ie 
GtetG wares 5 

1 —]1 1 
2 
C= 3 41 
4 ee 
: ; oe 


The augmented loop incidence matrix is 


Nf 4 Be 


e\ Seg oe 
po ; ~l: oli 
oe ie oar 
; | 
C= 3 Hl 1 —-li 
——|-—}— + —, 
5 | i 
| | 
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b. The primitive impedance matrix of the sample network from Table 
3.4 is 


or 


oa. 2 as A 


aS 

1 10.6 / 0.1 0.2 | 

2 0.1/0.5 | 
m- 3] | jos) | 

4 | 0.2 0.4 

5 | Oe? 


By inversion, the primitive admittance matrix is 


~~ 1 2 3 4 5 
1 2.983 | —0.417 ~1.042 
2 | —0.417| 2.083 oo) 
ly) = 8 2.000 
4 | ~1.042 | 06.208 3.021 
5 5.000 
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Problems 
3.1 Select for the sample network shown in Fig. 3.10 a different tree 


than that used in the example. Retain node 1 as the reference and 
form: 


a. 


The incidence matrices 4. 4. K, 8. B, C, and € and verify the 
following relations: 


i 0 6AKt= UC 
iB, ++ ALK 
ii, Ch = —B; 
iv. 6B = U 


The network matrices Yarns. Yau. and Zroop by singular 
transformations 
The network matrices Zroop. Zar. and Zays by nonsingular 
transformations 


[5 —— +0 
i 
A —-p 


Fig. 3.14 Sample power sys- 
tem for Prob. 3.2. 


The positive and zero sequence impedance data for the sample 
power system shown in Fig. 3.14 is given in Table 3.5. For this 
system: 


a. 


Draw the positive sequence diagram and an oriented connected 
graph. 


Table 3.5 Positive and zero sequence impedance data of sample power 
system for Prob, 3.2 


Positive sequence Zero sequence Mutual 
Element impedance um pedance Element impedance 

Generator A 0.0 + 70.25 0.0 + 70.1 

Generator B 0.0 + 70.25 0.0 + 70.1 

Generator C 0.0 + 790.25 0.0 + 70.1 

Line A~B 0,03 + 70.18 0.08 + 70.45 

Line B~C(N) 0.05 + 70.22 9.13 + 90.75 Line B-C(S) 0.08 + 70.48 
Line B-C(S) 0.05 + 70.22 Q.13 4+ 70 75 

Line C-D 0,02 + 70.11 0.07 + 70.37 
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Selecting ground as reference, form the incidence matrices 
A, K, B, 8.07, and C and verify the relations: 


1. A,K: ad 
ii. By, = ALK! 
ii. Cy = —B 
Wa Beet 


Neglectiig resistance. form che positive sequence network 
matrices bass, Ze: s, Yur, Zax. Zrac- and Yinoe by singular 
transformations 

Neglecting resistance, form the zer> sequence network matrices 
Yeus, Zers, Yuu. Zar. Zcoor and Yecue by singular trans- 
formations. 

Repeat ¢ and d using nonsingular transformations. 

Repeat « including resistance. 


i 

| oe | 

| : 

at eemenmea _ Fig. 3.15 Sample network 
B ti¢ +——F for Prob. 3.3. 


so miee Tr? 


Table 3.6 Positive sequence 
reactances of sample net- 
work for Prob. 3.3 


Positive sequence 


Element reactance 
G-A 0.04 
G-B 0.05 
A-B 0.04 
B-C 0.08 
A-D 0.02 
C-F 0.07 
D-F 0.10 


3.3 The positive sequence reactances for the network shown in Fig. 3.15 
are given in Table 3.6. Designate elements A-B and D-F as links 
and node G as the reference bus. Ferm: 


a. 


b. 


The incidence matrices 4, A, K, B, B, C, and 
The network matrices Yavs, Yar. and Zroop by singular 
transformations 
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«. The network matrices Yavs, Zsuvs, Zar, Zioop. and Yroop by 
nonsingular transformations 
3.4. Prove that when there is no mutual coupling the diagonal and off- 
diagonal elements of the bus admittance matrix Fars can be com- 
puted from 
y =V i 


i 


Y= yy 


where y;; is the sum of the admittances of all ines connecting 
buses 7 and 7. 
3.5 Using the bus impedance matrix Zavs computed in Prob. 3.2 and 
the internal generator voltages given in Table 3.7: 
a. Compute the positive and zero sequence bus voltages of the 
network. 
5. Compute the positive and zero sequence currents flowing in the 


line B-C(N). 


Table 3.7. Internal generator voltages 
for Prob. 3.5 


Internal per unit voltages 


Generator Positive sequence Zero sequence 


A 1.0/0° 0 


B 1.1/—-10° 0 
is 1.0/—10° 0.1/0° 


3.6 Using the relations between interconnected and primitive network 
variables prove the following: 


da. AK! = U 
b. B, = A,K! 
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chapter 4 
Algorithms for formation_of 
network meiricés— 


4.1 Introduction 


The methods presented in Secs. 3.5 and 3.6 reyuire transformation and 
inversion of matrices to obtain network matrices. An alternative method 
based on an algorithm can be used to form the bus impedance matrix 
directly from system parameters and coded bus numbers. The under- 
lying principle of the algorithm is the formation of the bus impedance 
matrix in steps, simulating the construction of the network by adding one 
element at a time (Brown, Person, Kirchmaver, and Stagg, 1960)f. A 
matrix is formed for the partial network represented after each element 
is connected to the network. 

In addition, an algorithm is presented for deriving the loop admit- 
tance matrix from a given bus impedance matrix. 


4.2 Algorithm for formation of bus impedance matrix 
Performance equation of a partial network 


Assume that the bus impedance matrix Zsvs is known for a partial net- 
work of m buses and a reference node 0. The performance equation of 
this network, shown in Fig. 4.1, is 


Esus = Zausl aus 


+ Names in parentheses refer to the Bibliography at the end of each chapter. 


Partial 
network 


Fig. 4.1 Representation of a 
Reference partial network. 


———_@ 


@ 


| 


Partial , (P) Element p-q(@) 
- 


network 


(a) 


Fig. 4.2 Representations of a par- 
tial network with an added ele- 
ment. (a) Addition of a branch; 
(5) Reference (b) addition of a link. 
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where Esvs = an m X 1 vector of bus voltages messtred with respect 
to the reference node 
Isvs = an m X 1 vector of impressed bus currents 

When an element p-y is added to the partrai network it may be a 
oranch or a link as shown in Fig. 4.2. 

If p-g is a branch, a new bus g is added tc the partial network and 
the resultant bus impedance matrix is of dimensian Ge + 1) X (m + 1). 
The new voltage and current vectors are of dimensicr, (oy + 1) X 1, 
To determine the new bus impedance matrix reuuires onty the calculation 
of the elements in the new row and column. 

If p-g is a link, no new bus is added tu the nartia! network. In 
this case, the dimensions of the matrices in the perfarmanes equation are 
unchanged, but all the elements of the bus impedaice matrix must be 
recalculated to include the effect of the added link. 


Addition of a branch 


The performance equation for the partial network with an added branch 
p-q is 


a 1 

ana eon 
Ey 1: Zu | 212 ee fee ty 
E, | : 23 i Zoe | a 1 ty 
ie 7 | 
oo ‘I 
ns ers ree et | 

Ey '=p Zn | Zio ig aR) 
| Phrickiles Ke! 
Sa) Js : 
Re? me Dag. Zany oe 2 ie 
ae oe ee | 
| GQ) 2a | Zn ie Ie 


It is assumed that the network consists of bilateral passive elements. 
Hence Z,; = Zig where i = 1, 2, . . . , m and refers to the buses of the 
partial network, not including the new bus g. The added branch p-q 
is assumed to be mutually coupled with one or more elements of the par- 
tial network. 

The elements Z,; can be determined by injecting a current at the 7th 
bus and calculating the voltage at the qth bus with respect to the reference 
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Partial - 
network E, e. 
Vg. 
0 
x 
() Fig. 4.3 Injected current and 
Reference bus voltages for calculation of Z,;. 


node as shown in Fig. 4.3. Since all other bus currents equal zero, it 
follows from equation (4.2.1) that 


Ey = Zy1, 
Ey = “uli 
E, = Zyl: (4.2.2) 
ES a Lrmil 
Ey = fal; 


Letting J; = 1 per unit in equations (4.2.2), Z,; can be obtained directly 
by calculating F’. 

The bus voltages associated with the added element and the voltage 
across the element are related by 


E, = Ey — Uyq (4.2.3) 


The currents in the elements of the network in Fig. 4.3 are expressed in 
terms of the primitive admittances and the voltages across the elements by 


. i) i 
i : 
| Yoape + Upg | 
i : 
| (4.2.4) 
‘pe ? | Yoo.pa | Ye. pe . Upe i 


| 


| 

7 
tpg i Upq.pe 

i 


Chapter 4 Algorithms for formation of network matrices 83 


In equation (4.2.4) pq is a fixed subscript and refers to the added element 
and po is a variable suhscript and refers to all other elements. Then, 


tpg AN Vyq are, respectively, current through and voltage across the 
added element 


Fg and 5,. are the current and vultage vectors of the elements of the 
partial network 

eeipe is the self-admittance of the added element 

Uporee is the vector of mutua! admittances between the added 
element p-g and the elements p-o of the partial network 

Yoo. pe is the transpose of the vector Jpq.p 

(Ypo.pet is the primitive admittance matrix of the partial network 


The current in the added branch, shown in Fig. 4.3, is 
lpg = 0 (4.2.5) 


However vj, is not equal to zero since the added branch is mutually 
coupled to one or more of the elements of the partialnetwork. Moreover, 


Vo0 = E, a E, (4.2.6) 
where E, and E, are the voltages at the buses in the partial network. 
From equations (4.2.4) and (4.2.4). 

tpe = Yoara’pa + Goacodpe = 0 


and therefore, 


= _ Dousedre 


Upq 
Ype.pa 


Substituting for #,. from equation (4.2.6), 


y a E, aa E, 
jas alee (Beds) a 


Ypg.pa 


bo 
a I 
~~ 


Substituting for vy, in equation (4.2.3) from (4.2.7), 


Vpn ail E,) 


Ype.pg 


Ey = Ey + 


Finally, substituting for E,, E,, E,, and E, from equation (4.2.2) with 
I; = l, 


VoaselZei — Ba) 4=1,2,...,m 


Lai = Zp + ; 
‘ 7 Yoa.pe img 


(4.2.8) 
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The element Z,, can be calculated by injecting a current at the gth 
bus and calculating the voltage at that bus. Since all other bus cur- 
rents equal zero, it follows from equation (4.2.1) that 


BE, = Liglq 
oy = Lola 
Oa se (4.2.9) 
Em = LZmalq 
By = Lagly 


Letting 7, = 1 per unit in equations (4.2.9), Z,, can be obtained directly 
by calculating Ey. 

The voltages at buses p and q are related by equation (4.2.3), and 
the current through the added element is 


ing = —Ig = 1 (4.2.10) 


The voltages across the elements of the partial network are given by 
equation (4.2.6) and the currents through these elements by (4.2.4). 
From equations (4.2.4) and (4.2.10), 


lpg = Yoa.raag + Yoo,patpg = —1 
and therefore, 


Ss =, 1 F Ypg.pelpo 


Upg 
Ypa.pg 


Substituting for 6,. from equation (4.2.6), 


pease Prove, — Be) (4.2.11) 


Ypq.ng 


Substituting for vp, in equation (4.2.3) from (4.2.11), 
1 + Yooee( E> =a ps 
Yoana 


Finally, substituting for E,, E,, E,, and E, from equation (4.2.9) with 
ia = 1, 


jee ee 


1+ Uasine lve _ Zc) 


Yne.pq 


Lae ro Z 54 F 


(4.2.12) 


If there is no mutual coupling between the added branch and other 
elements of the partial network, then the elements of pe... are zero and 


1 


Zpa.nq = 
Y papa 
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It follows from equation (4.2.8) that 


7=1,2,...,m 
a g 

and from equation (4.2.12) that 
Zig = Lng + Zpq.n¢ 


Furthermore. if there is no mutua! coupling and p ?s the reference node, 


tom Bek om 
= fj y my 

a | 
and 

Foe Wei 2 eva. som 
aa tq 
Also 
Zn = 0 


and therefore, 


Za = pq. pq 


Addition of a link 


If the added element p-g is a link, the procedure for recalculating the 
elements of the bus impedance matrix is to connect in series with the 
added element a voltage source e; as shown in Fig. 4.4. This creates a 


Partial 


network 


ee 


\ 
; on = 1 per unit 
3 j 


Fig. 4.4 Injected cur- 
rent voltage source in 
series with added link 

® and bus voltages for cal- 
Reference culation of Zi. 
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fictitious node | which will be eliminated later. The voltage source e¢; 
is selected such that the current through the added link is zero. 

The performance equation for the partial network with the added 
element p—l and the series voltage source e¢; is 


1 p m i 
\ a i { 1 
| By Vj Zn | Zu [++] Zip | Zam Zui) 
i Ieee I. i een : — eine — i 
Ey! Be) Bae PG Dag ped Bae Zu) Tn | 
1 2 hace ON 
a 
ce a ce] 
E, = ?P Zp Zp a Zop nares Z ym Zot Ip | 
| sh | | 
_ | | 
En ™ Zmi Lmt en Zmp eo Zam Z ml ! Ln | 
1 as Lr | Ca he | 
é: l Zu | Zu Lip | Zim Zu | f 
(4.2.13) 
Since 
a= Ey, ae Ey 


the element Z; can be determined by injecting a current at the ith bus 
and calculating the voltage at the /th node with respect to bus g. Since 
all other bus currents equal zero, it follows from equation (4.2.13) that 


E, = 4; k=1,2,...,m 


ee a (4.2.14) 


Letting J; = 1 per unit in equations (4.2.14), Z, can be obtained directly 
by calculating e:. 
The series voltage source is 


a= E,— E,— uy (4.2.15) 
Since the current through the added link is 
tre = O 


the element p-—I can be treated asa branch. The current in this element 
in terms of primitive admittances and the voltages across the elements is 


tpt = Ypt.pUpt + Ypt.peoe 
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where | 
lpi = tpg = 0 
Therefore 

Y pl. po pe 
Le = 

Ypl,pt 

Since 
Gpl.ce = Ypeee and Gaon: = Ype.ng 
then 

Ypq.n0V p0 : . 
= = (4.2.16) 

Ype.pg 


Substituting in order from ecuations (4.2.16), (4.2.63, and (4.2.14) with 
I, = 1 into equation (4.2.15) yields 
ieee la Lei eas Oe eee ener 
Zi = Zp: = Za i pes a eae (4.2.17) 
Yong. pe tel 

The element Z;; can be calculated by injecting a current at the /th 
bus with bus g as reference and calculating the veitage at the [th bus with 
respect to bus q. Since all other bus currents equal zerv, it follows from 
equation (4.2.13) that 


Ey = Zeli i = eee oe «eg 


4.2.18) 
= Zul 2 


Letting J; = 1 per unit in equation (4.2.18), Zy can be obtained directly 
by calculating e. 
The current in the element p-—/ is 


tp = —lh= ~1 


This current in terms of primitive admittances and the voltages across 
the elements is 


Zpt = Ypl, pi pt te Ypl,pellpe = -l 

Again, since 

Upt.ps = Yoa.po and Ypl.pt = Ypa.pe 
then 


_ _ Lt Ypa.reioe (4.2.19) 


Yve.rg 


Upt 
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Substituting in order from equations (4.2.19), (4.2.6), and (4.2.18) with 
Z: = 1 into (4.2.15) yields 

1+ Gpeee(Zo — Zor : 
Lu = Zp ~ Za + + Frese Get u (4.2.20) 


Yoda 


If there is no mutual coupling between the added element and other 
elements of the partial network, the elements of Jp¢.p2 are Zero and 


1 


nN 
3 
-) 
| 


3 


Ypa.pg 


Tt rollows from equation (4.2.17) that 


t=1,2,...,m 
Zi, = Za — Za ix , 


and from equation (4.2.20), 
Li Sa gt Lg A paige 


Furthermore, if there is no mutual coupling and p is the reference node, 


Z pl = 0 
and therefore, 
Zu = —Lat Zp¢.n9 


The elements in the /th row and column of the bus impedance matrix 
for the augmented partial network are found from equations (4.2.17) 
and (4.2.20). It remains to calculate the required bus impedance matrix 
to include the effect of the added link. This can be accomplished by 
modifying the elements Z,,, where 7,7 = 1,2, .. . , m, and eliminating 
the /th row and column corresponding to the fictitious node. 

The fictitious node / is eliminated by short circuiting the series voltage 
source e From equation (4.2.13), 


Eines = Zavslacs + Zul (4.2.21) 
and 


Ce > Zijlovs + Zyl, = 0 (4.2.22) 
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where 1,7 = 1,2,..., #. Solving for /; irom equation (4.2.22) and 
substituting inte (4.2.21), 


— Sabu ; 
Esus = (Zar ico ) Dyers 
Lui 


which is the performances. equation ef the partial network including the 
link p-g. It follows that the required ous impedance matrix is 


Zaki, 
Z BUS (modified: = Lal ‘peter eiiminatios, 7p 
4th 
where any element of Zi: 3 -wad:tiea) 1S 
Lili 
Z ij (modified) Fa iii Contsveei Gala atten: 7 z 
u 


A summary of the equations for the formation of the bus impedance 
matrix is given in Table 4.1. 


4.3 Modification of the bus impedance 
matrix for changes in the network 


The bus impedance matrix Zac's can be modified to reflect changes in the 
network. These changes may be addition of elements, removal of ele- 
ments, or changes in the impedances of elements. 

The method described in Sec. 4.2 based on the algorithm for forming 
a bus impedance matrix can be applied if elements are added to the net- 
work. Then Zacs is considered the matrix of the partial network at that 
stage and the new elements are added one at a time to produce the new 
bus impedance matrix Z'gy5. 

The procedure to remove elements or to change the impedances of 
elements is the same. If an element is removed which is not mutually 
coupled to any other element, the modified bus impedance matrix can be 
obtained by adding, in parallel with the element, a link whose impedance 
is equal to the negative of the impedance of the element to be removed. 
If the impedance of an uncoupled element is changed, the modified bus 
impedance matrix can be obtained by adding a link in parallel with the 
element such that the equivalent impedance of the two elements is the 
desired value. 

When mutually coupled elements are removed or their impedances 
changed, the modified bus impedance matrix can not be obtained by 
adding a link and using the procedure described in Sec. 4.2. However, 
an equation can be derived for modifying the elements of Zac's by 
introducing appropriate changes in, the bus currents of the original net- 
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work to simulate the removal of elements or changes in their impedances. 
The performance equation im terms of the new bus currents is 


E'bus = Sacstlans + Alanis: (4.3.1) 


where A7 gg is 8 vector of bus current changes such that Egos will reflect 
the desired ehanges in the network. 

An elernent 2), of the modified bus impedanee matrix can be obtained 
oy calculating for the modified network the voltage at bus? with a current 
cnjected at bus » ‘Phis :s equivalent te calculating tor the original 
neuwork the veltage at bus : with the same vaiue of current injected at 
husj and appropriate changes in currents at the buses which are terminals 
of the elements being changed. 

If the elements u-» coupled to elements p-o are removed or their 
impedances are changed, the corresponding changes in the bus currents 
are 


Al, = At, k k 

Al, = —At,, f= 

SiS Be, ae (4.3.2) 
Aly = — Al og kag 

Al, = 0 for all other & 


Letting the injected current at the jth bus equal one per unit, 
I; =1 


| ea ok 63.3) 
=H 122, n (4.3.3) 


k xj 
From the performance equation (4.3.1), 


ee Y Zale + Als) Mes 1298 2 tk ge 


k=l 
Substituting for AZ, and /, from equations (4.3.2) and (4.3.3), 


E, = Zi; Ae LiuAtu» a Lidiye ap Zi Rive a Lights 
EL = iy + (Zu — Zi )Otu + (Zig — Zu )Bi en 


Using the subscript of for network elements u-» and p~o, 
EL. =Zi+ Ze — Ze\Aie “i= 1,2....,7 (4.3.4) 
From the performance equation of the primitive network, 
Aies = (Yel — lyilEs (4.3.5) 


where [y,] and [y!] are respectively the square submatrices of the original 
and modified primitive admittance matrices. The rows and columns of 
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the submatrices correspond to the network elements g#-» and po. The 
subscripts of the elements of ([y,] — [y/]) are «8, ¥8. The voltage vector 
in equation (4.3.5) is 


#, = BL — B, 

Substituting for ES and E, from equation (4.3.4), 

75 = 2, — 2a + ((Zyal — [Zsal — [Zora] + [Zasl)Arag (4.3.6) 
Substituting from equation (4.3.6) for 0), into (4.3.5), 


Alas = CA cs, (yl) (2, ae 2Z;; + ((Z +a] = [Zsa — Zsa ae 'Z sal) Atag} 
(4.3.7) 
Solving equation (4.3.7) for Atas, 


Aias = {U — (yl — (yi) (Zyl — (Zeal — [Zs] + [Zasl)}o* 
(yl — [yi])(2,; — 2s;) (4.3.8) 


Designating 
[Ave] = [ye] ~ fyi] 
and 


[AN = {0 = [Ay (20) — [Zsel — [Zr] + [Zse])} 

equation (4.3.8) becomes 

Aies = [M)"lAy.](Z,; — 245) (4.3.9) 
Substituting from equation (4.3.9) for Azeg into (4.3.4), 

EL = 23 + (Zia — Zis)(MP Ay (Z,;3 — 255) 


This equation gives, for the original network, the voltage at bus 7 as a 
result of injecting one per unit current at bus j and the appropriate cur- 
rent changes at buses u, v, p, and ¢ to simulate the effect of changes in the 
elements u-v. Thus, from the definition of the bus impedance matrix, the 
mth element of the modified bus impedance matrix is 


Zo = 25+ (Li — Zi\[ MP oy |(Z,; — 2) ¢=1,2,... 07 


The process is repeated for each7 = 1, 2 
Ol 2 pak 


,n to obtain all elements 


pores 


4.4. Example of formation and 
modification of bus impedance matrix 


The method based on the algorithm for forming the bus impedance 
matrix will be illustrated using the sample network given in Fig. 3.10. 
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Examples of the modification of this bus impedance matrix will also be 
given. 
Problem 


a. Form the bus impedance matrix Zgus of the network shown in Fig. 4.5. 


a (3) (4) 
Sho toe Se ty aa 
2) Is 
| 
‘ies. QQ) 1 
—s ee 
(2) 4 Fig. 4.5 Sample net- 
@ @) work. 


b. Modify the bus impedance matrix obtained in part 4 to include the 
addition of an element from bus 2 to bus 4 with an impedance of 0.3 
and coupled to element 5 with a mutual impedance of 0.1. 

c. Modify the bus impedanee matrix obtained in part 5 to remove the 
new element from bus 2 to bus 4. 


Solutien 


The data for the network is given in Table 4.2. The bus impedance 
matrix will be formed by adding elements of the network in the order 
indicated in the first eolumn of thistable. Node 1 is selected as reference. 


Table 4.2 Impedances fer sample network 


Self Mutual 


Element Bus code Impedance Bus code Impedance 


number pP-@ nee r-8 Zpe.rs 
1 1-2(1) 0.6 
4 1-2(2) 0.4 1-2(1) 0.2 
2 1-3 0.5 1-2(1) 0.1 
3 3-4 0.5 
5 2-4 0.2 


a. Stepl. Start with element 1 which isa branch from p = 1 tog = 2. 
The elements of the bus impedance matrix for the partial network con- 
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taming the single branch are 


Sinec node lis the reference, the elements of the first row and column are 
zor and need not be written. Thus 


Step 2. Add element 4, which is a link, from p = 1 (reference) to 
y = 2, mutually coupled with element 1. The augmented impedance 
matrix with the fictitious node / will be 


a 0.6 Zu 
lL Ly i Zu i 

| 
where 


Yr12¢2),12¢) (412 os 222) 


Zn = Zy = = Log 


Yr2¢2y,12(2) 
1+ Ym aea (Au — Zor) 


Y12(2),12(2) 


Zy = —Zy + 


and Zi. = Z, = 0. Invert the primitive impedance matrix of the 
partial network to obtain the primitive admittance matrix. 


(3715 1-390) 


—— 
1D F061 Ge | 
[Zpaevel 
1-2(2)! 0.2 0.4 
1-2(1) 1-2(2) 
co a ae | 
[2pecael> me oF ape e= 
1-2(2)| -1 3 
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Then, 
(~-1)(—-0.6 
Ay = Ly = -0.6 + : - ee —0.4 
Fo we Ga od = 06 
and toe augmented matrix is 
2 ] 
a 0.65 ~0.4 | 
1: -04, O65 
pees eee 
Eliminating the /th row and column, 
! Zubr (—0.4)(—-0.4) 
Fe ve A eae ! = 0.3334 
2% 22 Zn ) 06 + 
and 


@ 


Zee , = @ i 0.3333 


Step 3. Add element 2, which is a branch. from p = 1 (reference i 
tog = 3, mutually coupled with element 1. This adds 2 new bus and the 
bus impedance matrix is 


t 
i 
@| Za | 
| 
where 
| | ; a 
| Yrs, Yasazenr | e — Zap! 
i } . ce awecl 
ie Ss Za. 
i 
Z32 a 223 = 
Y13,43 
| | = 
Y13,120) | Y13,12(2) Zi, ~ £93 
ie | ee 
| Z13 — Za. ° 
_—— 
233 = 


Y13,13 
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and Zy = Zy3 = 0. Invert the primitive impedance matrix to obtain 
the primitive admittance matrix. 


1-2(1) Loe i 


1-2(1) 0.6 


(2se-ne| a j-2(2) 0.2 


1-3 0.1 04 
1-2(1) 1--2(2) 1-3 


a on airy 


ne ' 
1-2(1) 2.0833 | —1.0417 | —0.4167 


[2ee.o0) ! = [Ypo.oo] = 1-2(2)| —1.0417 3 0208 0.2083 


128 —0.4167 | 0 2083 | 2.0833 
Then, a 
| —— 
| -0.4167 > 0.2083 §: —0.3333 . 
‘ i ae 
| —0.3333 
Zi = Z03 = ===" = 0.0333 
2.0833 
| — 0.4167 | 0.2083 | | ~0.0333 | 
1+ ' | ee 
—0.0333 
Zy = = 0.4833 
2.0833 
and 
@ @ 
| | 
@ 0.3333 | 0.0333 
Zavs = F 


®| 0.0333 | 0.4833 | 


Step 4. Add element 3, which is a branch, from p = 3 tog = 4, not 
mutually coupled. This adds a new bus. 


Zo ~ Lys = 320 0.0333 
Las = Za3 =3 233 = 0.4833 
Legs = Z34 + 234,34 = 0.4833 + 0.5 => 0.9833 
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Thus. 
aaa ng Oe 
fay). 3383") 0: 0333 0. 0333 | 
| 


2ras =D: 0 0338 : 0 4833 | 0 4833 - 


de 


N 
i 
-—s| 
| 


oo 0 0333 0. 4833 | aN 9833 


Ga We 2) Sie 


Step o. Add element 5. which is a link, from p = 2 tog = 4, not 
mutually coupled. The elements of the Ith row and erelumn of the 
augmented matrix are 
Zn = Ly = Za — Zo = 0.3333 — 0.0333 = 0.3000 
Zu = £13 = Zr; ~ Zaz = 0.0333 — 0.4833 = —0.4500 
Zu = Lu = Zo, ~ Zo = 0.0333 — 0.9833 = —0.9500 
Lii = Za — 24 + 294,949 = 0.3000 + 0.9500 + 92 = 1.4500 


The augmented matrix is 


2 0.3333 0.0833 ——-:0.0333. «0. 3005 
ZS 0.0333. 0.4833 ~=0.4833. 0. 4500 


a 0° 0383>. 3 0.4833 | 0.9833 —0.9500 


{ 0.3000 ; —0.4500 —0.9500 | asaer 
| i 


Eliminating the /th row and column, 
ZZ (0.3000) (0. 4000) 


Lig Les go 0.3333 — cara ea 0.2712 
Zu = 2y = Zn out oosas = oe eo oes 
240 = 2 = Za - ae = 0.0333 — & ee 9°00) _ 0.2298 
Zig Oe ee = 0.4833 oe re = 0.3436 
ey ees as = 94895 = 608 ee 200) 0.1885 
BeBe Oc pgs a 5 NO «09 


Zu 1.4300 
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and 
® @® @ 


@- 0.2712 | 0.1263 : 0.2298 | 


a — ae } 


Zors = G 0.1263 | 0.3436 © 0.1885 | 
; i 


£ 0.22908 | 0.1885 . 0.3609 


6. Adding a new element, which is 4 link. from p = 2tog = 4, mutually 
coupled with element 5 results in ihe augmented matrix 


_ ® © Whe 
(2) 0.2712 0.1263 | 0.2298; Z, | 
plo 1263 0.3436 | 0 1885, Zu 
£1 0.2208 | 0.1885 | 0.3609 Zu | 
PL Sie ® Ae | Di a 
where _ _ 
Wi sia Ae UeinOn TA es ee 


Ypa.pe 
and 


1 + Yeap La a Let) 


Yoa.pe 


Zu = Z pi Za + 


The primitive impedance matrix is 


[ee 4-30). 438 Bod OA). BAO) 


1220) O..8 Oe ee 3 | 


is3 Cate | , 0.5 
lal = | 
34 in: 
{ 
2-4(1) | | 02 | 01 
2-4(2) | ! | 01 | 08 
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Since the new element is coupled tu only one other element, it is sufficient 


ro invert the submatrix foc the coupled elements. which 1s 


— 2-42) Of 0 
Thus 
241) 2-4¢2° 
2-4/1) Ae ap 
Yee wal — Ccee  /pe. very. 
RAD: 3 4 
and 
: a —2.0G.2712 — 0.2208) _ 
Bap Tae C22 2 0 P9B tee io 0020; 
—2.0.0.1263 — 0.1885) 
Fo 153 Cs OS ee Sarees SS S0aRti 
~2.0-6.2298 — 0.3509) sho 
Za = Zi = 0.2298 — 0.3609 + —----- [ = —0.0656 
_ 1 = 2.0:0.0207 + 0.0658) . 
Zu = 0.0207 + 0.0656 + — ——-- 40 = 0.2931 


and the augmented matrix ts 


® ® oF 


@) 0.2712 | 0.1263, 0.2208 0.0207 | 
®| 0.1263 | 0.3436; 0.1885 —0.0311 | 
@®| 0.2298 | 0.1885 0.3609 —0.0656 | 

ak: ae 


i 0.0207 —0.03811 —0 0646 0.2931 | 
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Eliminating the Ith row and eclumn, 


(0.0207 }(0.0207) 


Ti VOR a es SS O07 
' 0.2931 
ae ; ag (0.020736 0.0311) _ : 
Cone Og SQN ge ae = 0.1285 
(0.0207) {—0.0656) 
Pe a es Voie eee ee SAT 
0.2931 
, (—0.0311)(—0.0311) 
ES “can RR RY yes a eaaen ty aS 
= 0.2931 
; ; (~0.0311)( —0.0656) 
Pa = QASkS ee = ORIG 
Dee i 0.1885 0.293] ) 
i SOD 
ies (0.2931 te acc 
Finally, 
@ ® ® 


| 
@ | 0.2697 | 0.1285 © 0.2344 | 


Zevs = | 0.1285 | 0.3403 | 0.1816 


@! 0.2344 0.1816 0.3462 


c. The modified elements of this bus impedance matrix for the removal 
of the network element 2~4(2) mutually coupled to network element 
2-4(1) are obtained from 


ae = Zi fe (Zia <= Za) l Aye) (245 a Z53) tig = 2, 3, 4 
where g-y is 2-4 and p-o is also 2-4 and the indices a. y = 2, 2 and 8, 
cS 


The original primitive admittance submatrix is 


2-4(1) 2-4(2) 


| 
2-4(1) Gc ee | 


i 


~ 2-419) -2 | ‘| 
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and the modified primitive admittance submatrix is 


2-4(1j 2-4(2) 


2-410} 3 ' 

pe wt a oo 7 ae Se Se 
Pe a 

Thus 


asay} 1 | 2) 
(ye) — [yl = idy.) = ee 5 ieee a 
24Q)| <2) 4 | 


Also 


(Mp = 10 — [Ag N40) — [Zea] — [258] + [Zay])' 


where 
@ @ 
@& | 0.2097 | 0.2697 
= j--—— 
@ | 0.2697 | 0.2697 
@ @® 
a) 0.2344 | 0.2344 
[Z sal = 
D! 0.2344 | 0.2344 
® @) 
@, 0.2344 | 0.2344 
[Z +8] = 
@' 0.2344 | 0.2344 
) @ 
A) 0.3462 | 0.3462 
[Zs] = 
@| 0.3462 | 0.3462 
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Substituting in the above equation, 


Ree ae 
; ¥ 
' t 


| fate Oath | 


\ 


[Af] = a 
—0.2942 | 0.7058 
0.82753 ' —0 17247 
Ce | 
0.34494; 1.34494 
and | 
! 
1.17247 | —2.34494 
[M} Ay] = | 
—2.34494 4.68988 
| 


For’ = 2 andj = 2 


He oad Rees ee et dion ae Coed! Wasod 
Lo = Loy +(( Zan | Zoe AD pe Zn yor ‘Ay | | Zo | ae 
i ——S — ae 
ay are 
i. — 4 —— 
i 
Z5. = 0.2697 + | 0.0353 | 0.0383 a | Diag 2.34494 | | 0.0353 


— ~ 2.34494 


| 


468988 | 0.0353 | 


Zy, = 0.2697 + 0.0015 = 0.2712 
For? = 2 andj = 3, 


Lx - Zo + ( LZ 


| : : 
2 bie | Zo | £24 : [AZ]-'[Ay,] 223 Z43 | 


Zo, = 0.1285 + 0.0353 0.0353 
——— | 


Del Ge | 
1.17247 | —2.34494 —0.0531 
| —2.34494 4.68988 —0.0531 | 


1 
‘ 


Zs = 0.1285 — 0.0022 = 0.1263 
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For1 = 2 andj = 4, 


——. ese, | ae 0. eae 
Zu = Zu + ( Lo can mee Da 214 2 [AL]~![Ay,| Za ie a Las 
aH seW fsa = : ir Sone Reed o ah 
Z, ae oy 
L 4 [ 44 
Zoe = 0.2344 + 10.0352; 0.0885 5° 1 17247; —2 34494 ‘ --0.1118 | 
[Bek naan os eee Ss, 2: £55 met tats AA SS 
BHgd 4 B898H =o. 118. 
Zy, = 0.2344 — 0.0046 = 0.229% 


For? =3andj7 = 3, 


| care phe oh od (ck ind 
Zy = Zas + ( Zn bn — fa Bs: ) [May fi Zass 1 2a | 
; - zs a ; 


Zi, = 0.3403 + —0 0531. -0 0531 a 1.17247/—-2. 3494 | i-9. 0531 


See: ——- i | Io 
(2.34494, 4. 68088 oan 03 
: ‘ | 


Z33 = 0.3403 + 0.0033 = 0.3436 


For? = 8 andj = 4, 


saat a — 


| 
L4 ) [Af] Ay, | get : | Las ; 
| 


Big = Bat (Zoe Za — Za 


: 


i | 
H | 
Za | Sa 


est) [—=——3} 


, l ce 
Zi, = 0.1816 + |=0.0581/ 0.08531 1aea7[—2. 34494) |-0. 1118 
; | | | | 
2.34404 4.68988 0.1118 


23, = 0.1816 + 0.0069 = 0.1885 
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For? = 4andj7 = 4, 


oes nonin, 


Aaj = La 4 ( Z 49 Za ad das Lu ) [MI"fays! fs,: rare 


7 ae anne res 3 


2. SOMO ROIS Oe = ear =e shies. <6 1118 


384494 4 H89R8. -- OH 1118 


£4, = 0.3462 + 0.0147 = 0.3609 


Thus 


OQ: 2298 | 


| 
| 
L. 


which is equal to the matrix obtained in part a. 


4.5 Derivation of loop admittance 
matrix from bus impedance matrix 


Derivation of node-pair tmpedance matrix 
from bus impedance matrix 


An element of the node-pair impedance matrix Zyp is designated by 2.3, p¢. 
If there is a current source between p and g only, an element of this matrix 
is defined as 


Ey — &; Gp SAS es oe ET 


Lij-pa = ‘on 1 j 


(4.5.1) 


Letting the current Jp, = 1 per unit as shown in Fig. 4.6, 


Aisioa = By — ES 


Chapter 4 


7 a 


= ears 


Network 


{ 
$e 


Reference 


The performance equation of the 
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Fig. 4.6 Injected current for 
calculation of Z;j.pq- 


network written in terms of Zgrs is 


1 p q n 
ccaet asc a 
By 1) Zi as Zip Ziq Zin i | qi 
2, | ae ente te 
Suisse SO odo 
| | | | 
ons aaa ie at oes 
Ey P| 2p. | ee 256 | Zon | Tp j 
FO ae oe emcee et eae 
a cE mee 7) ¢ 4.5.2) 
: ! fou 
ao ean ~ | 
Ey q| Za | Lop » ws Logi a Dge 4 
| eee ee ee 
i i ’ I 
— easel omen 
E,, n Zat | Zap ' i Lig Lin | | In | 
| . i t= —}) 
Since J,, = 1, then J, = 1 and J, = —1. From equation (4.5.2) it 
follows that 
Ey = Zip = Ziq and E; = Lip = Z54 
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From equation (4.5.1), 
. pe ia Carmen ‘ 
23.09 ae Lie = Lip os Le afr Z; ; . (4.5.3) 


Using all node-pair combinations for p-q, all elements of Zp can be caleu- 
lated from equation (4.5.3). The matrix Zs» has dimension 


ee 1) © n(n — 1) 


2 2 


Derivation of element-pair admittance matrix 
from node-pair impedance matrix 


The element-pair admittance matrix is designated by F gp and the element 
of the matrix by Yi;.p¢. If there is a voltage suurce only in series with 
p-q, an element of this matrix is defined as 


Si 
} 17. Pq _ 
€ng 
| ____@ 
Network 


Fig. 4.7 Series voltage source for 
Reference calculation of Yi;,pq- 
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where 7;, = current through the element 7-7 
€po = voltage source in series with the element p-y 
Let en = L per unit. as shown tn Fig. 4.7, then 


Vises = be (4.5.4) 
It remains *herefore to calculate the eurrent 7,,. 


The performanee equation in admittance form for the primitive 
network vs 


The current through the element 7-7 is 
lig = Ja + iiool'pe (4.5.5) 


where po refers tu all elements of the network. The voltage source in 
series with p-y induces currents in the elements mutually coupled with 
p-q. This voltage source can be replaced by equivalent current sourees 
in parallel with each element, as shown in Fig. 4.8 The equivalent 


Fig. 4.8 Equivalent source 
currents for calculation of 


, 
Xyjiees 
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current source for the element 7-7 is 
jig = Yio (4.5.6) 


The voltages #,, can be obtained from the performance equation of 
the network using the node-pair impedance msirix 


er = Znpl np *4.5.7) 


From equation (4.5.7), the voltages across the ciements p-o of the network 
are 


E, — Es = [(Zoe.usld wv (4.5.8) 
where 
i,, = E, — BE, (4.5.9) 


and the indices ps and uv refer to the node-pairs corresponding to the 
terminals of the network elements. The elements of Z,.,,, are obtained 
directly from Zyp, and Z,,,, has dimension « X e where e equals the 
number of elements. The elements of the vector J,, are equal to the 
shunt source currents which replace the series source voltage. Therefore, 


D5 = A pope (4.5.10) 
Substituting from equations (4.5.9) and (4.5.10) into (4.5.8), 
Dips = |Lipdun Give (4.5.11) 
Substituting from equations (4.5.6) and (4.5.11) into (4.5.5) yields 
ty = Yiive — YiivelZoe.urlYur.na 
Hence from equation (4.5.4), 
Yujpe = Yirva — Gii.velZ pourlGur.ne (4.5.12) 
and using all combinations of element pairs the matrix Yep can be 
obtained. The matrix Yep has dimension e X e. 

If there is no mutual coupling in the network, equation (4.5.12) 


reduces to 


Vijpg = —~YiiiZiipall pepe uy 7 pq 


Chapter 4 Algorithms for formation of network matrices 109 


and 
Viva = Via Yan ood 


Equation (4.5.12) can be written in terms of the aiements of the bus 
impedance matrix since 


Lseci>| = [Z pu] ig [Zou] =% [Z,. ce [Z,,| 
Then 
Vigepe = Yipee Veep =o [Zou > [Zp] + iCarlites Py 


If it is desired to derive Zwp from a given Y xe, the elements of Zyp 
can be obtained in a manner similar to that deseribed in this seetion. An 
element of Zyp, in terms of the element-pair admittance matrix, can be 
expressed by 


Lieg = Bpes— FagilY pak eumbs (4.5.13) 
If there is no mutual coupling, equation (4.5.13) reduces to 

Ligve = Sigal uipeenaite 4] * pg 

and 

Ate = Ajay Pigaat vst 


Derivation of loop admittance matrix from 
element-pair admittance matrix 


Given the element-pair admittance matrix Yep, the elements of the loop 
admittance matrix Yroge can be obtained directly. Ye» is partitioned 
as follows: 


Branches — Links 


i 


Yy Y, 


Branches 


Yep = 


Y; | ¥q 


Links 
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where the submatrix Y, is associated with the basic loops of the inter- 
connected network since each link corresponds toa basic loop. Therefore 


Y Loop = Y, 


It is possible to derive Vg» from a given Yzoop since the elements of 
the submatrices Y;, ¥., and ¥,; can be determined from the elements of 
Y, Let 7-7 be a branch common to loops A, B, and C and let p-g be 4 
branch common to loops G and AH. If a voltage source e,, = 1 per unit 
is applied in series with the branch p—g, then by definition of an element 
of Y ep, 


Yisog = tis 


Moreover, the voltages in the loops G and H are equal to one per unit. 
Hence, the currents in the loops A, B, and C are 


Ta = Yao t+ Yau 
Ts = Yeo + You 
Te = Yee + Yeu 


where the admittances are obtained from the loop admittance matrix. 
Since the current in branch 1-7 is the algebraic sum of the currents in 
loops A, B, and C, 


ay = Ja tle tle 


Therefore, 


Yijpg = Yao + Yan + Yao + Yau + Yeo + Yeu 


The signs of the loop admittance terms are determined by the orientation 
of the branches with respect to the loops. 


4.6 Example of derivation of loop admittance 
matrix from bus impedance matrix 


The method of deriving the loop admittance matrix from the bus imped- 
ance matrix will be illustrated for the sample network shown in Fig. 3.10. 


Problem 


Derive the loop admittance matrix VY zo0p from the bus impedance matrix 
Zeus of the network shown in Fig. 3.10. 
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Solution 


The primitive admittance matrix is 


1-2(1) 1-2(2) i-3 2-4 3-4 


1-21)! 2,088 | —1.082 | -0.417 | 
Es Se lietate ae aw ek jee Eo a Lecce Ne ees, Reed eee 
i-2(2) -1.042. 3.021 6 208 . 


(y)= 1-3 | 0.417. 0.208 2 982 


a0) 


| : | 2.0 


i 
\ 


i 
[ 


The bus impedance matrix of the network obtained by nonsingular trans- 
formation is 


©) ® 4) 


®: 0.271 | 0.126 | 0.230 © 


Zavs = @' 0.126 | 0.344 1 0.189 | 
| Ip 
@®, 0.230 | 0.189 | 0.362 


First, form the node-pair impedance matrix Zwp. The elements of 
the first row from the equation 


Lipgs = Zip a. Zi _ Ziq = Zsq 
are 


Z12,12 = Zy,— Zu — Zit Za 
0.— 0,— 04) 0.271 = 0.271 
VAT RY = Zi; am 2x — 213 sf 223 
=0—0-0+ 0.126 = 0.126 
242,24 a 212 a 22 = Zig + Los 
= 0 — 0.271 — 0 + 0.230 
212,34 = Z13 a 223 _ 24 + Zu 
= 0 — 0.126 — 0 + 0.230 = 0.104 
Z 12,14 = Zu a Zn I Zia + Z04 
= 0: =). == O2+F 0,230 = 0230 
Zi2,28 = 212 se 220 we Zi3 + 2% 
= 0 — 0.271 —04+.0.126 = —0.145 


It 


—0.041 


12 
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The elements of the remaining rows are obtained in a similar manner. 
The node-pair impedance matrix is 


1-9 1-3 2-4 34 14 2-3 
1-2) 0.271. 0.126 —0.041: 0.104 0.230 —0 145, 
{ seats re aes } - . —s 
1-3: 7 126 0.344 0.063! -0.155) 0.189 0 218: 
2-4| —0.041 : 0.063 | 0.173! 0.069! 0.132 0.104. 
Zxp= | = | re 
3-4 0.104; 0.155, 0.069; 0.328) 0.173 Spe 
1-4] 0.230! 0.189) 0.192 0.173 0.362 —0.041. 
2-3) 0.145] 0.218) 0.104. —0.259 ~0.041' ae 
Then 
120); 1-20) 13 o-4 3-4 
120) 0.271 | 0.271} 0.126} —0.041 0.104, 
je 2 i i 
1-202)! 0.271 | 0.271, 0.126 | —0.041 0.104 
Dien S83 | 0.126] 0.126! 0.344} 0.063 | —0.155 : 
2-4 : 0.041 | -0.041 | 0.063; 0.173 0.069 : 
a4 | 0.104 | 0.104 | —0.155 | 0.069 0.328. 


Second, form the submatrix Y, of the element-pair admittance 
. The elements of the submatrix are obtained from the 


matrix Yep 
equation 


Vine = Vij.pg = Givens epee Gite 


Ips bl = USt lL ~ Louse = 


wOZ 0 
120 
obo 1 9ELT'O O890 O-- | 60ce'0 | Gage 0 SZ9G 0 MICU = 


690 0 SStO— | POT 0 vO 0 


€Z1°0 €90'0 1¥0'O— | 170° 0— 


£900 |FRE'O (910 |92t 0 


1#0'0~ | 9210 142'0 TL2'0 


1¥0 O- | 9210 1L@°0 TZz 0 | | | 802'0 | T20'€ | ero" 1~ — T0'e = 


(Ceetoeg 


(srreg 


Qererg 


Cader arg 


trary 


CHS A [<node] reine veraer ye 
AR ee ts 


(erg | Qe TIA | — (EOS ae (Boer (dat 


ae ee 


st ry jo (BU GET 4 {UOWO]I OY J, 


OFE'0 = (OFE0--) -~ O= 


| fsee'o |es0°0 fegr-o~ [roro |roro 
690°0 €Z1'0 £90°0 1¥0°0— 1¥0'0- 
est-o- £900 bee 0 9210 9210 
P| feoro |rs0°0- Jozto fuzzo frzeo 
jroro Tivoo~fozro Juzeo fuzo | | voz'o | zoe |zs0-1= | 0 = 
_— 
vat 
reeIh 
rant 22073 
“peng. | ead veo | omni | Pete cern | ommerig avian ee vetehat 


STW ZT quourgpo oy], 
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The elements Voor) and Yo.2; are calculated in a similar manner. 
The submatrix Y, is the loop admittance matrix 


D E 
D 1 841. 0.340 | 
Y poor = Bele he oe 
ame eee re 
Problems 


4.1 Using the data for the sample power system given th Preb. 3.2 and 
neglecting resistance. form the following positive seyuence matrices: 
a. ‘The bus impedance matrix using the algorithm 
b. The node-pair impedance matrix Zyp 
c. The element-pair admittance matrix Yep 
d. The loop admittance matrix Yroop from Yer 

4.2 Repeat Prob. 4.1 using the zero sequence network data and neglect- 
ing resistance. 

4.3 Modify the positive and zero sequence bus impedance matrices 
obtained in Probs. 4.1 and 4.2 to reflect the opening of the north 
circuit .V between buses & and C. 

44 Derive the equation 


Logs = Ziy.pq Zij cel Y posuslZax-ne 


for obtaining the elements of the node-pair impedance matrix Zyp 
using the element-pair admittance matrix Ferp. 

4.5 Form the node-pair impedance matrix Zyp using the loop admit- 
tance matrix Yzoop obtained from Prob. 4.1, part d. 

4.6 Show that the branch impedance matrix Zer can be derived from 
the node-pair impedance matrix Zyp. 
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chapter 5 


5.1 Introduction 


Power systems are operated usually with balanced three-phase generation 
and loads. A balanced network is obtained by the transposing of trans- 
mission lines. This makes possible the treatment uf many three-phase 
power system problems on a single-phase basis [f there is unbalanced 
excitation on a balanced network the solution of network problems can be 
sbtained by one of two methods. The first method analyzes the network 
in terms of actual phase quantities. The seeond method involves the 
transformation of unbalanced phase quantities into balanced sequence 
quantities. Two important types of sequence quantities are symmetrical 
components and Clarke’s components. For symmetrical components, 
the balanced sequence impedances are uncoupled for both stationary and 
rotating elements. For Clarke’s components the balanced sequence 
impedances are uncoupled only for stationary elements. Transforma- 
tions for unbalaneed networks, in general. do not vield uncoupled sequence 
impedances. 


3.2. Three-phase network elements 


A three-phase network component represented in impedance form is 
shown in Fig. 5.1. This component represented in admittance form Is 
shown in Fig. 5.2. The variables and parameters are: 


at eedlcs are the voltages across the element p-g for phases a, 6, and 
¢, respectively 
i ce ae are the source voltages in series with phases a, 6. and c, 


respectively, of the element p-q 
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o a 
E,, E, 
o— ——————— ee | 
a a —— pod 
©pq in ag } 
Pq 
o b 
é; = E, 
q Cae (ee ee oe 
Pp?) Pq ‘ 6 q 
PQ 
| c 
: C-) 5 
eo aes ome oa = 
‘ ra esempecrconctass . 
P ® pg if qs 
ev a 
2 pe ee a ee ee oe ne En ee eee eee ee eee 
a a 7a b b « o € c 4 
Ug, — Ey Upg= Ey - Ey Upg = E, — Ey 


Fig. 5.1 Representation of three-phase network com- 
ponent in impedance form. 


a 
E, 
° 
ma Sage 
ay, tpg 
6 
Ep 
fos 
iy er 
Aa, ‘pg 
c 
Ey 
° 
es ———_— 
pei = 
NY U 
Pg 
a apa b bo 6 c co c 
Ung E, E, ae E, Ung = ED Ey 


Fig. 5.2. Representation of three-phase network component in admit- 
tance form. 
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ad itu are the currents through the element p-q for phases a, 6, 


and c, respectively 
id ee) ec are the source currents in parallel «ith phases a. f, and c, 
respectively, of the element p—q 


ae is the three-phase tmpedance matrix for rae element p~q 
a is the three-phase admittance matrix for the element p-q 


The performance equation of a three-phase slersicet im impedance 
Surm 1s 


r Si ie eee os ES 
a aa | ,ab ac e 
PQ er 29 | =pq: @ na Pg 
Seu [pet el cate et Bagel 
' i : : 
ob / 1b _ ba i bb! abe 3 39 
l 4 = ; i 2 de. 
PQ i ae | pg eq | nq | 20q ne 2 a ( 1) 
ora —— 7 iene A 5 
je i oe ca | oe} ' oc : a 
"pa | &pg “pq | *pq) *pe: | Mpa | 
ee is | pubes [een | 


where 2% = self-impedance of phase a of the three-phase element con- 
necting nodes p and g 
z*’ = mutual impedance between phases a and 
Zoq = Mutual impedance between phases a and « 
and so forth. 
equation (5.2.1) can be writter: more concisely as 


.2,b.€ ad.¢ — ,0,b.c,¢,b,¢ (5.2.2) 
Pq + pq ®pq ' pq (9.2.2) 


The performance equation in admittance form is 


| | 7 j fy ES 
“a | va aa ab | ac } i a ‘ 
"Da | Jpq Ynq | Ypg Yq | "pq 
4 | : P Hiaee = 5 
| b | Lj ba bb | Daca 2 
lng + | Jpg, = | Ye | Yng i Voq ' U pe | 
| { i <4 — j 
| q ff 
a | et ca om i we ll ge | 
‘ i : 
er) | Jpq Yong | Yng | Yong , ne | 
H 3 } f 


which can be written 


-a.b,e ca,b.c __ . a,b.c,,a,b,€ 
"pq T Fug = Vong “pq 


where 

ne = En 

The parallel three-phase source current in admittance form and the three- 
phase series source voltage in impedance form have the relationship, as 


is the case in single-phase representation, 


cable _ _ ,,a,b,¢,0,b,€ 
Jpg = Yq "ng 
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a 


The impedance matrix z*?* and the admittance matrix 42) of 
stationary bilateral element are symmetric. If, in addition. the taree- 
phase element is balanced. then the diagonai elements of 297°, designated 
by z},, are equal and the off-diagonal elements. designated by 27, 
equal, that is, 


, ure 


aa bb cc 5 
Zz a _ = 
“pg ® oq 2p¢ Pg 
and 
abo _gac be de ca ab m 
= = ay” bar =a > ne 
2Dq “pe 2 pq “pg “pe “pq “nq 


The corresponding relations are true in the admittance matriy y37". 

The impedance and admittance matrices of balanced three-phase 
rotating elements are nut symmetric. However, the mutual coupling 
from phase a to phase 6, bto ce, ande« to a for the phase sequence a. 8. ¢ are 
identical, that is, 


ab _ ,be _ sca aml 
2nq ~~ 2g = 2 pq ~ @ pq 
Similarly, 

ac . 4ba chm 
@pq = % pq = 2g ~ Fog 


The performance equation of the three-phase primitive network in 
impedance form is 


pabe + @a,b,c = [zo-b-c]7eb.e 
or in the admittance form ts 
qabic + pobre = [yoree ]fia.be 


The vectors representing the variables are composed of 3 X 1 submatrices 
corresponding to the variables of a particular three-phase network 
element. The parameter matrices are composed of 3 X 3 submatrices. 
These submatrices correspond to the self and mutual three-phase 1mped- 
anee or admittance matrices of the network elements. 


3.3 Three-phase balanced network elements 


Balanced excitation 


The excitation of any three-phase element is balanced when the source 
voltages or source currents of all phases are equal in magnitude and dis- 


placed from each other by 120°. 


1 Pay 
abe ss b | = gf 
nq i ee es 
1 5 
ee 
i c 7 
| ng ; & 
ees Me 2 
where 
q = Pr) — —l, +; 


It follows that. a3 
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be V2 


Three-phase networks 


I,a?+a+1 = 0,anda* 


21 


Fer balanced excitation, 


=) 
i Joe | ] | 

one a |--—-- 

er i 

| Joe | = 2 | don 

ate ag 

| Jpg | | a | 

ene ee | 

= a? The phase voltages 


and phase currents are balanced if the excitation of a balanced three- 
phase element is balanced. Then, the performance equation. in imped- 


ance form, for a stationary element 


we SAN — 
j 1 | 
ahs tired 
2 |) 2 
a tog ate a 
-_— —— 
| 
a a | 
id [ie 2] 


is 
| ; ae eh 7 
| ; : 
yk m ~ om 5 
| Zpe = pg | Fnq i 1 : 
Joann —s ae eel 
4 ers 
m™ 1 yf Ln eae 
p fee. pe ag he i 
. # Ms 
cana ea eee race 
| i | 1 
mm : m & { 
"ne 2pq pg oe g | 
fie! ah a Roly i 
i —— 
sj ym | jm? , ; 
ene  * pq Bq - | 1 I 
5 ee a 
H ' F i 
m2 a mi | | 25 
| pq | *ea pe a ! 
: apc Neate | 
| 
j amt mi} ya : i 
2 pq = nq ber) i o F 
t “<i i 


ia (5.3.1) 
oad (5.3.2) 


Both sides of equation (5.3.1) can be premultiplied by the conjugate 


transpose of 
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that is, 


to obtain 
24.0 es 6 gM) Sa fia 5 9 
0G epg alee ae ios) 


Dividing by 3, equation (3.3.3) beeomes 


a Gn fe Ax. 
pq oa eD¢ = pq z 


mca 
pq)! pg 


where (25, — 23.) is the positive sequence impedance, which 1s designated 
by z,?. Thus, a balanced three-phase element with balanced excitation 
can be treated as a single-phase element in network problems. The 
power in the element is equal to three times the power per phase. 

In a similar manner, equation (5.3.2) can be reduced to 


a (; en RT 2,m1 m2\ a 
"pq + pq = (259 +a Z Dg ae A259) 54 


SAG, 2 2,mL m2 - te . 
WHOLE 225 ot ar25g + G25 IS the positive sequence impedance. 
The performance equation, in admittance form, for a stationary 
clement is 


pe Aidge = (You -_ Ua) aa 
and for a rotating element is 
2 


tne Ti lgg ge eee, ey tee 


Unbalanced excitation 


When the excitation is unbalanced, the performance equation of a three- 
phase element can be reduced to three independent equations by diago- 
nalizing the impedance matrix zi?" Using a complex transformation 
matrix T then the phase variables are expressed in terms of a new set of 
variables as follows: 


pode Bes Tp 


ay eer 

2.0.0 ay, oe 
Coe = Teoe (3.3.4) 
2 Ss oh 

“bg = ee 


The complex power in the element is 
Sq = Poa + 7Qpq = POR ears 
Substituting from equations (5.3.4), 


Sor ge) Cr Tee (5.3.5) 
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The complex power in terms of the 7, 7, k sequence variables is 


Soe = EEN Hest oa 


If the complex powers S,, and S), are equai, that is, the selected trans- 
formation T is power-invariant. then from equations (4.3.5) and (5.3.6), 


iT*!T = U = TiT*y 


Thus 7 is a unitary matrix. 
Substituting from equations (5.8.4) the performance equation (5.2.2) 
becomes 


5s lies mao ee ay OL (5.3.7) 


PQ 
Both sides of equation (5.3.7) can be premultiplied by ¢7*)* to obtain 
Neh + eit om (Phage 
It follows that 


ghhk Cryer (5.3.8) 


“pg 


A similar transformation can be obtained for the performance equation in 
its admittance form. 


5.4 Transformation matrices 


Symmetrical components 


Two particular transformations for three-phase balanced elements are of 
interest. One of these transforms the three-phase quantities into zero, 
positive, and negative sequence quantities. knawn as symmetrical com- 
ponents. The matrix for this transformation 1s 


| { 

1 | ss Ga 

—- -—----| 

Poe a ae a | 


which is a unitary matrix, that is, (7*)'T, = U; and furthermore, because 
T, is symmetric, T7 = Ty’. Using this transformation the impedance 


124 Computer methods in power system analysis 


matrix for a stationary element. a from equation (5.3.8) becomes 


[ae ty i | 
it oe | am ” | : | 
1 1 1 || oq | 25e an | ee cs | 
Sraraes Paenod ch eine 
gebt io - l1 ja a? zm igs | 2m | tlc ala | 
“pq 1: "pq: “pe Pq i i ' 
i i : i ! | : 
9 Cob lm fm es \ i i 2 | 
(ie i sae ee ee ee 1 ,afa 
| Sot ot eit ! eee ee ller-2.| 


That is 


01,2 __ 


where the zero sequence impedance is 


(O* _ ya m. 
2pq — "nq oe 2204 


the positive sequence impedance is 


a) = 2! — 2™ 


254 PQ Pg 


the negative sequence impedance is 


(2) = 2 m 


2p¢ Pg Pg 


and 29)? refers to the transformed impedance matrix, which is diagonal 
for a balanced three-phase element. 
The transformation matrix 7’, also diagonalizes the impedance matrix 


for a rotating element, even though 2%? is not symmetric. This diago- 
nalized matrix is 


g mi m2 
2D¢q a x Dq Ss eng 
0.1.2 _ a 2,m1 mo 
2ag pq +a 2 pq ae Q254 
ze, + az™! + a2z™? 
Pg Pg Pg 
a (0) _ ae mi m2 
where Big leg ear ee, 


i] 


(1) 4 o,mi m2 
25 +a 20 + azoa 

ind m 2m 
=pq — 2pq al O24 +a ng 
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Clarke’s components 


Another transformation matrix transforms the three-phase quantities 
into zere, alpha, and beta sequence quantities, known as Clarke’s eompo- 
nents The matrix tor this transformation is 


£3 i : 
Ve: _ eT 
1 =a | —V 34 | 


which is an orthogonal matrix, that is, 7!7. = U. Therefore TS = T>'. 
Using this trausformation the impedance matrix for a stationary element 
z')* from equation (3.3.8) becomes 


s 6 77 
20g + eee 


m 
Pe 


i 
' 
}- 
! 
t 


20¢ Pg 


| 
igh 
| 7pe z 
i 

| 


where the diagonal elements are the zero, alpha, and beta impedance 
components, respectively, and ane refers to the transformed impedance 
matrix which is diagonal for a balanced three-phase element. 

The transformation matrix T. does not diagonalize the nonsymmetric 
impedance matrix 29>" for a rotating element. The following is obtained 
by this transformation. 


rs mi m2 
2 0¢ + pq ae Zp 


i i 
Oa,8 _ | | ye Z m2 ee m2) 


| (oe — Ze) | a — M8 + Bee 


eae) 


IS 


5.5 Three-phase unbalanced network elements 


When a three-phase element is unbalanced, the transformation T,, or 
T.., on 23° does not yield uncoupled sequence impedances. Even though 


it is possible to diagonalize 23°", no single transformation exists for 
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diagenalizing the impedance matrices for all elements of a network 
because the unbalance of the different elements, in general. is not related. 
Therefore, it may be desirable to maintain the original three-phase quanti- 
ties for the solution of network problems. When the transformation 7, 
is used the sequence networks cannot be treated independeutly. 


5.6 Incidence and network matrices 
for three-phase networks 


Incidence and network matrices for a three-phase balanced or unbalanced 
network can be formed by the same procedures as those described in 
Chap. 3 for single-phase networks. The entries 1, —1, and 0 in the inci- 
dence matrices for a single-phase network, however, will be replaced by 
the 3 X 3 matrices, U, —U, and null, respectively. Also, the impedance 
or admittance of a network element will be a 3 X 3 matrix. The rows 
and columns of this matrix refer to the phases a, b, and c or to the appro- 
priate sequence components. The network matrices will be composed of 
3 X 3 submatrices whose elements also refer to the phase or sequence 
components. 


3.7 =©6Algorithm for formation of 
three-phase bus impedance matrix 


Performance equation of a partial three-phase network 


The performance equation for a three-phase network representation in 
the bus frame of reference and impedance form is 


Egts = Zsbslebs 
where £325 = vector of the three-phase bus voltages measured with 
respect to the reference bus 
I33;5 = vector of impressed three-phase bus currents 
23:5 = three-phase bus impedance matrix 
When the three-phase elements of the network are balanced, their 
impedance or admittance matrices can be diagonalized by the transforma- 
tion matrix 7, or T,. In this case, the three sequence networks can be 
treated independently. The procedures based on the algorithm described 
in Chap. 4 can be applied to form the independent sequence network 
matrices. 
When the three-phase elements of the network are unbalanced, the 
3 X 3 submatrices Z%>° and Z%* of the bus impedance matrix are not 
equal. The equations for the formation of the three-phase bus impedance 
matrix by the algorithm can be derived in a manner similar to that for 
single-phase networks. 
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Addition of a branch 


The performance equation of the partial network with an added branch 
p-q, in terms of three-phase quantities. is 


1 2 Pp mg 
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The elements 2%,“ can be determined by injecting a three-phase current 
at the 7th bus, as shown in Fig. 5.3. and measuring the voltage at the qth 
bus with respect to the reference node. Similarly, the elements 27," 
can be determined by injecting a three-phase current at the gih bus, as 


@) Fig. 5.3 Injected three-phase 
Reference current for calculation of Z%:"“. 
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@ 


Three - phase 
X element p-q 


Partial 
network 


) 


_— Fig. 5.4 Injected three- 


phase current for calcula- 
Reference tion of Z3,"° and Ze". 


shown in Fig. 5.4, and measuring the voltage at the 7th bus with respect 
to the reference node. 

To caleulate Z*?* let the current at the 7th bus be /#*° and all 
other bus currents equal zero. The voltage across the added element 
p-q is 
pe an ¢ = Ee eb e — Evbe (5.7.2) 
The vector of voltages across the elements p-o of the partial network is 
je: abe = ee a Eobe (5.7.3) 


The current in the element p-g, in terms of the primitive admittances and 
the voltages across the elements, is 


ra.bve abe yd wee 3 
tg > Uegpelee Une pol (5.7.4) 


Since 72°" = Q, from equation (5.7.4), 


ere Ut ier 615) 
Substituting from equations (5.7.2) and (5.7.3) into (8.7.5), 
ae ater ag Ce 6.7.6) 


From equation (5.7.1), 


Eade aa Valse (eh 
Pp 


ae capone (5.7.7) 
Ee? = Zeb jo. 
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and at any bus k, 

‘a,b.6 +, d,e 
Hees Mee 
Using the relationships from equation (5.7.7) in (5.7.6) and solving for 
Lees, 
Zereete da Vii ba + I pee maa ee ae fe Vik ere (5.7.8) 
Since equation (5.7.8) is valid for all values of 7%". it follows that 
Ye ici a PE a SE on any Aen (5.7.9) 


To calculate 2%", let the current at the gth bus be i and all other 
bus currents equal zero. If the added element p-g were not mutually 
coupled to the elements of the partial network the voltage at the 7th 
bus would be the same whether the current /*”*:s injected at bus p or q, 
that is, /¢°° = [***, and therefore 


Ya,b,¢ _ Fabeyabe _ a.b,¢ 7a,b.e 
Bebe = Zobeyebe  Zabere 


However, the element p-g is assumed to be mutually coupled to one or 
more elements of the partial network; therefore, 


De Artal boy Ana Gu Y Sena (5.7.10) 


where AK2* is the change in voltage at bus 7 due tu the effect of mutual 


coupling. The vector of voltages induced in the elements p-o is 
5a.bc _ 5a,b, +b, ar 
a a ee € (5.7.11) 


The series source voltages @’ and parallel source currents j:** are 
related by 


Pe = ee ees (5.7.12) 
Substituting from equation (5.7.11) into (5.7.12), 

ie Sa tele (5.7.18) 
However, in terms of bus currents, 

Foe = pore = — Je (5.7.14) 
and the change in voltage at the 7th bus due to mutual coupling is 
De a Od PS te BP Fen (5.7.15) 


Sabstituting for 7*%* and It**, from equations (5.7.13) and (5.7.14), 
equation (5.7.15) becomes 


AROS se (DEP as Zee) ger izes Teme (5.7.16) 
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Substituting from equation (5.7.14) into (5.7.10), it follows that 


Zip = Big — (DM — Bib vizictce)” “Eve (6.7.17) 
From the matrix equation, 
——— i) A i eee | 
apts | conga laaie dee : , U 
aes oer - 
| Ls Fi 
it Ge |e Beene OU 
Pe 4 
| eer mee, 
then 
Zeta os [eee gy, (5.7.18) 


Premultiplying by [z%%$]-! and postmultiplying by (yZ?¢.)~!, equation 
(5.7.18) becomes 


[zparsel” "parce = —Userva Youre (5.7.19) 
Substituting from equation (5.7.19) into (5.7.17), 
a tae oe Sam Sa aCe (5.7.20) 


The element Z%** can be determined by injecting a three-phase 
current at the gth bus and measuring the voltage at that bus with respect 
to the reference node. Let the current at the gth bus be J¢** and all 


other bus currents equal zero. Since 7>* = —J?**, substituting in 
equation (5.7.4) for 7%?° and solving for v%?", 

ies CPO a ae ak ee aS (6.7.21) 
Substituting from equations (5.7.2) and (5.7.3) into (5.7.21), 

LOG os TORE ye Nit RN es (ene Wars) } (5.7.22) 


From equation (5.7.1), 


Eee = ld pie 
pine = 72heyin (5.7.23) 
and at any bus k, 
penis = Virdee 


Substituting from equation (5.7.23) into (5.7.22) and solving for Z¢?*J¢>*, 
it follows, since the resulting equation is valid for all values of /¢°, that 


Zea = Zee + pare) 1U + Upeine( Zee — Z2q°)} (8.7.24) 
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If there is no mutual coupling between the added branch and the elements 


of the partial network, the elements of #2? are zero and (yZhe)y-! = gabe. 


Then, equations (5.7.9), (5.7.20), and (5.7.24) reduce to 


Za a zZ* bee 

ge mm 

ab.c Zoe € 
oy = aS 

abc _ Fab de 
Zz , aoe Zeaipe 


If. in addition, p is the reference node, the elements of 28°? and 235° 
are zero. Also 


ig = zaibe 


PaP@ 


If the network elements are balanced, then Z%* = Z2?° and either 
equation (5.7.9) or (5.7.20) can be used. 


Addition of a link 


As in the case of single-phase networks, when the new element is a link it 
is connected in series with a voltage source as shown in Fig. 5.5. The 
three-phase voltage source e?* is selected such that the current through 
the added link is zero. Then the element p—l, where / is a fictitious node, 


Three: phase 
element p-q 


Fig. 5.5 Three-phase voltage 
source in series with added 
link for calculation of Zj*“, 
Reference y Ara and Zh 
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can be treated as a branch. The performance equation of the partial 
network -with the added branch p-i, in terms oi three-phase quantities, ts 
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ae eS ee ae iia Loe a, ise (5.7.25) 
' ~ eo rom ae eee bah Se Ea ee BS ae ee cee ee ee rs + x Naa 
! ‘ ‘ 
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= } a ree | we xk, Petes 
pees m | 2 be Vin ate ¢ wo fy Xt hae et Vink | pe fae 
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: -_ . 
ae Ul gps! abe  Zadber. , Fie | Tae ake 


The elements Z7"* can be determined by injecting a ere current 
at the :th bus and measuring the voltage at the fictitious node / with 
respect to bus gq. Let the current at the 7th bus be /2?" and all other bus 
currents equal zero. Then, from equation (5.7.25), 


et = Ge b, hag (3.7.26) 
Also, as shown in Fig. 5.5, 

Bic yey b site 
Geet Se seer (5.7.27) 


The current 7%”° in terms of the primitive admittances and the voltages 
across the elements is 


be = a,b,c,,a.b¢ arb.c pa.d.c i 9 
Yot pt pt + Yat pops (5.7.28) 

Since 

-a.be _  =a,b,e 

Yetoa? — Ynq.0e 

a.bic 


Yotpt = = Yr Pg 


and the elements of 732° are zero, then the voltage e¢/"*, from equation 
(5.7.28), is 

She Osh \-ipghere 6.7.29) 
Substituting from equation (5.7.29) into (3.7.27), 


ae nas ey + (ytee y ge (5.7.30) 


peng 
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Substituting for re) > and °° from equations (5.7.2}, (5.7.3), and (5.7.7) 
into (5.7.30), 


ene Eee tad es, VAY ba + ge ae Zee San YA pe (5.7.31) 


Tocel 


Substituting for e?®* from equation (5.7.2A) into (5.7.31:, it follows, since 
the resulting equation is valid for all values of 72°, that. 


rab. : ibe ,b, : ge be bis m= O6 
Zab = Z9be — 280 tyes oagnoe (Babe. Babe (5.7.32) 


Yoy.ce! 

The elements 27°" can he determined by injectsig a three-phase 

current between g and é and measuring the voitage «¢ bus *. Let the 

current between g and l be 7?” and ail uther bus currents equal zero. If 

the added element were not mutually coupled te the elements of the 
partial network, then 


ra.boe _. ¢ pa.bie Fa,b.c\ 7a.b.e 
Ki . (Zi5 ss Li My 
However, because of the effect of mutual coupling. 


pate 6: Vera ted es aa —_ Atay bid pe Apes (5. 7.33) 


ot 


Following the same procedure as in the case where the added element is a 
branch, then 


ABI = — (2th ~ Zeh\[ental abe Toh (5.7.34) 


and from equation (5.7.19), 


abel-tsebe | _ =a,be abe) oes 
epee 2Zpa.pq — — Yps, fedora 


Substituting from equation (5.7.34) into equation (5.7.33) it follows, since 
the resultant equation is valid for all values of 1#"*, that 


Vanes = Zee = Za + (Zare — Zo \ape Tp b,c ( abe yt (5.7.35) 


eo. pg (Yoa. pq! 
The element Z%;>* can be determined by injecting a three-phase cur- 
rent between g and / and measuring the voltage at node / with respect 
to bus g. Let the current between g and / be 77° anc all other bus cur- 


rents equal zero. Since 7%>* = —Jf>*, substituting in equation (5.7.28) 
for 73?* and solving for v%7 ie , then 

rds = —(ysbe )1(rmbe 4 gabe gebey (5.7.36) 
Substituting from equation (5.7.36) into (5.7.27), 

ernie — yebe 4. Cate Lge a eer e) (5.7.37) 


Substituting for v3?° and 0%°* from equations (5.7.2), (5.7.3), and (5.7.7) 

into (5.7.37), 

er am (ae tm Asia) bag +4 Ge + aaa. = cae Cola 
(5.7.38) 
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From equation (5.7.25), 
Ce en Debeyene (5.7.39) 


Substituting from equation (4.7.39) inte (5.7.38), it follows, since the 
resultant equation is valid for all values of /¢°°, that 


Ly = = (Zoe a) b (ye Af? +4 rai ig ga a Zoorrys (5.7.40) 


PY: Pa 


If there is no mutual coupling between the added bnk and the elements of 
the partial network, equations (5.7.32), (5.7.88), and (5.7.40) reduce to 
A aie ire ee 
yo.dic _ Fad, b, 
Ae iz ae 7 ae b 
a.0,c __ a,0,¢ a,0,¢ O2,0,6 
aie = a3 Za as ® pa.pa 


If, in addition, p is the reference node, 


Lane = —Zabe 


abc __ abe 
“i Ss ae 

abc _ _ ZFabse a.b,¢ 
ar = a 1; nape 


The fictitious node / is eliminated by short circuiting the link voltage 


source a >< From equation (5.7.25), 

Tate = 7 Tate + VAR bi (5.7.41) 
and 

epte = Zebereie + Zebelph< = 0 (5.7.42) 
where i =1,2,...,m. Solving for /¢** from equation (5.7.42) and 
substituting into (5.7.41), 

Hate = {ZGbe — Zebe gare) Zame) Tees 

Therefore, 

Lees imodified) = Zo acne Zi . CAT ig aye Zh; aa 


A summary of equations for the formation of the three-phase bus 
impedance matrix is given in Table 5.1. These equations can be written 
in terms of symmetrical or Clarke’s components. 


5.8 Modification of the three-phase bus 
impedance matrix for changes in the network 


The formulas given in Table 5.1 can be used to modify a three-phase bus 
impedance matrix when an element is added to the netw ork. These 
formulas can be used also when an element not mutually coupled to other 
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elements of the network is removed or its impedance is changed. The 
procedures sre similar to those used for single-phase networks. When 
an element is removed, the modified three-phase bus impedance matrix 
can be obtained by adding a parallel element whose three-phase impedance 
is equal tc the negative of the impedance of the element to be removed. 
Wher the «mpedance of ar element is to be changed, the modified three- 
phase bus impedance matrix ean he obtained by adding 4 parallel element 
~uch thet the equivalent three-phase impedance of the two elements is 
the des:red value. 

The same procedures as those used for single-phase networks can he 
employed te derive an equation for modifying the submatrices of the 
three-phase bus impedance matrix when mutually coupled elements are 
removed or their impedances are changed. This equation is 


Tighe = Zebe 4 (Bebe — Bebe Morey layt hehe ~ ZyPs) 


where 


pays] = tye] — (yeh 


s i s 


[Mote] = 10 ~ jaye Zsbe) — (Zab) — (25h) + 12a 


5.9 Example of formation and modification 
of three-phase network matrices 


The methods of forming three-phase network matrices by transformation 
and by algorithm will be illustrated using the sample system shown in 
Fig. 5.6a. 


O4+—-— © 


(a) 


Fig. 5.6 Sample three- 
phase system. (a) Single 
line diagram; (b) tree and 
cotree of oriented con- 
nected graph. 


Branch 


(b) a) ——— Link 
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Problem 


a. Form the bus incidence matrix A with ground as reference. 

b. Form the bus admittance matrix Ysc-5 by transformation. 

c. Form the bus impedance matrix Zsys using the algorithm. 

d. Modify the three-phase bus impedance matrix obtained in part ¢ to 
remove element 3 between bus 2 and bus 3. 


Table 5.2. Three-phase impedances for sample system 


Self Mutual 
Bua Bus 
Element code Impedance code Impedance 
number p-g zorbve rs zeibe 


PEPE 


0.080 | —0.025 —0.020! 
1 1-2 —0.020 0.080 —0.025 


| —0.025 | —0.020 0.080 


0.080 | —0.025 | —0.020 


2 1-3 —0.020 0.080 | —0.025 


—0.025 | —0.020 0.80 | 


3 o-3 
0.20 | 0.20 | 0.20 
4 2-4 2-3 0.20 | 0.20 | 0.20 
0.20 | 0.20 | 0.20 | 
0.30 | 0.30 | 0.30 
5 4-3 2-3 0.30 | 0.30 | 0.30 
0.30 | 0.30 | 0.30 
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Solution 


The data for the sample three-phase system is giver in Table 5.2. The 
impedances for this system are represented by real numbers equal to the 
generator and line reactances. The branches and links of the oriented 
connected graph for the single-line representation of the system are shown 
on Fig. 5.68. 


a. The bus incidence matrix is 
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c. The bus impedance matrix will be formed by first adding all branches 
and then adding the links. 

Step 1. Start with element 1, the branch from p = | to q = 2. 
The elements of the bus impedance matrix of the partial network are 


a’ 0.080 | —0.025 Soh 


| | 
23%5 = @b, —0.020] 0.080 —0. 025 | 
Fe ine eT 


ec! —0.025 | —0.020 0.080 | 
=— 


Step 2. Add element 2, the branch from p = 1 tog = 3. This 
adds a new bus and the bus impedance matrix is 


Step 3. Add element 4, the branch from p = 2 tog = 4. This 
element is not connected to the reference node and its addition creates a 
new bus. Using the formulas in Table 5.1 
au = an 7 = 2,3 
Zi = ay t= 2,3 
and 


Zrre = aoa tr tes 
ag 
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Step4. Add element 5, the link from p = 4tog = 3. This elernent 
is not connected to the reference node and is not mutually coupled t¢ an 
existing element of the partial network. The elements of the rows and 
columns corresponding to the fictitious node / are obtained from 


abc _. Fa,b.e a,b,c aoe 

BaD L 2d 
abe _ a,b,c a,b.¢ 

Ghee Zabex eke <9 


and 


Jabe _ abe a,be a,b,c 
Zi a xi oo = apy 
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Step 5. Add element 3, the link fram p = 2 to g = 3 mutually 
coupled to elements 4 and 5. This element is not connected to the 
reference node. The elements of the rows and columns corresponding to 
the fictitious node / are obtained from 
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Also 
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and 23)", Z32*, and so forth, are obtained from the original bus impedance 
matrix. 
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For the calculation of Z,¢°*, i= 2, 7 =3, a, y = 2, 4, 2. and 
3,6 = 4,3,3. Then 
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Problems 


5.1 In Prob. 3.2, the positive and zero sequence dats for the sample 

system shown in Fig. 3.14 is given in Table 3.4. Fur this system: 

a. With ground as reference, form the three-phase tmcidence 
matrices 4, K, B, B, (, and C for the oriented connected graph 
selected for Prob. 3.2 and verify the relations: 


i «6 o AK = 
ih. B, = ALK! 
iu. C, = —Bi 
iv. CBt=U 


b. Neglecting resistance and assuming all wegative sequence 
reactances are equal to the corresponding pusitive sequence 
reactances, form the three-phase network matrices Y%%§ and 
Z+*.<, by singular transformations. 

c. Neglecting resistance and assuming the positive and negative 
sequence impedances are equal, form the three-phase network 
matrix 233% using the algorithm and ground as reference. 

d. Transform 232% calculated in part c to Z47§. The submatrices 
for positive and zero sequences can be verified with those obtained 
in Prob. 3.2. 

The sequence impedance data for the sample system shown in Fig. 

5.7 is given in Table 5.3. Selecting ground as reference (node 0), 


compute Z$}'3 using the algorithm. 


Fig. 5.7 Sample system for 


@ @) Prob. 5.2. 
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Fig. 5.8 Sample system for Prob. 5.3. 


3.3 The reactance data for the three-phase system shown in Fig. 5.8 is 
Generators A and C’: 


gg = QM = QO] 
xr = 0.04 
z, = 0.02 


Transformer A-B: 


rie 7Q = 7 = 0.1 


ry, = 0.05 


Transmission line B-C: 


oie ee 
OS") 0.2) 20° 
Par ee ee 
wee = 0.2/0.4! 0.1 | 
|! | 


0 (0.1 ,0.2 | 


a. With ground as reference form Y¥ $i. 


b. Form Z§ts using the algorithm. 
c. Determine Z$f§ from Z§y's obtained in part 6. 

5.4 Assume that the transmission line B-C of Prob. 5.3 is balanced and 
its reactance is 


| 
eas 
perme =] 0.1 0.3/0.1. 
i | ! 
i i | J 
0.1/0.1 0.3 
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a. Compute Z9i,5, ZG),,, and Z9,¢. 

b. Determine 242¢ from Z§z§ obtained in part @ and compare the 
the results to those obtained for the unbalanced line in Prob. 5.3, 
part c. 

The sequence impedance data for the sample system shown in Fig. 

5.9 is given in Table 5.4. The mutual impedances 273143 and zi343 

are not equal because of the circuit arrangement. For this system 


compute Z%p's using the ground (nude 0) as reference. 
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Fig. 5.9 Sample system 
for Prob. 5.5. 
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chapter 6 
Short circuit studies 


G.I) Introduction 


Short circuit caleulations provide currents and voltages on a power system 
during fault conditions. This information is required to design an ade- 
quate protective relaying system and to determine interrupting require- 
ments for circuit breakers at each switching location. Relaying systems 
must recognize the existence of a fault and initiate circuit breaker opera- 
tion to disconnect faulted facilities. This action is required to assure 
minimum disruption of electrical service and to limit damage in the faulted 
equipment. The currents and voltages resulting from various types of 
fauits occurring at many locations throughout the power system must be 
calculated to provide sufficient data to develop an eflective relaying and 
switching system. To obtain the required information a special purpose 
analog computer, called a network analyzcr, was used extensively for 
short circuit studies before digital techniques were available. 

The bus frame of reference in admittance form was employed in the 
first applieation of digital computers to short circuit studies. This 
method, which was patterned after similar techniques employe: for load 
flow calculations, used an iterative technique (Coombe and Lewis, 1956). 
This required a complete iterative solution for each fault type and loca- 
tion, The procedure was time-consuming, particularly if, as was usually 
the case, the currents and voltages were required for a large number of 
fault loeations, Consequently, this methed was not adopted generally. 

The development of techniques for applying a digital computer to 
form the bus impedance matrix made it feasible to use Thevenin’s the- 
orem for short cireuit calculations. This approach provided an efficient 
means af determining shart cireuit currents and voltages because these 
values can be obtained with few arithmetic operations involving only 
related portions of the bus impedance matrix. 


168 Computer methods in power system analysis 


Machines 


i ae : | 
C= Transmission system * | 


Fig.6.1 Three-phase representation of a power system. 


6.2 Short circuit calculations using Z 5,5 


System representction 


The three-phase representation of a power system under steady state 
condition is shown in Fig. 6.1. In general, sufficient accuracy in short 
circuit studies can be obtained with a simplified representation. The 
simplified three-phase representation is shown in Fig. 6.2 and is obtained 
by: 


1, Representing each machire by a constant voltage behind the machine 
reactance, transient or subtransient 

2, Neglecting shunt connections, e.g., loads, line charging, ete. 

3. Setting all transformers at nominal taps 


In many short circuit studies, particularly for high voltage systems, it is 
sufficient to represent transmission line and transformer imped:nces as 
real numbers equal to the corresponding reactances. 


Fault currents and voltages 


The use of the bus impedance matrix provides a convenient means of 
calculating short circuit currents and voltages when the ground is selected 
as reference. One of the distinct advantages is that, once the bus 
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Machines 


Transmission system * 

Hl i | 
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a,0,¢ 
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‘ab 
.4,0,¢ 
E a 
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| | 
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| 
! 
i 
{ : 


Fig. 6.2 Three-phase representation of a power system for short circuit 
studies. 


impedance matrix is formed, the elements of this matrix can be used 
directly to calculate the currents and voltages associated with various 
types of faults and fault locations. 

The representation of the system with a fault at bus p is shown in 
Fig. 6.3. In this representation, derived by means of Thevenin’s the- 
orem, the internal impedance is represented by the bus impedance matrix 
including machine reactances, and the open-circuited voltage is repre- 
sented by the bus voltages prior to the fault. 

The performance equation of the system during a fault is 


a.b.e Zz bye Fa.b.e 
EytSery = Estsa — 2s! Soscr (6.2.1) 


The wnknown voltage vector is 
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where the elements of E4t%», are the three-phase voltage vectors 


Ya.b,e aera € 
poten a ee ar 


The known voltage vector prior to the fault is 


[orb 
710) 
pa .b,¢ = kab 
BU S(0) ~ p(0) 
a,be 

‘Date 


The unknown bus current vector during a fault at bus p is 


0 


Ja,b.¢ 3 a.b.e 
TU Scr) = by 


The three-phase bus impedance matrix is 


a,b,c at Tad, ees Tab. 
Zhi 25 Zt, 

abe __ Ya.b.e an's.0% Tadic eth Sy Ta.b.e 
ouUS ~ As La Ao. 


Tab.e be au oe Ta,b,e an ee 7a.d.e 
Z rae Ze 
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‘ . “T 
-—t— Bus impedance matrix . be 
(transmission system and « E,voy 
machine reactances ) 


ya, he 
ry 


~ 


Fig.6.3) Three-phase representation of a power system with a fault at bus p. 


where the elements of 247% are matrices of dimension 3 X 3. Equation 
(6.2.1) can be written as follows: 


va.be _. Jrabe abe rade 
Ev _ EX Zi5 I 


(F) 
foabe = foabe te Zard.epad.e 
2 Praiees “Ip p(k) 


(6.2.2) 


abe 1. Fiabe a.b,cPu,b.e 
EB 3 E Ane [eers 


The three-phase voltage vector at the faulted bus p is, from Fig. 6.3, 
Ce = EB Ts (6.2.3) 


where Zt°* is the three-phase impedance matrix for the fault. The 
elements of this 3 X 3 matrix depend on the type of fault and fault 
impedance. Substituting from equation (6.2.3) for 192;5, the pth equa- 
tion of (6.2.2) becomes 

Pipes hen = Ls pa Le, (6.2.4) 


pik) por) 


Solving equation (6.2.4) for /22:5 yields 


aC al me a (6.2.5) 


p(o) 
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Substituting for /2°¢ in equation (6.2.3), the three-phase voltage at the 


pry) 
faulted bus p is 
Boch = Spee + Zoo Ess (6.2.6) 


Similarly, the three-phase voltages at buse$ other than p ean be obtained 
by substituting for /¢¢;5 from equation (6.2.5), Then 


abe — Jrabe _ Yabicf Fadi yadbey—f piadie oom yeayoy 
CF) = A4yc0) La ep ay es ivip (6.2.7) 


When it is desirable to express the parameters of the fault circuit 
in the admittance form, the three-phase fault current at bus p is 


[abst = ber ees (6.2.8) 


pi F) 


where Y%°* is the three-phase admittance matrix for the fault. Substi- 


tuting [2?;5 from equation (6.2.8), the pth equation of (6.2.2) becomes 


ao,¢ _ Jeab,e _ Fa,beVabeyrabec “OC 
oF) ew Ea) a3; i F 1 Dheiars (6.2.9) 


Solving equation (6.2.9) for Le4s yields 


bili ee (8 Mie ae Ata Miia a ke (6.2.10) 


pUF) 


Substituting for £3’;° in equation (6.2.8), the three-phase current at the 
faulted bus 7p is 


[abe pen Yseecy + Vea rae tak ery (O2.11) 


pr) 
Similarly, the three-phase voltages at buses ofher than p can be obtained 


by substituting for (4/26 from equation (6.2.11). Then 


Tee OE ee PES ee Cay) 


WF) p nd) 


Pault currents flowing through the elements of the network can be 
calculated with the bus voltages obtained from equations (6.2.6) and 
(6.2.7) or from equations (6.2.10) and (6.2.12). These currents in terms 
of the voltages across the clemenuts of the network are 


sabe 2,d,¢]a.b.¢ 
aes = [ye loCp, 


where the elements of the current vector are 


‘a 

qr) 
fa,bc 7b 
Ww) yr) 


vc 
LigCP) 
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the elements of the voltage vector are 


a 
ViscP) 
abe | yb 
3)( F) (F) 
ue 
“S0F) 


and the elements of the primitive admittance matrix are 


aa ab ac 
Uj ke aD ki) UY iyiet 


ae ke vid kl Vat ki 


as | 
up kl ves kl | Ue ke 
pe eee 8 IL, 


=) 


where y?*,,is the mutual admittance between phase b of network clement 
i~j and phase ¢ of network element k-l. The three-phase current in the 
network element 7-7 can be calculated from 


Tey = Tiselpachy | (6.2.13) 
where po refers to the element 7-7 as well as to elements mutually coupled 
to ij. Since 

por) = SEs 

then equation (6.2.13) becomes 

jobs = gabe Eade — Bere (6.2.14) 


he formulas for fault currents and voltages derived in this section 
can be used for balanced and unbalanced three-phase short circuit studies. 


o.3 =©Short circuit calculations for 
balanced three-phase network using Zac 


Transformation to symmetrical components 


The formulas developed in the preceding section for calculation of fault 
currents and voltages can be simplified for a balanced three-phase net- 
work by using symmetrical components. The primitive impedance 
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matrix for a stationary balanced three-phase element is 


This matrix can be diagonalized by the transformation (T7)'z3?T, into 


ze 
agen [a 
2 
where 2,’ z, and 2? are the zero, positive, and negative sequence 


pe? Pq PY 
impedances, respectively. The positive and negative sequence imped- 


ances for a stationary balanced three-phase element are equal. In 
addition, it is generally accepted that positive and negative sequence 
impedances for rotating elements can be assumed equal for short circuit 
calculations. 

In a similar manner, each yf in the primitive admittance matrix 
and each 23’ in the bus impedance matrix;can be diagonalized by the 
transformation matrix T, to obtain, respectively, 


and Zip = 


It is customary to assume that all bus voltages prior to the fault are equal 
in magnitude and phase angle. Assuming the magnitude of the line-to- 
ground voltage [9 equal to one per unit, then the 7th bus voltage before 
the fault is 


Eahe — 
40) 
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Transforming into symmetrical components, that is 
i> De ee a,b, 
Od a PY Cag 


then 


0 
Exes = | V3 
0 


The fault impedance matrix Z%°* can be transformed by T, into the matrix 
Z°;\", The resulting matrix is diagonal if the fault is balanced. The 
fault impedance and admittance matrices in terms of three-phase and 
symmetrical components for various types of faults are given in Table 6.1. 

Similarly, the equations for calculating fault currents and voltages 
can be written in terms of symmetrical components. The current at the 
faulted bus p is 


Lin = Gee 2) Es (6.3.1) 
or . 

Pi Se POO Sa ee Ok (6.3.2) 
The voltage at the faulted bus p is 

Eye = ZZ + Be) Bos (6.3.3) 
or 

Be = (U + 25 CY ey ey (6.3.4) 
The voltages at buses other than p are 

Ge Ey HL ae ey ee (6.3.5) 
or 

Ue ser eee ee eC ce aa ee an (6.3.6) 
The fault current in the three-phase element 7-7 is 

ie = Whee Egos — Eee) (6.3.7) 


Three-phase-to-ground fault 


Fault currents and voltages for a three-phase-to-ground fault can be 
obtained by substituting the corresponding fault impedance matrix, in 
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Table 6.1 Fault impedance and admittance matrices 


Three-phase components 
Type of fault 


Zobe yee 


| 
yo t+ 2yr|¥o — Yr | Yo — YF 


yo— yey | Yo + 2yr | Yo — YF 


ole 


Ld 
a 
+ 
to 
ray 
™ 


Yo Yr | Yo YF 


Three—-phase-to— 
ground 


Not defined 


UP 0 0 
| Oo Cc al 
0 0 0 


\ 
25 tp 
tp+ 2, 25 
7 zp + Qzpz, | ze + 2zKzZ, 
" 24 zy +2, 

Line—to—line-to- zy + Qzpz, | zb + 2zrz, 

ground 
a b 


Line-to-line 
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Symmetrical components 


0.142 a1, 
Ze yale 


Not defined = 1 1 1 


2er | 


—2P | —aF | 


zr | bee + oe Gertie) 


j 


3(2% + Qzrz,)! 


= 
Not defined 


—7zr | Qzp + 32, 


i 


| 
| 

: 

Not defined ni) Qo! 1 | Pail 
z 1 
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terms of symmetrical components, into equations (6.3.1), (6.3.3), and 
(6.3.5). Both sides of the resulting equations can be premultiphed by 
7, to obtain the corresponding formulas in terms of phase components. 

The fault impedance matrix for a three-phase-to-ground fault is, 


from Table 6.1, 


ZF + 32, 


70,1,2 _. 
an = oF 


oF 


(6.3.8) 


The three-phase fault current and the bus voltages are obtained by sub- 
stituting, from equation (6.3.8), for Z%'? in equations (6.3.1), (6.3.3), 


and (6.3.5). The current at the faulted bus p is 


Try 2p + 32, + 255 | ! | 
[120 = [ oatee | 
7, | | ert 25, 
LS : £ —— 
which reduces to 
La 9) | 
TO, | = o “an (6.3.9) 
pp 
ber 0 


The phase components of the fault current at bus p can be obtained by 
premultiplying both sides of equation (6.3.9) by 7,. These currents are 
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The voltage at the faulted bus p is 


—— = — 7 
(0) 
CePA Zr + 32, | 0 
pL) = J V3 
“pry | ~~ F ea) 
Fy ae ge Es 
1 
>(2) 
+ pF) i : 2F : 0 
| j 


which reduces to 


———e 
| 
s 0 
i 
Are) aos ! V3 er 
“ptFy | | tpt Le 
| i 
E@® | 0 
7 pF) 
——t| 


The phase compcnents of the fauit voltage are 


‘a 
pF) 1 
2F 
E° | = —sa| 2 
ptF) qu 
a cae ee a 
¢ 
Er) a 


The voltages at buses other than p are 


Ze 0 


ase ay 
Zi> 


oe 0 
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which reduces to 


(0) 
Er) 


ales) pen 
Evy | = 


Dia 
WMCP) 


In phase components, 


Table 6.2 Current and voltage formulas for three-phase-to-ground 
fault at bus p 


Three-phase components Symmetrical components 


0 
Pole a V3 Epo 1 


abe a Ey.) 
Fe ry 5 
p(F) zt Zi) Pi) lr + 20 
0 
1 
Eake x zr E 50) a? Bole V3 2rE p00 
p(F) oe Zu PF) ter + Lge 
a 


ZME gE 
abe * rex ip Po) O.,2 { i= 1 pcoy 
ON cere (2m 2p rt aa) Exiry i V3 (E00 ee z ze) 


tivp tx¥p 
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The formulas derived in this section are summarized in Table 6.2. The 
line-to-ground voltage was assumed to be one per unit in the derivations. 
The formulas in Table 6.2 include the term for the line-to-ground voltage 
which can be set at any desired per unit value. 

The currents in the network elements during the fault can be calcu- 
lated from equation (6.3.7). Since the zero and negative sequence bus 
voltages are zero for a three-phase fault and there is no mutual coupling 
in the positive sequence network, that is, yj’, = 0 except when po = 7, 
then equation (6.3.7) reduces to 


(0) 

WjcF) 0 

“dy _ a pra) oy 

lacey | = Vip icy Bry) 
| 

(2) i] 

Lier) | | 0 


In phase components, 


+ 
“a i 
lacF) | 
| 1 1 1 
+ = cpa) pedy 
| aicF) | = V3 Yj Picry eery) 
: 
t 
LiF) 
a 


Line-to-ground fault 


The fault admittance matrix for a line-to-ground fault in phase a is, 
from Table 6.1, 


| 
ee | 1 | 
-_ 
} 
ae 
HEN a hee. Loe 
yee 2) 17441 (6.3.10) 
3 | ! 
al 
1 | ] 1 
be 4 


The fault current and the bus voltages are obtained by substituting from 
equation (6.3.10) for ¥%"7 in equations (6.3.2), (6.3.4), and (6.3.6). The 
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current at the faulted bus p is 


-1 
yo 1+ 2 YF ZO Yr Zoo Yr 0 
pF) PP 3 PP 23 PP Q 
In| = mn | | [v3 
4 
1, 1+ aye 0 
L___| a 
which reduces to 
Tyr) 1 
V3 ial 
12, | = s=———_ — | 1 (6.3.11) 
me |" Ze + 20S + Ber | 
1%, 1 


The phase components of the fault current at bus p can be cbtained by 
premultiplying both sides of equation (6 2.11) by 7,. These currents are 


3 
Z® 225% + Bz 


i . <a -1 
Eo | 4 Zo YP Zor YF 7) yr 


P(P) PP 3 PP 3 PP 3 
{ 


gay ¥F way YF ai YF 
Een )=| | mee jrseee | ae 
I : 
E@ gu YF Zn Ur AL YF 


PF) PP 3 | PP Q op: 


Chapter 6 


which reduces to 


{0) 
Er) 


a 
ae Fy 


(2) 
Eyer) 


a 
ptF) 


ab 
Eyer) 


ve 
Er) 


[on 


a. 
ZO 4 2Z 4 Bap 


32 Pr 
rie + 225. + 32F 


Zo + es + 32F 


70) 
Lys 


7 
25. 


The phase components of the fault voltage are 


() eh) 
<4 “50 ae 
0 1) 

ZO 4 O70 4 Bap 


The voltages at buses other than p are 


10) 
Eyer) 


i 
oy 
Er) 


4 


E® 


iC F) 


which reduces to 


.-——. =| foo ey 
i : 
ey) i : 710) 
deers i 0 | 45 
i 
| | 2 ie 
| EX | ra V3 | gw 
450F) o | Fi 71) r, 4ip 
\ a } | Lop + 24 5 + SZPr | 
OD ay 
Fey | 0 | Zo 


In phase components, 


| 
0] jae 
eae | a 
; 0 | | | Zi 


1 
1 
ar | Zo 4 2eh +43 
pp + 24,5 + dtr 
a 


V3 


zi + BZ 


(0) ql) 
Zo — Ze 


(0) _) cl) 
Zo) 2 
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Table 6.3 Current and voltage formulas for line-to-ground fault (phase a) at bus p 


Three-phase components Symmetrical components 


pete SE pin 


ae per V3 Epo) 
F 7 7 7 i, vil) 4 
rE bh L$ zy 


") 7O) 99 4 
~ ZY + 228) + 32¢ 


KR 
ZO + 220 + Bzp ae 
PP 
ZO —~ gu V3 Eas al teks | 
Este = FE ai— Pp PP Eeur tat zo ae Zu + 32 
Pir) (9) 20 2a 220) + 327 PtP) Zo a 2z0) STAR Pp PP F 
gay 
eee Bi. 
ZO 4 22°) + Sep 


| 


ZO 4229 + 32zy ) 

——— oe 

~ Eng | eee ope op, ote BTA Evin 2 | pin 
aad meee ye 7 Lye 1 225, + Ser |—— 

le aL ieeene Zu 
a ee eet = 

ZE) 4 22) + 3zy 
to twp 


The formulas derived in this section are summarized in Table 6.3. The 
line-to-ground voltage was assumed to be one per unit in the derivations. 
The formulas in Table 6.3 include the term for the line-to-ground voltage 
which can be set at any desired per unit value. 

The currents in the network elements during the fault can be caleu- 
lated from equation (6.3.7), 


6.4 Example of short circuit calculations using Zzys 


The method of calculating short circuit currents and voltages will be 
illustrated for the sample system shown in Fig. 6.4a. The oriented con- 
nected graph of this system is shown in Fig. 6.46. This sample system 
is identical to the one used in Sec. 5.9. 


Chapter 6 Short circuit studies 185 


Problem 


a. Using symmetrical components, calculate the following for a three- 
phase fault at bus 4: 
i. Total fault current 
ii. Bus voltages during fault 
iii, Short circuit currents in lines connected to the faulted bus 
b. Using symmetrical components, calculate the following for a line-to- 
ground fault at bus 4: 
1. Total fault current 
ii. Bus voltages during fault 
ii. Short circuit currents in lines connected to the faulted bus. 
c. Determine the maximum three-phase short circuit current that cir- 
cuit breaker A must interrupt for a fault on the line side of the breaker. 


Solution 


a. The bus impedance matrix in terms of sequence quantities must be 
determined to calculate three-phase and line-to-ground fault currents 
using symmetrical components. Table 5.2 shows the three-phase imped- 
ances of the network elements. The zero, positive, and negative sequence 
impedances of the network elements can be obtained by means of the 
transformation matrix T,, that is, 

set = (Tage, 

Assuming the impedance matrices of the generators are symmetric and 
using the average value —0.0225 for the off-diagonal clements, the 
sequence impedances are shown in Table 6.4. 


i ar 


(a) 


Fig. 6.4 Sample sys- 
tem for short circuit 
calculations. (a) Sin- 
gle line diagram 
of three-phase system; 
Branch (B) oriented connected 


(b) Qa) ——— Link graph. 
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Table 6.4 Zero, positive, and negative sequence impedances for 
» P ’ 


sample system 


Self Afutual 
Bus Bus 
Element code Impedance code Impedance 
number pg ne rs ro 
C.035 | 
1 1-2 0.1025 
0.1025 
0.035 | 
2 1-3 0.1025 
0.1025 
(eS dy 
2.50 
3 2-3 1.00 
| 1.00 
: $$ +____~ 
| 1.00 0.60 
i = = is i 
4 2-4 0.40 2-3 
0.40 
| = | 
{ a | 
1.50 | 0.90 
5 4-3 | 0.60 2-3 
ee | Se eo Mee 
0.60 


Since there is no coupling between the sequence impedances, the bus 
impedance matrix in terms of sequence quantities can be obtained by 
forming the positive, negative, and zero sequence bus impedance matrices 
independently. First, the positive sequence bus impedance matrix will 


be formed. 
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Step 1. Start with element 1, the branch from p = 1 to q = 2. 
The positive sequence bus impedance matrix for the partial network is 


® 
Z%,. = @| 0.1025 


Step 2. Add element 2, the branch from p = 1 tog = 3. Then, 
® ® 


a a 
Zus ~ 


Step 3. Add element 4, the branch from p = 2 tog = 4. Thus, 


Zu = 2 = 2m 
Za = 2a =0 
Zag = Zoe + 224,24 
and 
® @) ® 
@)| 0.1025 0.1025 
Lie = 0.1025 
@ | 0.1025 0.5925 
\ 


Step 4. Add clement 5, the link from p = 4 to q = 3.. The ele- 
ments of the row and column corresponding to the fictitious node I are 
Zn = Zu = Za-ZFn 
45 = Ay = Las — Zs; 

“iy = Za = Za —_ Zu 
Zu = Za 2a t Zanes 


and the augmented matrix is 


@ © © l 
@®) 0.1025 | 0.1025 0.1025 
@) 9.1025 —0.1025 
@) 0.1025 | 0.5025 | 0.5025 
L| 0.1025 : —0.1025 | 0.5025] 1.2050 
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To eliminate the /th row and column the elements of the augmented 
matrix are modified as follows: 


Za = 22. — 
Zia = Za — 
Zu = Zu ~ 
2 = Za 
Zu = Ly 
Thus, 
@ 
Zon = ® 
@ 
Step 5. 


0.0087 


0.0598 


ZaZz Zn 
ZZ; Z13 
ZaZ,' Zu 


@ 
0.0938 


previous step, 


Zn =, Za =, 22 = Zaa 


Ly = Zn = 


223 pga! Za3 


Zu ps Za tae! VAY = Z34 
Zu = Zu — Za + 223,23 


@ ® ® l 
@®] 0.0938 | 0.0087] 0.0398 | 0.0851 
@! 0.0087 | 0.0938 | 0.0127 | —0.0851 
@} 0.0598 | c.047| 0.2030 | 0.0171 
1| 0.0851 | —o.0851| 0.0171 | 1.1702 


— 2nZ5'215 
= 2x4 ~— Zyl Zu 
= Zu — ZuZq)Zu 


@ 


0.0087 
0.0938 


0.0427 


0.2930 


Add element 3, the link from p = 2 to qg 


Eliminating the /th row and column, the final 
impedance matrix is 


Zo 
Z3us 


@| 0.0586 | 0.0439 | 0.2928 | 


2) 


® 
@| 0.0876 | 0.0149 | 0.0586 


© 


= o} 0.0149 | 0.0876 | 0.0439 


3. As in the 


positive sequence bus 
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Since positive and negative primitive sequence impedances are equal, the 
positive and negative sequence bus impedance matrices are equal. 

The procedure for forming the zero sequence bus impedance matrix 
is identical for the first four steps. The zero sequence bus impedance 
matrix of the partial network, before adding element 3, is 


® ® ® 


| 0.0345 | 0.0005 | 0.0209 


| 
@} 0.0209 | 0.0141 | 0.6182 


z®,. = G! 0.0005 | 0.0345 | 0.0141 
| 
| 


Step 5. Add clement 3, the link from p = 2 to ¢ = 3, which is 
coupled with the elements 4 and 5. The elements of the row and column 
corresponding to the fictitious node J are 


Yor2(Zoe =e Z42) + 23,43(Zar — 232) 


Zn = £22 — Za. + 
Y23,23 

Zis = £3 — Zs + y2ar(Z2s ~ Zas) + Yaraa(Zas — Zs) 
Y23,23 

lu = Lea — Bay + Vee = 2a) + yrsaZu ~ Za) 
Y23,23 

a eee ae telly Ad S pnlZe Za) 

23.23 


The zero sequence primitive impedance matrix is 


1-2. 0.035 | | | 
1-3 | 0.035 | 
2-3 , 2.500 , 0.600 0.900. 
2-4, | | 0.600) 1.000; 
4-3 ii ee 0.900 La 500° 
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The new element 3 is coupled only to elements 4 and 5 and it is sufficient 
to invert the submatrix containing the coupled elements. 


2-3 2-4 4-3 
2-3 2.500 | 0.600 | 0.900 
[20.2] = 2-4) 0.600 | 1.000 
4-3 0.900 1.500 
Thus, 
2-3 2-4 4-3 
2-3 0.625 | —0.375 | —0.375 
[Yep] = 2-4 —0.375 1.225 0.225 
4-3| —0.375 0.225 0.892 
and the augmented matrix is 
@ ® ® l 
@ 0.0345 0.0005 | 0.0209 0.0136 
@| 0.0095 0.0345 | 0.0141 | —0.0136 
@)| 0.0209 0.0141 | 0.6182 0.0027 
l 0.0136 “0.0136 0.0027 1.6109 


Eliminating the /th row and column, the final zero sequence bus imped- 
ance matrix is 


@ 


® @® 


(0) 
Z3us 
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Combining the elements of the three sequence impedance matrices, the 
bus impedance matrix is 


‘O) ® @ 
0 1 2 0 1 2 0 1 2 
0 |0.0344 0.0006 0.0209 
@1 0.0876 0.0149 0.0586 
gi. 0.087) oo 0.0586 
0 0.0008, 0.0344 0.01411 
12 = @1 ood 0.0876 0.0439 
ad loo, 0.0875 0.0439 
0 10.0209 oo) 0.618 
@ 1} 0.0586 oo 0.2928, 
o| 0.0586 0.0439 0.2928 


Assuming the fault impedance is zero, the total fault current. for a 
three-phase fault at bus 4 is 


| a aa | 
0 0 0 
O12 = ets 
Mi = | 7a age 6.2928 3.42 /3 
0 0 0 


libs = Try = 3.42 
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Bus voltages during fault are 


0 
LS |.0 
0 
0 
ZY VA 
Exe =| V3 — ZD +e eae his 


ZY S38 0.0439 5 
oF = a She oe, — 2 ‘ 
Bais = Zee, | WE oan Ve 
0 0 
0 
=| 0.85/35 
0 
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The phase components of the voltages are 


0 


abe O12 
EVE —< TE =| 90 


be 710,1,2 
Er) oe Tea) yo 


abe Ovi 72... - 
Ey TE sr = 


The short circuit currents in the lines connected to the faulted bus are 


——f 


0 0 
ae 
Prt = | yt Cee, — ES) j =| — © — 0.85 V3) 
43. F) | 43,43 4 a Ss 0.60 
0 } i 0 
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-0,1,2 
124 F) 


-a,b,¢ 


leacr) = 
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-0,1,2 
Pitzyr) 


2.00 3 


a 0,2,2 
= Tyr) = 


— 
1 
2442)?" 
i 
ra 
2.00 a? 


0 0 
1 
= TEER bys =o Er) = | —— (0.80 V3 =) 
0.40 
0 0 
0 
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b. The fault current for a line-to-ground fault at bus 4, assuming zero 
fault. impedance, is 


ee _—— 


V3 
Zu + 22) + Bz, 


0,1,2 _. 
Tiky 


| ~ 0.6182 + 0.5856 


1 1 
yj v3 1 
1 


1 


The phase components of the total fault current are 


—_, 


2.49 


abe __ 01,2 _ 
Te) _ Tir — 0 


0 


Bus voltages during the fault are 


SLi 
V3 
EGA = Z> 427° + 3, (oe + ZY | = 0.83 V3 
— Ze 
-0.5131 V3 | 
= 0.7561 3 


! 
4 


j 
—0.2430 /3 
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0,1,2 
Eye 


0,1,2 
Eur 
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tt 


Zia 
Li 2g ORE he 
“LY 
| 0.0209 
i 
— 0.83 +/3 | 0.0586 
| 0.0586 
| 
—0.0173 3 | 
0.9514 /3 
—0.0486 1/3 
cere, 
0 ANY 
ae V3 . 
AB: a ee ea 
TT] 2 + 220) + 8zp |" 
0 eeu 
0 | 0.0141 
a/8 | = 088.473 | 0.0439 
0 | | 0.0139 
—0.0117 V3 
0.9636 1/3 


— 0.0364 +/3 
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The phase components of the voltages are 
Bz F 


| 2D + 220 + Ber 


p Zig , _ 0.6182 — 0.2928 
Pp —— a‘— 
ZY? + 20) + B2e 0.6182 + 0.5856 


[abe p22 | 
44acF) ™~ | 


“eo — 2 0.6182 — 0.2928 
fz jenna ass )2 
ZO +2200 + 82 0.6182 + 0.5856 


=| —0.77 — 30.866 


—0.77 + 70.866 


% ane 
eats Zab 2h 
{ G yt € 
LO 42IAY A Bry 


Zo _ Ay 
42 442 
“ua + 224) + bze 
we ~ Ze 


Zi + 220 + Ber 


abe 2 a 
Lae ela 


| 0.0209 +0.1172 | | 
0.6182 + 0.5856 


0.0209 — 0.0586 
=| a? | — | ——————__ | = | — 0.4687 — 30. 
x 0.6182 -+ 0.5856 AGS Te 20888 


0.8853 + 70 


0.0209 — 0.0586 
06182 + 0.5836 =04 10.86 
: 0.6182 + 0.5856 0.4687 + j0.866 
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a 1 
ZO) + 220) 
Zo + AA + 3ZF 


| 0.0141 + 0.0878 
| | 0.6182 + 0.5856 


0.0141 — 0.0439 
| 0.6182 + 0.5556 


(0) a) 
2 “a a. A435 on 
a Se Ieiioran uke aa (( tan ae 


ZOE OLY $826 


A tee Oe ; £1 0.0141 — 0.0439 | 


ZS DU ao Se | ‘ ! 0.6182 + 0.5856 | 
: J { ep 
0.9154 + 70 


—0.4752 — j0.866 


—0.4752 + 50.86 | 


Short circuit currents in the lines connected to the faulted bus are 


0,1,2 
le3cp) = 


| 0.892(—0.5131 + 0.0117) + (—0.375)(—0.0173 + 0.0117) 


0) fd) OD 4,0) a0) eM) 

| Yas.as Bry Ey) a i323 Hey yr) 

j St Q) rg) eG) 
Yaga ack) 240F) 


(h) ql) ( 
Yas, weir — Evin) 


(2) 
ve ie Cea Eyery) 


225(—0.0173 + 0.5131) | 


1 


06 (0.7561 ~ 0.9636) 


1 
— (-0.24 0.0364 
YG (—0.2430 + 0.0364) 
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(0) (0) Eo >¢0) (0 
Yoq.o4 Lhe Er) Si Yea Wer Ooh ae rae 
yo (0) (0) 
Yea, a3(L ary = Exe) 


ay ¢ped) rh) 
Yo4io4 Ley cry 


TCD) 


Yor. eee, — EM 


1.225(—0.0173 + 0.5181) + 0.225(—0.5131 + 0.0117) 
+ (—0.375)(—0.0173 + 0.0117) 


i 2 oe 
04 (0.9514 — 0.7561) 


1 
og (70-0486 + 0.2430) 


0.50 3 
0.49 1/3 
0.49 +/3 


The phase components of the currents in the lines connected to the ‘ault 


bus are 


abo 
ary = 


c. The 


102 
| aes 
Le 0 and ins, = Tar = 
| 0 
fault currents occurring for a fault on the line side of breaker A 


can be calculated by assuming the fault on bus 4, since both locations are 
electrically equivalent. When this type of fault occurs and breaker A 
opens before breaker B, the interrupted current will be the total fault 
current at bus 4 less the fault contribution flowing from bus 3 over line 5. 
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This current is 


abc _ gabe 2: 
Le tach) = 3.42 | a 


= 2.00) a? 


When breaker B opens first, breaker A must interrupt the total fault 
current’ which occurs when fine 5 is open. ‘The fauld current can be enl- 
culated after modifying the bus impedance matrix to open line 5. To 
simulate the opening of line 5 a fictitious link, whose impedance is equal 
to the negative of the impedance of element 5, is added between buses 
4 and 3. From Table 6.4, the impedance of this fictitious link in terms 
of the sequence quantities will be 


0,1,2 = 
Zaa4an) = 


The elements of the (th row and column are 
Au sR Lat = Lon ee Liar 

wu td Za = Lay ce Laas 

Lie Lam Lay — Lis 

5 

hue hea Zant 2 43,4302) 

and he nugmented positive sequenee mintrix is 


(4) (») (4) t 


j| 0.0876 0.0149 0.0586 0.04387 


0.0149 0.0876 0.0439 —0.0437 


0.0586 0.0439 | 0.2928 0.2489 


0.0437 0.0437 | 0.2489 —0.3074 
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The element Z{, of the modified bus impedance matrix is 
Zug = Ban — Bak Zar 

This new value is 

ZW) = 0.4943 


Then, the total fault current is 


0 0 

Te eee cs eee er | 

ae Vee 0.494 
0 0 


The phase components of the total fault current are 


is = TL) = 2.02) @? 


which are the maximum currents to be interrupted. 


6.5 Short circuit calculations using Zroop 


Short circuit currents and voltages can be calculated using the loop 
impedance matrix for the simplified system given in Fig. 6.2 (Lantz, 
1957). The loop currents of the simplified system are zero prior to the 
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fault since all bus currents and off-nominal tap settings are neglected. 
It is necessary, therefore, to calculate the loop currents resulting from the 
fault in order to determine short circuit currents and voltages. The 
fault calculations can be performed using either three-phase quantities 
or symmetrical components. The method will be described using three- 
phase quantities. 

The number of three-phase elements in the simplified system is equal 
to the number of network elements plus the number of machine equiva- 
lents. The number of nodes is equal to the number of buses n plus 
ground, that ism + 1. The number of links or basic loops, in the simpli- 
fied system, is, then 


LW =(e+t+e) —-(nm+1)41 


lI, =ete—n 


where e is the number of three-phase network elements and e, is the 
number of three-phase machine equivalents. 

A fault at bus p is simulated by adding a link from the bus to ground. 
Using the representation of the system shown in Fig. 6.3, the voltages 
during the fault are 


EStsin = EGGS + OE GUS (6.5.1) 
where the vector AE4?,§ represents changes in bus voltages resulting from 
the faulted bus source voltage E¢¢y. 

The performance equation of a network in the loop frame of refer- 
ence is 


Gabe . Gabe Fa.b.e 
LOOP ~ Lto6pl Loop 


For the faulted system, shown in Fig. 6.3, the known loop voltage vector is 


The dimension of the loop impedance matrix, which includes the fault 
loop, is 3(, +1) K 3, +1). The unknown loop current vector due 
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to the fault is 


where /%?;¢ is the current associated with the fault loop. The loop cur- 


rents can be calculated, then, from 
Tigéecr = (20050) Ete6e 
The currents in all elements of the network during fault can be calcu- 


lated from 


gabe — (Jade (6.5.2) 


Ur) LOOP(F) 


where C is the loop incidence matrix on a three-phase basis. The current 
vector can be partitioned as follows: 


where i = branch current vector 
ing’ = link current vector 
Then the vector of voltage changes is 


i 


TEadc Kt pade]za.b. 

MEBs = Kiley iy 

where K = branch-path incidence matrix on a three-phase basis 
[z2;°] = primitive impedance matrix for branches 


The bus voltages during the fault are obtained by adding the voltage 
changes to the voltages prior to the fault. Equation (6.5.1) becomes 


pote = rae ah Boge oe (6.5.3) 


a coe BIS 6 
The current at tne faulted bus is the same as the current in the auxiliary 


loop, that is, 7:5. 
The method described can be employed to calculate faults at various 
locations in the system by adding links, one at a time, between the 
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faulted bus and ground. This requires the formation and inversion of a 
loop impedance matrix for each different fault location. The necessary 
matrix operations required to provide short circuit data for a large number 
of locations, therefore, would be time-consuming. 

An alternate method, in which links are added simultaneously 
between each bus and ground, requires the formation of a single loop 
impedance matrix and only one inversion of a submatrix (Byerly, Long, 
Baldwin, and King, 1958). In this method, the currents in the auniliary 
loops are changed to simulate different fault locations. Phase currents 
are assumed for the auxiliary loop associated with a faulted bus p depend- 
ing on the type of fault. Assuming one per unit phase current, the pth 
auxiliary loop current is 


For a three-phase fault: 


LyP) = 


The currents in all other auxiliary !oops are assumed to be zero. 
The loop voltage and current vectors and the loop impedance matrix 
in the performance equation for the entire network, including auxiliary 
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loops, can be partitioned as follows: 
———_ 
Bee | : Gee Naa ! re 
| : (6.5.4) 
Be 2a) | aes 


In equation (6.5.4), the vectors £%* and J¢** refer to the loops in the 
simplified system and £%%;6 and 3° refer to the auxiliary loops. 

The vector /¢* can be calculated for a fault at bus p from equation 
(6.5.4) by assuming the auxiliary loop currents to be 


Fabc a,b.c : Nala 
Th Ey Mice) (6.5.5 


where /7°.%, is the assumed three-phase current vector of the pth auxiliary 
leop. From equation (6.5.4) it follows that 


Zarefabe 4 Zamefade . fare (6.5.6) 
Since E3:** = 0, equation (6.5.6) becomes 

Zarefode 4 Zabefabe — ( 

Solving for the loop currents of the simplified system, 


ie ees Caria war acy aas ot (6.5.7) 
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The auxiliary loop voltages, from equation (6.5.4), are 
abe (Zabeytpume + Lode fade 

4LOr) = \4y L aA LCF) 


Substituting from equation (6.5.7) for /4:%*, then 


LE = NER SP YEE ASE LTS (6.5.8) 
Equation (6.5.8) determines the auxihary loop source voltages for the 
assumed auxiliary loop currents given by equation (6.5.5). 

To determine actual fault current the voltage source in the pth 
auxiliary loop must equal E°%, the pth bus voltage prior to the fault. 
The calculated source voltage of the pth auxiliary loop heh, is obtained 
from equation (6.5.8) using the assumed currents. The actual fault 
current ab bus p is 


Tor phase a: 


, 
Ie 
s 


(0) 
Tice (actual) = I4,.-, (assumed) a 
Lp F) 
For phase b: 

Be 
b -_ yb pi0) 
Ty cr)cactual) = I’, .p) (assumed) me 
‘Lp P) 


and so forth. 

The loop currents 74" of the simplified system can be obtained from 
equation (6.5.7) using the actual auxiliary loop currents. The branch 
currents can be calculated from equation (6.5.2) and the bus voltage. 
then. can be determined from equation 0.0.3". 

In equation (6.5.8), the assumed auxiliary loop currents 23°3;$ are 
flowing in the auxiliary links connecting network buses and ground and 
therefore are bus currents. The auxiliary loop voltages £2 are the 
bus voltages resulting from the assumed currents. In equation (6.3.8), 
then, 


Bah — (Zap (Ziey- age = Dy 


In this method, therefore, the loop impedance matrix is used to determine 
the bus impedance matrix for the calculation of short circuits. 


6.6 Example of short circuit calculations using Zzoop 


Using the loop frame of reference, the method of calculating short circuit 
currents and voltages will be illustrated for a fault at bus 4 in the sample 
system shown in Fig. 6.4a. 


Chapter 6 Short circuit studies 207 


Problem 


Using symmetrical components, calculate the following for a three-phase 
fault at bus 4: 
i. Total fault current 
ii. Short circuit currents in all the lines of the network 
iii. Bus voltages during the fault 


Solution 


The positive sequence loop impedance matrix for the system including 
the link representing the fault must be determined to calculate the three- 
phase fault conditions. The basic loops prior to fault are shown in the 
oriented connected graph in Fig. 6.5a. The basic loops of the graph 
including the fault link are shown in Fig. 6.5b. The basic loop incidence 


Fig. 6.5 Basic loops of ori- 
ented connected graph for sam- 
ple power system. (a) Prior 
to fault; (b) durin, fault 
(5) O) condition. 
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matrix for the fault condition is 


Using the sequence impedances given in Table 6.4 and letting the 
impedance of the fault link be zero, the positive sequence primitive 
impedance matrix is 


€ 
BS ee ee ee 


1-2 | 0.1025 


1-3 0.1025 


[2M] = ———— 
2-3 1.9000 


4-3 | | - | 96000 


The positive sequence loop impedance matrix is 


A B Le 


A} 1.2050 


Zhan os Clz2]C = B 0.2050 


L| 0.1025 
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Assuming the line-to-ground voltages prior to the fault are equal to one per 
unit, the voltage source in the loop associated with the faulted bus is 


i eV eqrabe 
TY a Cid Fre == 


The positive sequence loop currents are 


Tily oe ed) -1R(l) 
‘LOOP oa (Z 7 b0P) EN oor 


- 7 ; 
m + | 9.853 | —0.125 | —0.030 | 0 | —0.05 /3 
| i : ! 
fol 
iy =| ~—0.125 | 1.442 | ~1.416 |] 0 = —1.42 1/3 
i : es 
| H i ; 
tery | SOG eae aa NR 3 3.42 f3 
en re : a ae | 


where J{,, is the positive sequence current associated with the fault 
loop and equals the total positive sequence fault current. The sequence 
currents are 


0 i 


Tle = | 3.42 4/3 | 


——— 


| 
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Then, the phase components of the fault current are 


Tits = Tal pie) = 3.42 


The positive sequence currents in the elements of the network are 


z — (yD 
i = Clyoor 


a 1-2 —0.05 f3 1.95 V3 
et 1-3 —1.42 4/3 | 1.47 V3 
rk 2-4 3.42 1/3 2.00 3 
risey 7 2-3 7 “0.05 V/3 
iy 4-3 —1.42 \/3 
ay 4-] 3.42 Vf3 


1 
“O12 va,bic 70,1,2 _ 5 % 
oe wy = Tray," = 1.95) a? 
‘a 
5) ey age ya,bje pO,1,2 
it =| 1.47 +3 we = Tay = 
0 
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“O12 __ 
Lag = 


ge =| 2.00 473 id 


a? =| -0.05 V3; ee = Tat? = —0.05 


ty oo1- ef 00°% | | 000F' 0 are 
ef svo- | =| ef 2p At) Oat) ei 
| &* 0Z°0- g/. Sol | SZ01'O | 2-1 
¥-Z ee el 
lbw = ICA's 


d1¥ 4[Nvy OY} C7 aNp soduq[OA snq aouanbes aarpisod ayy, 
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Since the positive sequence bus voltages prior to the fault are 
Exe) = EX) = Evy = V3 
the positive sequence bus voltages during the fault are 


nih) — Fr APO) 
Eeusiry ~ Eesc a Al’gus 


-— aT 

EM, 1 —0.20 | 0.80 3 
—— eee rs { 

oe | = V8} 1 Pt 78] -0.15 i = | 0.85 V3! 

CMP) 1 —1.00 | i 0 
i__| fo 


Then, the sequence and phase components of bus voltages during the 
fault are 


0 1 | 
EM = | 0804738. eee Ee Sar 
eee ay 
0 a ; 
[stays anon aed \ 
0 1 
ON 5 “y | abe 8 O12 Fe * 
Eee | 9.5 3) Egy = Tokeyiey = 0.85) a? | 
i ‘ Veen oe 
| 
j 0 : a 
10 
= 
O12 pate | 
Lay = Ls = { 0 | 
i} 
0 


Using the alternative method described in Sec. 6.5, the loop impedance 
matrix is partitioned as follows: 


214 


For the sample system, then, 


A B p 
a : 

“obor = B| 0.2050 -1,2050 0.5025 | 
L| 0.1025 | 0. 5025 | 0.5025 


[o32 


Guire = L4CP) 


= = (TF ees 
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The positive sequence voltage of the fault loop with the assumed value of 


fault current 1s 


EPe, = (ZP = (ZV ZR SY En 
Re ede ce 
0.1025, 0.5025, | 0.855,—0.145, | 0.1025 
= { 0.5025 — | | | | | ——— 
'=0.145! 0.855) 10.5025 
| psees pete 


fi 


0.293 »/3 


The actual positive sequence fault current is 


pase) 
740) 


~ Vase 


LAC F) (assumed) EY 
V3 


V3 (ass) = 3.42+/3 


a) 
LACF) (actual) 
LACP) 


Then, the seyuence and phase components of the fault current are 


I ae = V3 


= 0,1,2 
Lou) Tar 


= 3.42 
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The positive sequence loop currents are 


TP = (2D) Tey 
[Poke s pe | 
rp | | 9 5] | 0.1025 | 
os 3423 = 
Pe | ~—0. 145| 0.855) | 0.4025 


Using the loop currents, the currents in the elements and bus voltages 
can be calculated as previously shown. 


6.7 Description of short circuit program 


The majority of short circuit studies involve only the calculation of three- 
phase and Jine-to-ground faults. The American Electric Power Short 
Circuit Program, which is designed to calculate these faults, uses the 
positive and zero sequence bus impedance matrices as described in Sec. 
6.3 and the simplified svstem representation presented in Sec. 6.2. 

The input data describing the system is specified using power plant 
and substation names. Data for generators, synchronous condensers, 
and terminal points includes the station names and corresponding posi- 
tive and zero sequence reactances. Lines are specified by two station 
names, one for each terminal, along with the line reactances. Each set 
of twa lines which are mutuaily coupled requires a station name for each 
terminal and a mutual reactance. Transformers are specified by station 
names for cach terminal, the number of windings and their connections, 
and the positive and zero sequence reactances. The input data may 
include also a study name, case number, and identifying remarks. 

The program first assigns sequential bus numbers and then rearranges 
the network data to facilitate the formation of the positive and zero 
sequence bus impedance matrices. During this phase extensive data 
checks are performed. Next, the positive sequence bus impedance matrix 
is formed. ‘This matrix is temporarily stored on an auxiliary storage 
device to provide space in memory for the next program segment. Then 
the zero sequence bus impedance matrix is formed and the positive 
sequence bus impedance matrix is retrieved for use in the fault calcula- 
tions. Since these matrices are symmetrical only the diagonal elements 
and upper off-diagonal-elements need to be formed and stored. The 
sequence of steps in the short circuit program is shown in Fig. 6.6. 

Short circuits in megavolt-amperes (mva) are caleulated for each 
bus and tabulated with the appropriate station name. The following 
results are obtained: 
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_ 


Total three-phase and line-to-ground bus fault currents 

2. Three-phase and line-to-ground fault contributions in each line con- 
nected to the faulted bus 

Zero sequence driving point reactance for the faulted bus 

4. ‘otal three-phase and line-to-ground bus fault currents and cor- 


te 


Start 


Read nyatem data pate ae ae 


Axssyin bus numbers and 
sort and check network data 


An : 
a Terminate 


job 


errors ? 


Form positive sequence j 
bus impedance matrix | 


Store positive sequence ma Data 
bus impedance matrix record 


x 


Form zero sequence 
bus impedance matrix 


Retrieve positive sequence 
bus impedance matrix 


Calculate three - phase and 
line - to- ground faults 


Write results =a 


Terminate 
job 


Fig. 6.6 Simplified flow chart 
for the American Electric Power 
Short Circuit Program. 


*MDATOL TE VNIAVY TOYS 40N0G MMI UvIetay ayy fo Indjuoe opdiunye rgcmly 


ais Aauude 


wVSDN1T 
FAW ANS 


WADI 
Savoy 


WII 
eg Savoy 
DVpAave 


Seely 
ar VARNA 


ered ave 
o* VibaenNie 


470d ae 
rresy Saray 
a UADAANNDe 


BS UHd-6 OL and? 


> SNOPING1 INDI IND) 


mhis4s Seot 


wo $o810909 
are wal yee 
oo 0108390 
uu auwavt30 
+ or EET] 
FVUAaIYD 

6? = Qud9N07 
sf VEGENIDD 
W2d¥> 419172 
9 NUNPH NG 
vt bd sane 

ot wet dav 
vee sng 


maitas $26 


wT 


Sevsy Jt 


PVVIARSN IS OE 


IVD SEVLD ANDRO VIDE 


ayeoot 


Savor ae 


dd FENEY OMSD VIG 


ereslt biésvl 


Qo80 assent 


Tae - Ved SAG Wide 


ONINNT NG NOESS I wtNG 
SJEIFIHDVD LIdad dwons ++ 


NOLS ¥D 
O1ns20 oul 
tuvaw iad ve 
waau) W379 ae 
Ov wigeyd vA 
Wasawd 


wOOSvHd out 
INTNDIG es 
Furav yao 
Ww 2) 330 
oe WiSany 
ee Os03w7) LP Lie ov 
Flaws? avs) 4941103 
o%  2TAINAT et FAM aLNaD < 
ve WYN YH IONG te NUM INE 
iNiod sante Ae notary 
PEL oe Suvov 
$ne a5ve sag 


reel se 


ONENMT Ye MOPS Taine 
SOEIVINDIS £E9D012 buowS -- 


: = 


ANEY 


ad oats 


Wwaenn 
Seriy 


aut} 


wt 


fan Hdd 


Vesaw 
FRADE! 


ANW IE 


gu adars $9" 


wl MYTIWIEW ONY wedded 
whade Dims ded Svot user 


buveays 
o1ns 4a 
Devav vad 
‘ed waa 
Vast 
Asu0t 
viewyi) 
494109 

ey ¥9.aed 
ovine 
wOle Vs 
Suvov 

gnu 


Ww) MUDTMDIW ONY var tONy 
wdROd DEWLIEVE NDI WaKy 


Ms ET pe treat meteor earn ot 


218 Computer methods in power system analysis 


responding line contributions when lines connected to the faulted bus 
are opened one at a time 


Jn order to locate quickly the short circuit results for individual 
stations, the printed output includes a tide page with an index of stations 
listed alphabetically and their corresponding page numbers. A sample 
of this output is shown in Fig. 6.7. 

In addition to these results which are obtained automatically for 
each bus, the following results can be obtained by special options: 


1. Fault contributions in lines not connected directly to the faulted bus 
Bus voltages during fault 

3. Fault contributions following the switching of lines not connected 
to the faulted bus 

4. Fault contributions following the switching of two or more lines con- 
nected to the faulted bus 


Problems 


6.1 The reactance data for the three-phase system shown in Fig. 6.8 is 
Generator: 


2) = 7) = 0] 


x™ = 0.04 
XZ = 0.02 
Transformer: 


g) = 72) = 7% = 0] 
zz = 0.05 


Form the positive and zero sequence bus impedance matrices and 


@) ® 


a 


Fig. 6.8 Sample system for Prob. 6.1. 


6.2 


6.3 


6.4 


6.6 
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calculate the total fault current and the contributions from the 

generator and transformer for the following faults at bus 4: 

a. Three-phase-to-ground 

b.  Line-to-ground 

For a fault at bus p let the admittance between each phase and 

neutral be ya, yo, and y., and Iet the admittance between neutral 

and ground be yg. 

a. Form the fault admittance matrix Y%°*, 

b. Verify that each fault admittance matrix Y%° given in Table 6.1 
is a special case for the condition that ye = yo = Ye 

Derive the equations for the total fault current in terms of symmetri- 

cal components and phase quantities for the following faults at 

bus p: 

a. Three-phase (not grounded) 

b.  Line-to-line 

c. Line-to-line-to-ground 

From the equations for the fault currents draw the sequence net- 

works and their connections to simulate the following faults: 

a. Three-phase 

b. Line-to-ground 

c. Line-to-line 

d. Line-to-line-to-ground 

Using the sample system given in Prob. 5.3, compute the total fault 

current and bus voltages for the following faults at bus B: 

a. Three-phase-to-ground 

b. Line-to-ground 

c. Line-to-line-to-ground 

Using the same sample system given in Prob. 5.3, and assuming the 

transmission line B-C is balanced and its reactance is 


| 
bO.a 0s! Ox 
rede =) 0.1) 0.3/0.1 | 
' : ‘ ! 
ep. oe Sop 
(0.1/0.1/0.3 
| \ 


compute the total fault current and bus voltages for the following 
faults at bus B: 

a. Three-phase-to-ground 

b. Line-to-ground 

c. Line-to-line-to-ground 

Compare these results with those obtained from Prob. 6.5. 
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Os te 


Fig. 6.9 Sample two-phase sys- 
(A) ® © tem for Prob. 6.7. 


6.7 The reactance data for the two-phase system shown in Fig. 6.9 is 
Generators A and C: 


The bus voltages are 


1.1/30° | 
i 
1.1/120° 
12/0? 
i 
1.2/90° 


Compute the following: 
a. The bus impedance matrix with ground as reference 
b. The phase currents in each line 
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c. The ground current at bus B for a fault with the reactance 


—— 
1 | 0 

Ton = eo er 
0 foal 


d. The fault voltages at buses A and B 
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| éliepter ¢ 
Solution of siniultanecous 


algebraicequations 


7.1 Introduction 


The subject of numerical analvsis pertains to that branch of mathematics 
which is a study of methods and their appheation for the numerica! 
solution of mathematical problems. The mathemetical relations of 
physical quantities must be established for a specific problem. It is 
then necessary to consider which of the available methods is most appro- 
priate for obtaining a solution. Consideration must be given to both 
the speed with which the solution ean be obtained and the resultant 
accuracy. The selection of a method is influenced also by the capability 
of the available computer. 

Among the important and most frequently encountered problems in 
numerical analysis is the solution of sets of algebraic equations. A 
number of methods are available to solve sets of equations. All of these. 
however, fall into one of two general types: direct or iterative. A direct 
method, also referred to as an exact method, provides a solution in a 
definite number of arithmetic operations. The number of operations 
depends on the computational technique selected and the number of 
equations. Furthermore, if the cvethcients of the equations form a 
symmetric matrix, the solution requires fewer arithmetic operations than 
for a problem of the same dimensions with a nonsymmetric matrix. 

Except for the inevitable round-off error of intermediate or final 
results, a solution obtained by direct methods is exact. Failure to obtain 
an adequate solution for a consistent set. of equations can be encountered 
by the loss of significant digits in the course of computation. For 
example, this could be a result of subtracting two numbers that are very 
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near the same value. Thus, selection of a direct computational method 
and the number of significant digits retained throughout the process are 
important. 

On the other hand, methods empirying iterative techniques provide, 
in an orderly fashion, successive approximate solutions which may con- 
verge to results with acceptable accuracy. The rate of eonvergence, 1.e., 
the required number of successive approximations or iterations. depends 
primarily on the coefficient matrix defining the physical system. Depend- 
cng on the characteristics of this matrix, the successive approximate 
solutions may converge rapidly or slowly or even diverge. Thus, the 
fermulation of a problem has a direct bearing on the time required for 
convergence. The iterative computational technique adopted also has 
an influence on the rate of convergence. An additional factor affecting 
the time of solution is the choice of the estimated initial values to start 
the computational process. 


7.2. Direct methods for solution 
of linear algebraic equations 


Simultaneous equations 


A physical system in steady state can be represented by a set of simul- 
tanevus equations of the form 


filtyin tn) =H 
folZy. In... 5 Zn) = Ye (7.2.1) 
PPPs Vo oe EOS YR 


where 1, are functions relating the unknown variables z; with the known 
parameters of the system. The system (7.2.1) is nonlinear if at least one 
of the functions f; is nonlinear. If all f,’s are linear the system of equa- 
ions is linear. A linear system can be represented in matrix form by 
AY=j YF 


where A is a constant coefficient matrix. 


Solution by determinants 

Consider the following system of linear equations: 
Qty — Gy2te + Gy3%3 + Als = Yi 

A230, —~ Arole + A3X3 + AnuTs = Y2 


Gsi0y — Aso%q + AaaX3 + Azle = Y3 
Asi) — AgeXe + AgsX3 + Aquls = Ys 
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The determinant of the coefficient matrix is 


)@ir yr Ayn Ass 
Qo, ta, Go Aas 
G3: dag 3,135 


Qa  T4y ge bbe 


Muitiply the first equatien by Ay, the cofaetar of a... the second equction 
Sy 4a, the third by 4.5. ete. The products are aaded to obtua 


il@udy, + QyAa t Anda + Gada) 
+ to(@idir + G2Ae, + dz2431 + Gada} 
+ £3(disAi; + GosAg + Gass: + Gada 
+ xa(QirsAay + GeeAar + Geadgr + Geeta) 
= yAu + yeAn + yada + yoda 


=f 
he 
ty 


From the relationships of determinant and cofacturs the term 

ay(anAy + anda + nA + Gada) = rjA, 

and the remaining terms are zero. 1.€.. 

£QyAir + ay4o + Asda + ada! = 0 ge 

The equation (7.2.2) becomes 

ry Al = yA + yd + ysdar + ysda 2.33 


The right-hand side of equation (7.2.3) is the determinant of the matrix 
obtained by replacing the first column of A with the Known parameters 
Yay Y2, Ys, and yy. Designating this determinant by 4.1. 


Ys Ggo Gs3 Aaa 


and solving equation (7.2.3) for x. 


7 = Al 
1 Al 
if |A| * 0. Similarly, 
Ai 
saan 
= iA 
lal 
|Aai 
MF 


Aj 
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where A,|, |A.|, and |A,j are the determinants obtained by replacing 
respectively the second, third, and fourth columns of 4 with the known 
parameters. This method of solution is known as Cramer's mile. 


Gauss elimination method 


The successive elimination of unknowns is the smpiest aud mest practical 
ahrect method of solving a system of linear equations. Many variations 
ot the orginal scheme attributed to Gauss have been proposed for 
uTganizing the computation to minimize the number of arithmetic steps, 
tu reduce round-off error, and to minimize the chance of errur in hand 
ealeulations. A detailed description of the elimination method applied 
to a system of four equations will be used to illustrate the method. 
The given set of linear equations is 


Gil) Aye + Gi3l3 + Aids = Ys 
Aayly + Geto + 2303 + Arty = Y2 
GQyily + Az2t_ + A33%3 + Ayytq = Y3 
QgiXi + Agee + GazX3 + Gaal, = Ya 


(7.2.4) 


As an initial step, divide the first equation by its teading coefficient 
ay. # 0 to obtain 


Using bi; and g; to designate the resulting coefficients and constant term, 
respectively, the system of equations (7.2.4) becomes 


Dy t+ Byer. + bigtg + Oigts = ent 
Gayly + Grete. + Ao3%3 + Goals Y2 (7.2.5) 
x1 + G@z2Xq + A33X3 + Azily = Ys 
gt, + Qyot_ + Aaa%3 + Auily = Ys 


Next, transform the set of equations to a new set in which the leading 
coeflicients of the second, third, and fourth equations are zero. This is 
accomplished by multiplying the first equation of the system (7.2.5) by 
the leading coefficient of the second equation and then subtracting the 
resulting equation from the second equation to obtain 


(G21 — @ai)t1 + (@o2 — Geibia)%2 + (G23 — A2ibis)Za + (Qa — Osi 14)L4 
= Ys — angi 
Designate these intermediate coefficients by a}? and y,’ to obtain 


I) (1) 1 1 
Gots Pate ate yy 
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in which «; has been eliminated. Following the same procedure for 
subsequen” equations, the third equation becomes 


(G31 — Qasr, + (Aq, — A302) 02 + [Ay — Azibs)ty + idan bygity 
~~ Aagy 
or, using the new notation, 
1 be be, 1 
Aes Ags fy dy SE Ss 
and the fourth equation is 
(Q4. — Gaj}ty ~ idas — Ayiby2) Pe +ofay. — Abts 02. ~ abies 
eg oo aig 


or 


a) ; re be ah eee o) 
Gye Xe + Ayst3 + Gy ts = Y, 


The final transformed equations after eliminating 7; from the second. 
third, and fourth equations of {7.2.5} are 


ry + Oiere ~ bigrs + bury = J. 


a) ) Aid b 

Oa, ta ay 3007 An, ag Ys ms 
(h) 1) 4 dl) sas, CLS (7.2.6) 

Ayo te T O33 03 1 Aggy ls = 2 


Ab 


th) j ioe) 
yates + ay; 


Bg + Ayg ka = yy 
This procedure is repeated for the second, third. and fourth equations 
to eliminate zz from the third and fourth equations. Dividing the second 


equation of (7.2.6) by its leading coefficient, 


dh) (hy [e0) 

23 Gay ¥2 
te se a a 

22 22 22 


where a,, 0. Denoting these new coefficients by bz, and gs, respec- 


tively, the system of equations (7.2.6) becomes 


1 t+ dite + brats + buts = Qi 


Xo + beyt3 + dot, = g2 Goz 

1) ~ Ail) a) a: pe ane 

Ay Le +t 43323 + Ay¢ Xs ¥3 

dd) 1) Css oe gett) 
gn Lo + Gy, 03 + Ayg ts = Yi 


Il 


Multiply the second equation in (7.2.7) by the leading coefficient of the 
third equation and subtract the resulting equation from the third equation 
to obtain 


1 wb 1 1 L, 1 ib b 
(Qy2 — G32 )t2 + (5; — @5o'be3)t3 + (Qyy — GyydDulta = YR — 25292 


Denote these new intermediate coefficients by aj) and y;” to obtain 


(2) 


eo) = (2) 
G3303 + Ayjls = Y3 
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with x, eliminated. Similarly for the fourth equation, 


(23 2), —— 9,62) 
AUygla + Ayyls = Vy 


The transformed equations after eliminating r2 from the third and fourth 
equations of (7.2.7) are 


ryt bite + bists + bury = 9. 


war) + ba3t3 + Dogg Se (7 2 8) 
A323 + Aqry . , 


(2) De. 
Gy3%3 + Aye = Yy 


Il 
2 
a 


Continuing, the third equation in (7.2.8) becomes 
t3 + bare = Qa 


and the fourth its 


Sl = (3) 
Gye = Yy 


The transformed equations of (7.2.8) are 


Ly Byer, + by303 + Brgy = gi 
io + bests + bors g2 
3+ basZa g3 


(3) — 4,(3) 
Ayg Ts = Y 


I 


H] 


Divide the fourth equation by aj} # 0 to obtain the final transformed 
equations 


Ky + byere + Oise3 + Oat, = iat 


Lg+ boats + dow, = g2 G@ 5) 9) 
3+ Dal = 93 ; 
Tt, = O54 


This is a triangular set of equations, the solution of which is the solution 
of the original set of equations (7.2.4). 

The value of z4 1s obtained directly and is substituted into the third 
equation of the triangular set (7.2.9) to obtain a solution for z;3. Both 
x, and x; are substituted in the second equation to obtain x. All three 
values are substituted in the first equation to obtain z,. The process of 
obtaining the triangular system of equations is referred to as the forward 
course and the process for obtaining the solution is called back substitution. 

The general equations in the Gauss elimination method for trans- 
forming the coefficients and parameters a,; and y, of equations (7.2.4) 
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into 6,; and g,; of equations (7.2.9) are, at the kth step in the process, 


ay = ab? haprpk+y 
yt Ee ae a 1 > I: oa 1 
tk--1 
a, . A 
bis = ane Poek+i 
ay; 
Ye 
Vee kw 
Ay, 
The final solutien is then 
nm 
r= 9 — ) bists BST TS Ny He og Qe 


If the leading cuefficient is zero at any step in the forward course, 
then an alternate variable must be selected for climination. [f the tead- 
ing coefficient is zero at the last step, there is no unique solution fer the 
set of equations. 


Crout methed or compact form 


The forward course of the elimination method may be performed 
more directly by a modification uf the Gauss elimination method accred- 
ited to Crout. This method eliminates the need for explicitly determin- 
ing and recording all coefficients of the modified equations in each step 
of the process. In applying this technique it is more convenient. to work 
directly with the augmented matrix: 


Qi. GQi2 Gis Gig Yt 
Go, G22 G93 Aeq Ye 
Q@3, 432 G33 G34 Ys 
G41 Qs Agzp ag Yt 


> 


Uniformity in notation is gained by redesignating the constant terms 
Yay Yr, Ys. ANd Ys AS G45, G23, As3, and ays, respectively, in the augmentec 
matrix. Thus, 


Qi. G@i2 G13 Aig Arg 


> 
Q 
nm 
i=) 
Ry 
n 
Q 
nD 
oy 
Q 
N 
= 
a 
re) 
on 
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where the elements on the principal diagonal are those elements whose 
row and column indices are equal. 

The basis of the Crout. method is to determine the elements for an 
auxiliary matrix 


éiu fie fis fia fis 
— €or @2¢ fa. faa fos 


C31 C32 as Iss fs 
| €41 €s2 C43 aa fas 


of the same dimension as A, in which the elements above the diagonal 
will be the same as the coefficients of the triangular set of equations 
obtained in the (sauss elimination method. These elements are desig- 
nated by f,, for? < jin B. The elements occupying the positions on and 
below the diagonal, designated by e;; for 7 > j, are the only necessary 
additional intermediate values that must be calculated and recorded in 
this computational process. In the Gauss elimination method, these 
positions would contain ones on the diagonal and zeros below after the 
completion of the forward course. The recording of the intermediate 
values makes it possible to calculate all elements of B, in an orderly 
precess, from the elements of A and from the previously calculated 
elements of B. 

The elements of the first column of B are identical to the elements of 
the first column of A. That is, 


€11 = Qi 
€21 = a2 
€31 = 3, 
C4) = Gar 


The remaining elements of the first row of B are obtained by dividing the 
corresponding elements of A by the diagonal element a1: 


fie = - 
Qi 
43 
hh. = 


ai 
ay, 


ig 

411 

Q15 
fis ar 

ayy 
The order of the computation then proceeds as follows: determine the 
remaining elements of the second column, the second row, the third 
column, third row, etc. The remaining elements of the second column 
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are obtained from the equations 


€22 = Use — eatie 
€32 = Gs, éafis 
Mar €arfie 


Ca = 


The remaining elements of the seecnd row to the right of the diagonal 
are determined from the equations 


foo fee planes Laces 
C22 
eq ~~ Cari - 
i 6. 2 (7.2.10) 
€o2 
Qe5 — €afis 
2 
C22 


Each of these equations results from a combination of steps. For 
example, in the first equation of (7.2.10) the numerator is the inter- 
mediate value 


€23 = Ag3 eaifis (7.2.11) 
and fo; was obtained from 
€24 


fos = — (7.2.12 
C22 


Combining equations (7.2.11) and (7.2.12) vields the formula for fe; 
shown in equation (7.2.10). The need to determine explicitly the ele- 
ment €23 is eliminated by using equation (7.2.10). 

Continuing, the remaining elements of the third column are deter- 
mined by 


€33 = A33 — éaufi3 €x2f05 
€43 = G43 — €arfis — €gofes 


and the remaining elements of the third row by 


G34 — Carfis — Caafes 


fos = 
€33 
G35 — €sifis — Csefes 
fs = . 
€33 
Finally, 
C44 = Gay — Carfia — Carfer — Carfan 
and 
45 — €afis — €rfos — Caafas 
fas = = 


C44 
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Crout’s method is shown pictorially in the following diagram. 


Step 
4 


Assume that the first three columns and three rows have been calculated 
and the next step is to calculate e,, and the remaining terms in the fourth 


column, €54, 64, €74, and éeg,. The following operations are performed to 
obtain 45. 


| 
€44 = Aggy — | Car | €42 | €43 fia 


The value ey, immediately replaces a4,. This minimizes the storage 
requirement for a computer solution. Similar operations are performed 
to obtain the remaining column values. For example, 
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The next step is to calculate f,; and the remaining terms in the fourth row. 


{ 
| 
Q4s — — Car Can | Caz fis 
eels Pane | = 
| fos 
f 
= 
IES 
fas tc edeedeae ans aie bet Rakes es 
C44 


The value fy; replaces ays. 
The general equations for the Crout method are 

Food 
ei = ay — 2 City tory 


and 


1 i 
fy = (a, = \ exfui) L<y 
Cu ad 
k= 
The final values of x1, 22, 3, ete.. are whtaired by buck substitution 
after all elements of Bb have been determined. These are 


n 


Tio= Jiney ») finde i ea Oe -e 
keit+l 


Gauss-Jordan method 


A modification of the Gauss elimination method. known as the (:auss- 
Jordan method, eliminates the need for back substitution to obtain the 
values of the unknowns. This method provides a uniform procedure and 
is adaptable to computer calculation. 

The first step of eliminating z; is performed as before. The second 
step is modified to the extent that after rs is eliminated from succeeding 
equations, 2» is eliminated also from the previous equation. Similarly, 
after elimination of x3 in step 3, x3 is eliminated from the preceding 
equations. Finally, in the fourth step of the elimination process, for 
equations (7.2.4) it is necessary only to eliminate x, from the preceding 
equations. At this stage each of the equations has been reduced to an 
equation involving a single unknown, z;. The solution then is obtained 
directly. The Gauss-Jordan method results in a diagonal set of equations 
while the Gauss elimination method results in a triangular set of equations. 

At any stage of the elimination process in both the Gauss elimination 
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and Gauss-Jordan methods a loss of significant digits may occur in the 
calculated coefficients. To evercome this difficulty the order of elimina- 
tion of the variables can be changed. A method that improves the 
accuracy is pivotal condensation. The procedure is as follows: select the 
jargest element (pivot) of the coefficient. matrix and eliminate the cor- 
responding z; Repeat this process for the reduced system. For the 
final solution, the order of the values x, will depend on the order of selec- 
tion for the pivotal elements. 


Evaluation of determinants 


The Gauss elimination method may be applied to the evaluation of deter- 
minants. Consider the determinant 


411 Gig Giz 
Go, G22 G23 
G31 32 G33 | 


First, remove the factor ai from the first row to obtain 


1 big as 
G71 G22 G23 
| G31 32 G33 


|A| = ay 


where biz = @i2/@i1 and by; = @33/au1. Next, multiply the elements of 
the first row of the determinant by the leading element a2, of thesecond 
row and subtract the resultant products from the elements of the second 
row. Repeating this operation for subsequent rows, the determinant 
has the form 


1 by bis 
1 1 

‘Al = a1n|0 af? a33 

0 af? as’ | 
That is, 

e5) [e5) 
eq G27 gg | 
JA) = aul ay ay) 

A323 | 


Repeating the process, 


1 bes 
Al = Qy3;a5) | 
| 10 age 


which is equivalent to 


A| = ajay? ayy 
The value of the determinant is then 


| et (1). ,(2) 
Al = ayay,'as3 
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Except for the last multiplications to obtain the value of the deter- 
minant. this process is identical tu that performed in the forward course 
of the elimination methed. In accordance with Cramer's rule the solu- 
tion of a linear system is found by 


Go tote Dyed. Gots cork 


and requires the evaluation of » + 1 determinants cf order ». Thus the 
computstion required fer the Gaauss elimination method tc vbtain a com- 
plete solution only slightly exceeds that required tu evaluate a single 
determinant. This shows the inefficiency of the use of Cramer’s rule for 
the sclution of linear sets of equations. 


Solution of multiple sets of equations and matrix inversion 


The Gauss elimination methed may be applied to the simultaneous solu- 
tion of several sets of linear equations for which only the known constants 
differ. This is accomplished by adjoining all the constant vectors y({", 


y. 2. , yi” to the coefficient matrix as follows: 
1 2) < 

Qi G12 Qin Yy ay yy’ 
(1) a2 i 

Qny Ong * °° Gan YY, ge 7 e~ ye 


The elimination process is then applied to the entire array. Each back 
substitution must be performed separately fur the Gauss elimination 
method, but for the Gauss-Jordan method ali solutions are obtained 
directly. 

If many constant vectors are given, it may be advantageous to obtain 
the inverse of the coefficient matrix and then multiply this inverse by 
each of the constant vectors in turn to obtain each solution. Given the 
set of linear equations, 


Q1101 + GyeTe + A133 + Auyts = YY 
G31 + Goo%q + Ao3t3 + Gutsy = Yo (7 2 13) 
Q3it1 + Gat, + Gazts + Ait, = t 


Qa) + Qq2Xe + A433 + Qual, = yo 
the solution is, from equation (7.2.3), 


= buy? + bieys? + bisyy” + buy? 
Lp = bay? + dooyS? + deayQ? + dey? 
zy = bay? + days? + dasyy? + bay? 
4 bay? + bays” a bay; a bay? 


(7.2.14) 
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where 


and od. is the cofactor of a,. The equations ‘7.2.14: are written in 
matrix notation as 


i eA yd 


bat Bie Dis bis 
| bor bee Des deg 
| bar bse bs3 bas 
| bat Dao Daa Das 


is the inverse of the coefficient matrix A of equations (7.2.13) and XY 
‘x the solution vector corresponding to the constant vector FY“. Solu- 
tens for the sets with the different constants y. y*, ... , yi” are 
obtained in a similar fashion. 


X¢ = anya 
eo a 4eey@ 
Xe = AY 


The inverse matrix A~! can be obtained in the following manner. 
The elements of the first column of A7}, that is, 611, 621, b31,-and ba, are 
ecual to the corresponding values obtained for 2), 12, 23, and z, when the 
system of equations (7.2.13) is solved by letting y{? = 1.0 and y;” = 
u; = y?’ = 0. This is readily shown by substituting for the values of 
4,’ in equations (7.2.14). Similarly, the second column of A! is obtained 
irom the solution with yS? = 1.0 and y{? = y = y\? = 0, the third col- 
umn when y,” = 1.0 and yy = y= 0, ete. 

The scheme for solving several sets of equations with the same coeffi- 
cient matrix but with different constant terms is employed to determine 
the elements of 4~', by using the augmented array 

411 Gig Aig Ais 0 
Ce Goo G93 Ase 0 
1 
0 


a 

a 

res 

fs 

2 
oocor 
oorf 
rH OO 0° 
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where 
fi 0 9 0 
yul@ 10 0 
[6 oi o| 
je 6 0 1] 


g the (iauss-Jordar method, the tinal array will be 

Oo). 0 Sy bre Pig bay! 

1 8 G O51 bez bes ben | 

0 

0 SD i bar ber O45 Bas | 

where the unit matrix replaces the cvefficient matrix and the 4, are tre 


elements of A7}. 


7.3 Example of solution of linear 
equations by direct methods 


The applheation of direct method= for the solution of bnear algebr. 
equations will be illustrated by calculating the short circuit currents - 
the network shown in Fig. 7.1. 


Problem 


For a fault on bus 3 


a. Calculate the short circuit currents by the Gauss elimination meth: 7 
b. Calculate the short circuit currents and obtain the inverse of *7- 
coefficient matrix by the Gauss-Jordan method. 


Fig. 7.1 Sample system for solution of simultaneous 
linear equations. 
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Solution 


The data for the network is given in Table 7.1. The impedance of the 
generator is 0.01 and the voltage behind the generator is assumed equal 
to one per unit. The loop equations of the network are 


1.0 = 0.010) + f; + Fs) + (0.3380 + 0.2790)11 + 0.183072 
1.0 = OOL(Uy + f+ fs) + 0.474022 + (0.0251 + 0.1360)7, + 0.1830s; 
1.0 = 0.01(7) + Te + Ts) + (0.5000 + 0.1860)Z; + (0.0251 + 0.13600, 


Combining terms 


0.62707, + 0.19307; + 0.01007; = 1.0 
0.1930/, + 0.48407, + 0.17117; = 1.0 
0.01007, + 0.171122 + 0.69607; = 1.0 


a. The forward course in the Gauss elimination method for the solution 
of the linear equations is shown in Table 7.2. The original coefficients of 
the matrix and constant terms are given in part a. Included aiso is 
the control sum obtained by adding the coefficients and constant term of 
each row. If the same operations are performed on this sum as on the 
coetticients and constant term, the control sum will equal at each stage the 
sum of the elements of the row. This provides a check on the arithmetic 
operations of the process. 

The process is initiated by dividing all elements in the first row by 
0.6270. the leading coefficient. The resulting elements are given in the 
first row of part 6 of Table 7.2. The elements of this new row are 
muluplied then by 0.1930, the leading coefficient of the second row. The 
resulting terms are subtracted from the elements of the second row to 
obtain a new second row as shown in part b. Next, the elements of the 
first raw are multiplied by 0.0100 and the resultant terms are subtracted 
from the elements of the third row. This procedure is repeated for the 
second und third rows by first dividing the elements of the second row by 


Table 7.1 Impedance data for sample system 


Self Mutual 

Bus cade / npedance Bus code Impedance 
pod Zpa.pg Ts Zpqure 
[=2 0.5000 1-3 0.0251 
1-3 0.4740 2-3 0.1360 
1-4 0.3380 1-3 0.1830 
223 0.1860 
3-4 0.2790 
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Table 7.2. Forward course of Gauss elimination method 


qT, I. is Chek sim 
U 627u 0.1930 UPLOG PG Lge 
3 1936 0.4840 oT: 0 i s4&t 
NOOK Qt ue OOG: you Lory: 
rath 0.307815 OIG EG 1 SudASdé 2975668 
fy 0.424592 f [BSA2L OG HuePss i ¥SATAG 
Q 0.168022 0 6954) 0 OS405] Los4yuls 
6° 


1 9 0.307815 OQ O1504e 1.594896 2 FiS666 
0 1.0 9.395726 1.630256 & Gv5UGk 
9 0 0. 629850  TLOLSS be 

14 0.307814 0.0, 5040 1 Av4so6 2 OGtSese 
0 1.0 BOAT LE 1.630236 3 Usui h 
a) a 1.0 L 1283863 2.428365 

wats 


0.424592. This process is continued until the equations are transformed 
into the triangular set of equations shown in part d of Table 7.2. This 
completes the forward course. Then, by back substitution 


fs = 1.128363 
Te = 1.680236 ~ 0.395726/; = 1.183718 
f, = 1.594896 — 0.307815/. — 0.0159497; = 1.212535 


b. The Gauss-Jordan method for obtaining the solution of the equations 
and the inverse of the ¢oefticient matrix is shown in Table 7.3. Part a 
of this table includes the original coefficient matrix, the unit matrix, 
constant terms, and control sum. The elimination process is continued 
until the original matrix is transformed into the unit matrix. The 
unit matrix is replaced by the coefficients of the inverse matrix as shown 
in part d. The solution values are obtained directly and replace the 
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Table 7.3 Selution and matrix inversion by Gauss-jJordan method 
iL qs Za Check sum 
a, oes pee a Pe eee Bose des, : = 
0 #270 6 1930 0 0100 1.0 a) c 1.0 1 2.8300 
O 1430 0. 4840 0.1711 G 10 0 1.0 | 2.8481 
oO G00 0171 Q 6960 c 0 Le 1.0 2.8771 
\a 
Lu v0 307815 G 015949 1 Ay48ut G 0 1 594896 | 4.513557 
0 0.424592 «0.168022. -0.307815 = 1.0 v 0.692185 | 1 976983 
0 0.168022 0.695841 --0.01594¢ a 10 0 984051 | 2 831964 
fo) 
i 
1a 0 —0 105861 1.818052 --0.724967 eC 1.093085 | 3.080310 
7 1.0 0.395726 —O0.724967 2.355202 0 1.630236 | 4.656195 
a 0 0.629350 0 105861 -6.395726 1.0 0.710135 | 2.049621 
fe) 
lo 0 fy) 1.835859 ~0.791531 0 168207 1.212535 3.425070 
a 1.0 0 —0. 791531 2.604029 —0.628785 1.183713 \ 3.367423 
Q 0 1.0 0.168207 -—0.628785 1.588941 1.128363 | 3.256727 
id) 
constant terms. The solution is 
I, = 1.212535 
To = 1.183713 
IT, = 1.128363 
7.40 Iterative methods for solution 
of linear algebraic equations 
Iterative solution 
Given the system of linear equations, 
Ayyty F AyeX, + Ay3%3 + Aya, = Yr 
Gly + AgeLe + e383 + Goyly = Yo (7.4.1) 
Gail: + A32lo + G33%3 + Azaly = Ys ; 


QgiT)  A4Xq 1 A433 + Aasks 


Hl 


Ys 
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From the first. equation, 
Qy1%1 = Yi — Ayelg — Aysl3 — Arshs 


Dividing by the coefficien a1. x: can be expressed as a function of xo. 
r3, and 24. 


ae 
n= — ln Uy 35 ~~ Ayala) 
Git 


In a similar manner the second, third, and fourth equations can be 
rewritten so that the set of equations (7.4.1) 1s in the form 


1 
2, = (Yr — y2%2 — Gy323 — AysZa) 
an 
1 
2 = a (Yo — Geil, — A23%3 — AneLa) 
22 dy Be 
1 (7.4.2 
Lg = — (Ys — AgiZ, — A32%_ — AsaXa} 
33 
1 \ 
w= (ya AqiXy aoe 0.4303) 
Ags 


An arbitrary set of initial values can be selected for x:, 22, «3, and rs. 
which then may be substituted in the right-hand sides of equations (7.4.2) 
to calculate new x values. For convenience the initial values can be 
chosen as 2° = yy/an, 26° = yo/Gr, 2? = ysidas, te = yalaas Tf 
the results match the initial values within the specified tolerance, a solu- 
tion has been obtained. If the selected and calculated values differ, « 
new selection must be tried. The calculated values obtained in the frst 
trial can be used directly as estimates of the unknown z’s for the second 
trial. The process then becomes automatic. Finally, when a selected 
set of values results in the same calculated values, within the specified 
tolerance, a solution has been obtained. 

This repetitive process for obtaining a solution of a set. of equations 
is known as an iterative method. It is applicable to those systems of 
equations for which the diagonal elements of the coefficient matrix are 
large in comparison to the off-diagonal elements. In general, for these 
systems, each successive step of the iterative process results in calculated 
values of the unknowns that are closer to being equal to the final solution. 
Then the iteration process is said to converge. For other systems vi 
equations the iterative process may result in calculated values that vscil- 
late or diverge from a solution. 
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Gauss and Gauss-Seidel iterative methods 


Expheitly, the iterative process described requires the selection of initial 
values 


vw, 4.¢0) 10) 
Teo key ee LY 


re 


to use in the formulas 


dest Y1 Aye Gia, Ay 
ry Sei. eee “yes eet rat -% Ly Oye n> Steed a 
ay ay) Qin A 
¥2 Qa, , Go3 Mon 
nan a rx Sean ae colt 
doo ao: Qe Oey 
( a Gn2 | 
ees Un nl n2 ak 
nS sere. xy BS aE pa 
Qan Anan Gan Gan 


mn order to calculate a second estimate 


Bre | al ge 
Trustees ke eee 


go 2 n 


The superseript 4 refers to the iteration count. These calculated values 
are used in the formulas to obtain a third estimate 


2 i) 3 
BLY? Beye se Bo & a 


ae) n 


and so forth. This technique is referred to as the Gauss iterative method 
in Which the new estimates are substituted vnly after all equations have 
been processed. 

An alternative method is to make an immediate substitution in 
subsequent equations for each new value of x as it is obtained. Thus, 
in the solution of z; the values used would be 


k~l k+l +1 kk k 
Ty By ye eee Boy Thy vg @y 


This iteration scheme, called Gauss-Seidel, has the following formulas: 


— yy Qj. Qin 
Ty i 5 Se ra* axe, ais On Se eee Sh ae eb IS ae! ost Mae Soa SS, Tech, < ee eS rnK 
a1 ai anu 
E 7 Qa a 
man Y2 21 1 Qn 
Uy = Se ee HE Ah estas ate Na” JR wt Nev tata di Satna. MGs hele eo owt ies Oe Sx ee rn* 
Qe Go. G22 
pei _ Vi Gi pgy Gie-1 pg Qissy , _ Gin, 
a: 1 = i Tey n 
ay ai; Qui 1t ay 
k—1 Yn an} kil Qn n—T +1 
Bi en ee el _ n—-1 
Onn dan Qnn 
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Successive approximation and correction techniques 


The iterative orethuds thus far described have been applied for deter- 
mining new vaines for the variables. This teehnique can be referred to 
as a method of svccess/re approximation. 

A variation t¢ this is a procedure called the method f successive 
correction in whieh corrections to the mitial seleeted values for the varia- 
bles are calculated. Por this scheme auch variable x, is the sum of its 
initial value 7° and the eorrections obtained at eaeh step sf the proc- 
ess, 1.€., 


, | Oy rey ay 2 ae 
xe as a + oor. fe fs ee) ae (r' aa co ee in é ee oa 7 


1 cal 


Let the difference in the values of x, obfsined in two suceessive itera- 
tions be 


k 


Ee 


k+1 k+l 
ant ee 7 es 


Replacing ri *' and x," with their eyuivalent expressions from equations 


(7.4.3), the formula for calculating successive corrections is 


1 
k+i kal ek +L : ho 
af = (ym Aart Ng eee Ms NE yt OT ead 
ay; 
: k Hs ie se CAV 
mm a Ge Ag ety 0 in T,, ) 
Qs, 
Combining terms, 
kel , kel c+) k 
ay LO tt aaa ae A ee ea) 
Qa; 
f oak pend Ase, k K-11 
Boo Birdy y Bau ei} : — Gini tn er zr, )} 


The resultant formula in terms of « 's 


1 
k41 7 kal kel eel 
GO St SaaS Dee Oe See iat 

ay, 

k = 
Ds 1410, = Aintin®} (7.4.4) 

where 
k+l nae k+l k+l... k+l 
a, = - —AniQ, — AnrQ, _ Onn—10%7 1) 

nn 


The iterative process is initiated by selecting a set of initial values 
for the variables ri, x2, r3, and x4. These values are substituted in the 
formulas (7.4.3) to obtain new values for the variables zi), 1$?, 2$”. and 
zy? and the first correction terms a”, a, a), and a! are determined. 
Equation (7.4.4) is used to calculate successive corrections a”, a”, ete. 
Each newly calculated a‘*! is used in successive equations. The process 
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is continued until the values of all correction terms are less than 4 specified 
tolerance. Final values of the variables i: are obtained from the equation 


y= 7 4 


=I 
g 


Relaxation method 


The methods of Gauss and Causs-Sedel are used to sive linear alyebraic 
ealithionis DY SUCCESSIVE approxiniitions ov corrections, “Phese methods 
treat the equations in the order they are specified. “Phe niethnod of relaxa- 
tion makes possible the application of a vamety of schemes ‘hat alter 
the order. 

Consider the system of equations 


ry + bere + Oisry + digrs — a= 0 


beqaty + we + Bayt y +- boyy haere 0 
baty + Daota + X3 + byaty —2,= 0 
bayey + Dyes + Dag s + My- a4 = 0 

Qi; 

where by = cael 

ait 

ui 

= 

ay 


Asin the Gauss and Crauss-Seidel iterative methods an initial set of values 
ix selected for x4, x2, 23, and xy. Designating these initial values as x, 
the values R® obtained as a result of the initial substitution are: 


tb Bye? + By + bya? — 2. = RY 
boyy + aN aa byt,” ae bot, -D= aba 
+ bye? + on + bya” — ay = RO 

Hh aa ba + bigee + a pie ae RO 


( 
h, ald y , 


The relaxation procedure consists of estimating new values for the 
variables until all ys, called residuals, become negligible. The usual 
procedure js to select the largest residual AR, resulting from the kth 
iteration and calculate the change in x required tu reduce R¥ to zero. 
This change is 


Ar = —R# 
and the new estimate for the variable is 


A> 1 , 
vy = ie + Ax 
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Substituting 2{*' causes each of the other residuals io change. They 
are recalculated fron: 


Rel = RR+ by Art jf ei 


The largest residual resulting from these ealeuiaiions ix then seleeted and 
the process is repeated. Thus. the order iu. which the variables are 
reestimated depends sclely on the magnitude of the readuals. The 
solution is obtained when all Rvs are reduset te wtting a specified 
tolerance. 


A variety of schemes can be employed tor vedueing the residuals. 
The method Just described reduces the jargest reswdtal te zero for an 
iteration. An alternative would be to reduce several cr ail residuals by 
a fixed amount, say 6. This is referred te as bioek eration The selec- 
tion of 6 can be such as to result in a residual af opposite sign, ne. make a 
change in z, larger than required for niaking R: equal to zero. This is 
called overrelaration, whereas underrelaration refers to the selection of a 
new «; which is not sufficient to reduce & to sera. Thess schemes may 
be employed interchangeably at each step of the proces. 


7.0 Example of solution of linear 
equations by iterative methods 


The iterative solution of linear equations will be illustrated using the 
same problem that was solved in Sec. 7.3. 


Problem 


Calculate the short circuit currents Z;,, Ts, and 7, for 2 fault on bus 3 of 
the network shown in Fig. 7.1 using the following methods: 

a. Gauss iteration 

b. Gauss-Seidel iteration 

c. Relaxation 


Solution 
Rewrite the loop equations 


0.62701, + 0.19307. + 0.01007; = 1.0 
0.19307; + 0.4840/2 + 0.17117; = 1.0 
0.0100/, + 0.17117. + 0.69607; = 1.0 


for iterative solution as follows: 


T, = 1.594896 — 0.307815/. — 0.015949/; 
I, = 2.066116 — 0.398760/, — 0.353512/; 


La] 
wo 
I 


= 1.436782 — 0.0143687, — 0.245833], 
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Table 7.4 Salution by Gauss 
iterative method 


Jteration 
rennet I, I. qT; 
1.0 1.6 10 
1.271182 1 3138441 176581 
2 1.171710 1.143303. 095532 
1.225497 1.211601 1 TB8885 
i LOBTSe Waser. OE eee 
: 1.215383 1.189604 L 180675 
( 1.210637 1.181763 1 126853 
- 1.213160 1.184998 1 128871 
‘ 1.212132 1.183287 1.128039 
i) 1.212672 1.183991 1.128475 
10 1.212448 1.183622 1.128294 
1] 1.212564 1.183775 1.128389 
{2 1.212515 1.183695 1.128349 
a, Select for an initial estimated solution 7)? = [ = [f = 1.0. 


Substitute these values in the equations to obtain a new estimate, /,”, 
120 and /5?, as shown in Table 7.4. Repeat the process until the changes 
mn all variables are equal or less than 0.0001. The solution values using 
the Gauss iterative method are obtained in the twelfth iteration. 

b. The results obtained by the Gauss-Seidel iterative method are shown 
in Table 7.5. The initial values [(° = 18? = 1° = 1.0 are substituted 
in the first equation to obtain /(” = 1.271132. Next, 7,” = 1.271132 
and J,° = J{? = 1.0 are substituted in the second equation to obtain 
I," = 1.205727. This process is repeated until the changes in all varia- 
bles are equal or less than 0.0001. The solution values are obtained in 
the sixth iteration. 

e. The loop equations are rewritten for the relaxation method as follows: 


1, + 0.3078157. + 0.0159497, ~ 1.594896 = hy 
O.398760/, + I, + 0.853512/3, — 2.066116 = R; 
0.014368/, + 0.2458337, + I; — 1.436782 = R; 


Substitute the initial values 7{? = I1{? = IS? = 1.0 in these equations 
to calculate the residuals R, as shown in Table 7.6. Recompute J, to 
reduce the maximum residual RY? = —0.313844 to zero as follows: 


AIS = —R” = 0.313844 
PP = 1 + al® = 1.313844 


Chapter 7 


Solution by 


Gauss-Seidel 


Table 7.5 

iterative method 

Iteration 

count f, 

0 ae 
t i 271132 
2 2 & 
3 a1inse 
4 1 Bb92BE 
5 1 Dayar 
6 Ca gins te 


Table 7.6 Solution by 


Iteration 

count f, 
0 16 
1 19 
2 1 174AR€ 
3 1 174526 
4 1.174526 
5S 1.204949 
6 1 204949 
7 1 204949 
& 1.211013 
9 1.211013 
10 1.211013 
11-1 212229 
12. 1.212229 
13 1.212229 
14 1.212473 
15 1.212473 
16 1.212473 


Pee 


1a 

» 20a727 
1 ISS5SS 
1 1S4096 
1 US8ui2 
L INBTSA 
1.13724 


313844 


313844 
313544 
209988 


. 209988 
209985 
. 188986 
. 188986 
188986 
184772 
184772 
184772 


183925 


relaxation method 
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fs; 
ant) 
} i22i%1 
127262 
 V2SE45 
P2420 
i }QSAA5 
{ 128462 
7; R, R Rs 
G -~Q 2711382 -O.2i384: —ULLTEGS| 
6 0.174526 } EE OGO42s 
0 0 O PBGRYS -f OG6G2G 
096920 0 001546 Q LOSSAa6 0 
096920 = —0. 030423 0 ~~ 25551 
. 096920 0 0.91213! - 0 Q25954 
{22014 0.000400 0. 921062 0 
.122014 —0. 006064 0 ~O 005165 
. 122014 0 0. 002419 — 0 0045076 
. 127090 VU. 000081 0. 064214 0 
127090 =—0.001216 0 —0 GO1066 
127090 0 0. 00454 ~O, OOLULY 
_128109 0. 000016 0. GOO844 G 
128109 -—0.000244 0 —0 000207 
128109 0) 0 0OOIOS 1 OOOZN3 
128312 0. 000003 0. OGOETG 0 
128312 —0.000050 0 —). 000042 


183758 


or rm es 


Next, recompute the residuals, 


(1) 
Ry 


om 
Rk; = 


II 


RY + byAl” 
—0.271132 + 0.307815 (0.313844) 
—0.271132 + 0.096606 = —0.174526 
RY + badly? 
—0.176581 + 0.245833(0.313844) 
—0.176581 + 0.077153 = —0.099428 
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Repeat the process for the new maximum residual. Continue until all 
residuals are equal or less than 0.0001. The solution values are obtained 
in the sixteenth iteration. 


7.6 Methods for solution of 
nonlinear algebraic equations 


Iterative solution 


In the Gauss elimination methed the system of equations 


eae Te 5, Sg DR) SY 
Tatty, GO SE Re iy Ln) = Ye rai 6 1) 
Sel tTy Btn oo Bn) SY a 


ix reduced to the system 


Yyiko, Ta, . oH In) eet 
Golte, Us... 2 on) = 1e 
Gn-il la, oo ee ae > In) = Ta-1 


by the elimination of the variable z,;. This process is continued a sufh- 
cient number of times until one equation with one unknown is obtained 
that can be solved readily for that unknown. The remaining unknowns 
can be obtained by back substitution in the intermediate relations devel- 
uped in the elimination process. This method is not always applicable 
for the solution of nonlinear equations since one or more of the unknowns 
cannot always be elimtated from the system of equations (7.6.1). 

In the iterative methods the system of equations (7.6.1) is written 
in the form 


ToS Ye ON Tay ay a ec, BE) 

te = Yo t O2(%1, Tz, .. . , In) 

Ze = Yn + alti, L2,. 2. , Lp~1) 

and the computation is initiated by selecting an approximate solution 
ree ear Pays pa 


which is used to obtain a new approximation 


EMG 1 
Don Al we timate xt ate 


? we 


This in turn is used to obtain a third approximation, etc. The process is 
continued until all changes in the z,’s in succeeding iterations are within a 
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specified tolerance. The iterative method is applicable to the solution 


of both linear and nonlinear systems of equations 


Newton-Raphson method 


Given a set of nonlinear equations. 


Ail, La ee En EY 
fo(ti, La, - Enh © te 
sk Bde Gre P ity TE a te Glesee A 8 (7.6.2) 
fn(Z1, Bey sa ea te) = Yr 
and the initial estimate for the soluticn veeter 
(0) (0) ( 
Targhee yontk tone Gea. 
Assume Azx1, Azo, ... , Ar, are the corrections required for x”, ry”. 


. , 2 respectively, so that the equations (7.6.2) are solved. i.e. 


9 0 | iO: ; 
fila + Amy, af + Ate, 22. + Ate) = yr 
Oe day oS Bt ot OPA Se ore 
; (7.6.3) 
Fa(xi” + Agi, xf + Ame, 2. a Ate) = yn 


Each equation of the set (7.6.3) can be expanded by Taylor’s theorem fora 
function of two or more variables. For example, the following is obtained 
for the first equation: 


HG AN BP A ee ee A SS ee eat 
of Of of 
PD 8 ce ag a8 op Pe Be Nera, oe 
dx, ° Ox.” or, ° 
where ®, is a function of higher powers of Ary. Ars, . . . , Ar, and second. 


third, ete., derivatives of the function f;. Uf the initial estimate for z,s 
is near the solution value, the Az,’s will be relatrvely small and all terms 
of higher powers can be neglected. The linear set of equations resulting 
is as follows: 


of; of: Of) 


(0) 0) (0) ee elt AN Eee oy aed <= 
Filey, ee, Ee + Ar 32,0" Ax, cen + Ar, Pee Wi 
folx®, 2, 2 2. , 2!) + Ary , + Avs oi oot Pb Ags i = ye 
OX, be 0X2 9 OXn 9 
Ofn If, Ofn! 
Fe SoS FES el + Ar: aoe + Az, ee Yr 
OX, 0 OX, * OXn io 


(7.6.4) 
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In matrix form, equations (7.6.4) are 


Of. | Of, Of 
yi — Oats einen ee ee ee ray 
ya — flay, 22", tn) Ax, !9 dz, i Ox, 1 
Ofe: Ofe Ofe 
a (0) 2.0) (oy ee eT “eS a ee 
se SIME hy GSS ea es dx, 1° x, 0 On , a 
Ofn| Ofn Ofna | 
of Pad Paha See ae Arn 
¥ Sn how? 7 } n ) ax, 0 Ox. ‘g OXn ‘0 | 
or 
D=JIC 


where J is the Jacobian for the functions f; and C is the change vector 
Az; The elements of the matrices D and J are evaluated by substituting 
the current, values of z,’s. Hence a solution for the dz, can be obtained 
by the application of any method for the solution of a system of linear 
equations. The new values for z,’s are calculated from 


x) = 2 + Az; 
The process is repeated until two successive values for each z, differ only 
by a specified tolerance. In this process the elements of J can be reeval- 


uated each iteration, or only every kth iteration provided the Ax, are 
changing slowly. 


7.7 Example of solution of nonlinear equations 
Problem 
Solve the nonlinear equations 


y?—4r —-4=0 
2y—-zx-2=0 


using the Newton-Raphson method. 


Solution 


The curves of the two equations are shown in Fig. 7.2 and the puint of 
intersection gives the solution. Selecting the point 2 = —1 and 
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y?—dx—-4 = 0 


we 


oo bya x-2= 0 


Fig. 7.2) Graph of nonlinear equa- 
tions. 


yO = 1 as the initial approximation and substituting, 


Hey!) 
a(e.y) 


Renee 


yote -d = l + 4-4 =] 
2y—-xr-2=24+1-2=1 


I 


ay 


Substituting in 


7 
fe yy) + Ax ~ + Ay af = 0) 
dy 
a 
g(x yO) + ar + Ay 2 = 0 
ay 


the following linear simultancous equations are obtained: 


1 — 4Ar + 2Ay = 0 
1 — Ar + 2Ay = 0 
Solving, 


dr = 0 
Ay = —0.5 
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Thus 


clo: 7 +Axr= —-l 
y= yO + Ay = 0.5 


Repeating the process with the new estimates, 


foe iy?) = 0.25 + 4-4 = 0.25 
gas) = 1+ 1].—-2=0 
af 
Ox 


=-4 


and the linear equations are 
0.25 — 4Ar + Ay =0 

—~Ar-+ 2Ay = 0 
Solving, 


Ar = 0.07143 
Ay = 0.03571 


and 


zr) = 7 + Ax = —1.0+ 0.07143 = —0.92857 
yO = yy + Ay = 0.5 + 0.03571 = 0.53571 


Substituting 2 and y@ in the original equations, 


f(x" .y) = 0.28699 + 3.71428 — 4 = 0.00127 
gle". y) = 1.07142 + 0.92857 — 2 = —0.00001 


The values of x and y are close to the solution values. Form the linear 
equations using the same coefficients af/dz, af/dy, dg, dx, and dg/dy to 
obtain 


| 
co) 


0.00127 — 4Az + Ay = 
—0.00001 — Ar + 2Ay = 0 


Solving, 


Ax = 0.00035 
Ay = 0.00018 
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Since the changes are within the tolerance of 0.0005, the final solution is: 


ros ¢@ + Ay = —0.92857 + 0.00035 = —0.92822 
MB gens 0.53571 + 0.0001% = 0.53589 


yh = yf 


tt 


+ Ay 
Substituting < and y® in the original equation for the final eheek, 


Pr ge? = O.28T18 + 3.71288 - 4 = 0.00006 
aire a) = LOTLTS + 0.92822 — 2 = 0.00000 


The equations have a second selution that can be obtained by ehous- 
ng the initial values from the graph ie big. 7.2 near the scardinates for 
a second point of intersection. 


7.8 Comparison of methods 


The best method to apply for the solution of any set of «quations repre- 
senting a physical system depends on the characteristics of the system. 

The direct methods, in general, require many arithmetic caleulations, 
but the number of operations required can be determined mm advance. 
This facilitates the evaluation of the efficiency of these methods. How- 
ever, the round-off errors are accumulated at each stage, and for 4 large 
system the error may increase so that the solution is mvyalid 

The iterative methods are most successful when cuch diagonal 
element in the coefficient matrix is large in magnitude reiative tu the other 
elements in its row. Round-off errors in these methods tend to be cor- 
rected at successive stages of the process. 

The advantage associated with the relaxation method is that the 
residual of largest magnitude is known at each stage and the modification 
of the corresponding z is performed to reduce this residual to zero. A 
preassigned cyclic order is not required, therefore, as in other iterative 
methods. The decision process to take advantage of this technique 
requires more computer logic and machine time for each iteration. 

The Newton-Raphson method is applicable when the truncation 
error obtained by neglecting the functions %, is not signiheant, that is. 
if all Az, are small in magnitude and the initial values selected for z, 
are reasonably close to an actual solution. 


Problems 
7.1 Show that the equations 


32, + are + 23 = 5 
21 — 2%. — 2ax; 
47, +2. + ax3 = 6 


i 
| 
w 
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have 
a. A unique solution when a # +1 
b. No solution when a = —1 


c. An infinite number of solutions when a = 1 
Solve by Cramer’s rule without introducing round-off error the 
following set of equations: 


sl 
tw 


xt+tyt+2z2= 1.73 
0.52 + 2y + 32 = 2.25 
2r + 3y + 42 = 4.50 


=! 
wr 


Solve the following system of equations by Crout’s method: 
de +y4+2z2=1 
2x — 2y+2z= 3 

z+ 2y —0.5z = ~—2 


7.4 Solve the following system of equations by the Gauss elimination 
method: 


9.32, + 3.0r9 — 2.173 + ry = 9.3 
3.02, + 6.0r2 + 1.273 + 0.52, = 9.0 
—2.1lz, + l.2r, + 8.47; + 0.47, = 4.2 
x, + 0.529 + 0.47; + 3.074 = 5.5 


7.0 Starting with the initial values, 
xy = 1.0 
eG 
oO SS 
solve the system of equations given in Prob. 7.4 by the Gauss- 
Seidel iterative method. 
7.6 Solve the system of equations given in Prob. 7.4 by matrix inversion. 
7.7 Starting with initial values equal to zero, sulve the following system 


of equations by the relaxation method: 


62, cee 22 + 323 + 93 = Ry 
221 + 522 tie S| + 49 = R, 
22x) bore 0, elas 10z3 + 185 = R; 


7.8 Solve by the Newton-Raphson method the following system of 
equations: 
x?+ay+2z= 1.20 
y>+yz+nr = 1.76 
x + 2z = 1.50 
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using the mitiafl values 


cvo= 0 
eA 
BOG 


7.4 Solve the follewig system of equations and obtain the mverse of 
the eoefaent matrix by the Gauss~fordan method: 


ay aoa 22 eR 223 a ti, = 4 
2a 4 Da eT pea a 3L4 = 7 
Dr, -— Pre + ary 4+ 34, = — 1 


ryt Baty + Sry + 2rq = 0 
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Load flow studies _ 


8.1 Introduction 


Load flow calculations provide power flows and voltages for a specified 
power system subject to the regulating capability of generators, con- 
densers, and tap changing under load transformers as weil as specified 
net interchange between individual operating systems. This information 
is essential for the continuous evaluation of the current performance of a 
power system and for analyzing the effectiveness of alternative plans for 
system expansion to meet increased load demand. These analyses require 
the calculation of numerous load flows for both norma! and emergency 
operating conditions. 

The load flow problem consists of the calculation of power flows and 
voltages of a network for specified terminal or bus conditions. A single- 
phase representation is adequate since power systems are usually bal- 
anced. Associated with each bus are four quantities: the real and reac- 
tive power, the voltage magnitude, and the phase angle. Three types of 
buses are represented in the load flow calculation and at a bus, two of the 
four quantities are specified. - It is necessary to select one bus, called the 
slack bus, to provide the additional real and reactive power to supply the 
transmission losses, since these are unknown until the final solution is 
obtained. At this bus the voltage magnitude and phase angle are speci- 
fied. The remaining buses of the system are designated either as voltage 
controlled buses or load buses. The real power and voltage magnitude 
are specified at a voltage controlled bus. The real and reactive powers 
are specified at a load bus. 

Network connections are described by using code numbers assigned 
to each bus. These numbers specify the terminals of transmission lines 
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and transformers. Code numbers are used also to identify the types of 
buses, the location of static capacitors, shunt reactors, and those network 
elements in which off-nominal turns ratios of transformers are to be 
represented. 

The two primary considerations in the development of an effective 
engineering computer program are: (1) the formulation of a mathematical 
description of the problem; and (2) the application of a numerical method 
fora solution. The analysis of the problem must also consider the inter- 
relation between these two factors. 

The mathematical formulation of the load flow problem results in a 
system of algebraic nonlinear equations. These equations can be 
established by using either the bus or loop frame of reference. The 
coefficients of the equations depend on the selection of the independent 
variables, i.e., voltages or currents. Thus, either the admittance or 
impedance network matrices can be used. 

Early approaches to the digital solution of load flows employed the 
loop frame of reference in admittance form. The loop admittance matrix 
was obtained by a matrix inversion. These methods did not have wide- 
spread application because of the tedious data preparation required to 
specify the network loops. Furthermore, the required matrix inversion 
was time-consuming and had to be repeated for each subsequent case 
involving network changes. Later approaches used the bus frame of 
reference in the admittance form to describe the system. This method 
gained widespread application because of the simplicity of data prepara- 
tion and the ease with which the bus admittance matrix could be formed 
and modified for network changes in subsequent cases. Also, combina- 
tions of voltages and currents have been used as the independent varia- 
bles. This formulation uses a hybrid matrix consisting of impedance, 
admittance, current-ratio, and voltage-ratio elements. The ability to 
formulate efficiently the network matrices has led to the use of the bus 
frame of reference in the impedance form. However, the majority of 
load flow programs for large power system studies still employ methods 
using the bus admittance matrix. This approach remains the most 
economical from the point of view of computer time and memory 
requirements. 

The solution of the algebraic equations describing the power system 
are based on an iterative technique because of their nonlinearity. The 
solution must satisfy Kirchhoff’s laws, i.e., the algebraic sum of all flows 
at a bus must equal zero, and the algebraic sum of all voltages in a loop 
must equal zero. One or the other of these laws is used as a test for con- 
vergence of the solution in the iterative computational method. Other 
constraints placed on the solution are: the capability limits of reactive 
power sources; the tap setting range of tap changing under load trans- 
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formers; and the specified power interchange between interconnected 
systems. 


8.2. Power system equations 
Network performance equations 


The equation describing the performanee of the network of a power system 
using the bus frome of reference in impedance form is 


Faos = Zavslacs “BZ. 


bo 
— 


or in admittance form is 
Ieus = YeusEaus (8.2.2) 


The bus impedance and admittance matrices can be formed for the 
network including the ground bus. The elements of the matrices, then. 
will include the effects of shunt elements to ground such as static capaci- 
tors and reactors, line charging, and shunt elements of transformer equiva- 
lents. When the ground bus is included and selected as the reference 
node, the bus voltages in the network performance equations (8.2.1) and 
(8.2.2) are measured with respect to ground. 

If the ground bus is not included in the network, the elements of the 
bus impedance and admittance matrices will not include the effects of 
shunt elements and one of the buses of the network must be selected as 
the reference node. In this case, the effects of shunt elements are treated 
as current sources at the buses of the network and the bus voltages in the 
performance equations (8.2.1) and (8.2.2) are measured with respect to 
the selected reference bus. 

Using the loop frame of reference, the network performance equation 
in impedance forin is 


E1oop = Zrioopl oop 
or in admittance form is 
Troop = YroorE oop 


When the loop impedance and admittance matrices are formed for the 
network not including shunt elements, the dimension of the matrices is 
i X lL, where J is the number of links or basic loops calculated from 


l=e-—-n+l1l 
e is the number of elements, excluding the shunt connections, and 7 is the 


number of nodes. In this case, the effects of shunt elements are treated 
as current sources at the buses of the network. 
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If the shunt elements e, are included in forming the loop matrices, 
the number of elements of the network is increased by e,. The total 
number of elements is. then, e + e, and the number of nodes is increased 
ton +1. Consequently, the number of loops and the dimension of the 
loop matrices are increased by e, — 1. 


The different forms of network equations are summarized in 
Table 8.1. 


Table 8.1 Network equations 


Parameter form 


Frame of oe woes F Fees = eS A 
reference Impedance Admittance 
Bus Ears = Zeusi sus Iscs = YacsE ses 
Loop Exocp = Zroor! Loop ILoop = Y roopE Loop 


Bus loading equations 
The real and reactive power at any bus p is 
ee IQ» = EXT» 


and the current 1s 
(8.2.3) 


where I, is positive when flowing into the system. 

In the formulation of the network equation, if the shunt elements to 
ground are included in the parameter matrix, then equation (8.2.3) is 
the total current at the bus. On the other hand, if the shunt elements are 
not included in the parameter matrix, the total current at bus p is 


_ Py, — JQ 


where yp is the total shunt admittance at the bus and y,£, is the shunt 
current flowing from bus p to ground. 


Line flow equations 


After the iterative solution of bus voltages is completed, line flows can be 
calculated. The current at bus p in the line connecting bus p to q is 


i 
Ypq 


lpg = (Ep — Eq)¥nq + Ep 9 
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where y,, = line admittance 


Yoo = total Hine charging admittance 
i 
E> Hee = gurrent contribution at bus p due to fine charging 
The power How. rea! and reactive. is 
Poe = IQ p0 a Ee ini 


or 


? 
Iq 


9) 


5 yO o gk Tt 
Poq — Fey = Epis — Bahyoa + oa ope 


ps 


(8.2.4) 


where at bus p the real power flow from bus p to q :s Pp, and the reactive 
is Qpg. Similarly, at bus g the power flow from g tu pis 


Pop — JQer = EX(E, ~ Ey)¥pq + EVE, Ha (8.2.5) 


2 


The power loss in line p-q is the algebraic sum of the power flows deter- 
mined from equations (8.2.4) and (8.2.4). 


8.3 Solution techniques 


Gauss iterative method using Yaus 


The solution of the load flow problem is initiated by assuming voltages 
for all buses except the slack bus, where the voltage is specified and 
remains fixed. Then, currents are calculated for all buses except the slack 
bus s from the bus loading equation 


_ Pr ~ JV p=1,2,...,n7 (8.3.1) 
E* pws = 


where 7 is the number of buses in the network. The performance of the 
network can be obtained from the equation 


Tavs = YeusE avs (8.3.2) 


Selecting the ground as the reference bus, a set of n — 1 simultaneous 
equations can be written in the form 


B= 7 (To J. Yb) Ag cag 


gp 


(8.3.3) 


The bus currents calculated from equation (8.3.1), the slack bus voltage. 
and the estimated bus voltages are substituted into equation (8.3.3) to 
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obtain a new set of bus voltages. These new voltages are used in equation 
(8.3.1) to recalculate bus currents for a subsequent solution of equation 
(8.3.3). The process is continued until changes im all bus voltages are 
negligible. After the voltage solution has been obtained, the power at 
the slack bus and line flows can be calculated. 

The network equation (8.3.3) and the bus ioading equation (8.3.1) 
can be combined to obtain 


, 1 - UNS r By) Dp = i, 2, cee yg 
ies Y (8.3.4 
Pp Yop ara y pg p ~s8 ) 


q=l 

q=p 
which involves only bus voltages as variables. Formulating the load 
flow problem in this manner results in a set of nonlinear equations that 
can be solved by an iterative method. 

A significant reduction in the computing time for a solution will be 

obtained by performing as many arithmetic operations as possible before 
initiating the iterative calculation. Letting 


ers 
ao 7 


equation (8.3.4) can be written 


(Py 40s) big . p= | a ee a 
gee g aie , 8.3.5) 
rips 2 pa phe pra ( 


q~p 


Ey= 


Letting 

(P, — JQ) Lp = KL, 
and 

¥ big = Y Bog 


then, the bus voltage equation (8.3.5) becomes 


KL . p=1,2,...,n 
k,=—- YL as ? (8.3.6) 
E* 2 wm" op 8 
qI¥p 


The normal procedure for a load flow study is to assume a balanced 
system and to use a single-phase representation equivalent to the positive 
sequence network. Since there is no mutual coupling, the bus admittance 
matrix can be formed by inspection and many of its elements will be zero. 
Selecting bus 2 as the slack bus in the system shown in Fig. 8.1, the for- 
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a = i > 
1 (33 EG ay 
“ ba eee a. eae a = 
| Slack ‘ | —©) 
! : ale 


Bus q 

oe a ee ee a oe 
1 Yi, : Ya: Ns i, 
rae se 
2 Ye. Ye Yo Yay | 
fs fa sos ste at oenf at one 

3) Yq ve Ye 

Yeus Se ae 

4 Yh Yu ‘i Ye 
pemeenrermencieers as 

ae oe 
- — hn fe et 
a Tee 

Fig. 8.1 Single line diagram and bus admittance matrix 


of a power system. 


mulas for the Gauss iterative solution are 


K 
ne = ae = YLy.Ee at YIni3E3* = YLuE¢ 
(E}*) 
E, = specified fixed value 
KL 
i = ae — YLybk — YLasks* 
KL 
Ey = ao — YLaky ~— YLake 
KL 
ae TS — YLs2E2 — YLs,H* 
KL 
t= Gye ~ Vbals — YLeabd 


where the superscript k refers to the iteration count. 


The sequence of 


Form bus admittance matrix 
Yous 


Assume bus pultages 
E (oe) 
p 


pwi,2, mk pes 


7” i 

Form parameters of voltage equations 

KL, and YL». | 

p=1,2, A Opes gig, ee 
fae 


; Set tteration 
count k = 0 


a 


Set maximum voltage change max 4 Ele 0 
and bus count p=1 


Test 7 
for slack bus 


Equal 


Calculate change in voltage of bus p 
ko ke} k 
AE, ~E, -£, 


for maximum 
change in voltage 


[AE, RL: max AE* 


Greater 


Set 
max AE*=10E,'| 


Advance bus count 
ptl-+p 


Test 
for end of 
iteration 
pin 


Fig. 8.2 Load flow solution by the Gauss iterative method using Yavs. 
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steps for the load flow solution by the Gauss iterative method is shown 
in Fig. 8.2. 


Gauss-Seidel iterative method using Y gygs 


The bus voltage equation (8.3.6) also can be solved by the Gauss-Seidel 
iterative method (Glimn and Stagg, 1957). In this method the, new 
calculated voltage E}** immediately repiaces F* and is used in the solu- 
tion of the subsequent equations. For the system shown in Fig. 8.1, 
the formulas for this method are 


bel a = Vinky= Vink? + Vigk? 
E, = specified fixed value 

Be aan — YLn Bit) — Y¥Lasks 

oS om — YLuaEY — YLuke 

ER = aa = Vik Vike 

EM = an = Vioks=¥ Lab 


The sequence of steps for the load flow solution by the Gauss-Seidel 
iterative method is shown in Fig. 8.3. 


Relaxation method using Y guys 


The equations for bus currents are used for the solution of the load flow 
problem by the relaxation method (Jordan, 1957). From the network 


Greater 


Advance 
iteration count 
k+1—+k 


k kei: 
Replace E, by E, 


pw=l12,....7 pes 


Test 
for convergence 


max OE* : € 


Equal or | 
i 


bes Calculate line | 
LSS H 


flows and power | 
at slack bus | 
_ 


= 


Form parameters of voltage equations ' 
KL, and YL), 
p=1,2, nh pes g=lz, ae 


cone ae | 


| Set iteration: 


count k=0 


Set maximum voltage change max aE < 0; 
and bus count p=1 


i 
i 
1 


Test 
for slack bus 
pis 


Not equal 


Solve voltage equation for bus p 


Calculate change in voltage of bus p | 
k kei k 
OE, = ie SB, | 


change in voltage Greater 
IAB, lt max AE* 
Set 
Equal or less max AE Ms |AE, | 


Advance bus count 
pt+il-+p 


Replace ES by Ee aw 


Fig.8.3 Load flow solution by the Gauss-Seidel iterative method using Ysus. 
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performance equation (8.3.2), the current at bus p ts 
Tp = YE: + YooE2 >> + + YopBp > - > + Youd. 
This equation can be rewritten as 
Voki Yoke oo te VopE po 8b Vb ole > As 


where R, is a residual and represents the error si current st bas p resulting 
from the assumed voltage solution. For the system: siewn in Fig. 8.1, 
the formulas for the relaxation method are 


Yuk + YeEs + Yuk* + Yuké — iF = Ri 
Yakyt + Yak3t + Yaks&é — I3* = Rt 
Yok + Yuke& + Yok & —IT = Re (8.3.7) 
Ye2E2 + Y 533 + YssE5* og Ts = Ré 
Yoo. + Yoak& + Yooh! — I* = Re 


where the equation for the slack bus has been excluded since £, is specified 
and remains fixed. 
With the set of bus voltages 


(0> (0) (0) {Q) (0) 
Ey pig ,E pies pds 


bus currents are calculated from equation (8.3.1: and tnen bus residuals 
are calculated from equations (8.3.7). A voltage correction is obtained 
for that bus at which the residual R, is a maximum. If the current at 
bus p remained constant, the residual Rp would be reduced to zere by the 
voltage correction 


R k 
Ree, bok 
AE = — > 
pp 
Test 
Equai or less for end of 
iteration “ 
pin 
Advance 
| iteration count Greater 


k+1+k 


Test 
for convergence 


max SE*: € 


ener “Calculate itne 
less F 
jlows and power 
at slack bus 


ee eee 


Form bus admittance matrix 


Calculate bus currents 


pee Fi, ~I@p 
p 
(0). 
(E,”’) 
p=1,2,....1 p#s 


Sn Se 


Calculate bus residuals 


n 


(0) (oy 7 (oh 
Bs) Yoy By =I, 


q=l 


p=1,2,....2 ps 


f 


Set iteration 
count k =0 


} 


Determine maximum residual and set 


max R* = IR," | and bus number = p 


Calculate line 
flows and power 
at slack bus 


for convergence 


max R* Dé 


Calculate new voltage for bus p 
k+l k k 
+ 


Fig. 8.4 Load flow solution by the relaxation method using Yzvus. 
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An improved estimate of voltage for bus p is then 
EM = Et + AE,* 
and the new current is 
yet) = Py — JQ» 

ly\ «x 

» (EE) 
As a result of the change in the current, the actua! residual at bus p is 
f . > k +1 

he Si Ie 


Using the voltage E**?, the new residuals for buses other than p and the 
slack bus are calculated from 


lg = R¥& + YqpAE;,t oe 


This process is repeated, each time correcting the voltage corresponding 
to the largest residual, until all residuals are less than or equal to a 
specified tolerance. The sequence of steps for the luad tlow solution by 
the relaxation method is shown in Fig. 8.4. 


ee 
Calculate current at bus p 
| ples F,-/@, 

| P Rei 
| 


| Calculate residual at bus p 


Reta pti kt 
j 


\* 


P pore 


i 


Calculate residuals at other buses 


' 
i 
i Rei k : k ; 
| Ry =R, +Y,,3£, | 


L 


q=1,2,..., n q*¥p q¥s i 


i 


k 
Advance | Replace E, by E,, 
iteration count | i : 


k+1—+k i | 


k ke 
Replace R, by R, 
p=1,2,....n p¥s 
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Newton-Raphson method using Y zrs 


The load flow problem can be solved by the Newton-Raphson method 
using a set of nonlinear equations to express the specified real and reactive 
powers in terms of bus voltages (Van Ness and Griffin, 1961). The 
power at bus p is 


P, —jQp = sa (8.3.8) 

Substituting from the network performance equation (8.3.2) for [in (8.3.8), 

Py 90; = Bt YY Yok, (8.3.9) 
qg=l 


Since By = ep + jfp and Ypq = Gog — 7 Bpg, equation (8.3.9) becomes 
Py, — Qn = (€p — Fr) > (Gog — JBya)(€q + Ife) 
gz=l 


Separating the real and imaginary parts, 


Ph = > {ép(€gGnq + foBoa) + folfaGne — &¢Boa)} 
oe (8.3.10) 
Qp = . (fol(€eGne + faBoa) — nlfaGrg — CeBva)} 


q=l 


This formulation results in a set of nonlinear simultaneous equations, 
two for each bus of the system. The real and reactive powers P, and Q», 
are known and the real and imaginary components of voltage e, and fp 
are unknown for all buses except the slack bus, where the voltage is 
specified and remains fixed. Thus there are 2(n — 1) equations to be 
solved for a load flow solution. 

The Newton-Raphson method requires that a set of linear equations 
be formed expressing the relationship between the changes in real and 
reactive powers and the components of bus voltages as follows: 


H | ! 
P | 
lap, | [2% ... 2m [am am |] A 
i dey Aen | Of1 Ofn—1 
| hy gee OP acy |:8P es OP ge 
| AP iy : : : Aé€n—1 
Oe, O€n-1 ofy Ofn—1 
——| = | (8.3.11) 
fe) fe] ts] a 
| AQ, dQ oe Q1 dQ: eh Sete 9Q1 Afi 
Oe 0en_-1 oft Ofn—1 
OQn— AQn—-1 | 0OQn— dQn- 
ROR Qn—1 Qn-1 | OQn—1 Qn—1 Mies 
; dey O€n_1 of; Ofn—1 
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where the coefficient matrix is the Jacobian and the nth bus is the slack. 
In matrix form, equation (8.3.11) is 


Equations for deterinining the element- 1 the Jacohian can be 
derived from the bus power equations. The real power from equation 
(8.3.10) is 


Py = Cp(€pGop + frBopi + folfrGon — epBos) 
— D feplegGng + foBra) + Sot foliue — €¢ Bye (8.3.12) 
g=l 


ap 
pHei.g...,n—1 


1 


Differentiating, the off-diagonal elements of ./; are 
= = CeG ng — SrBog g* DP 


and the diagonal elements of J, are 


OP, 
dep 


= 2€pGnp + foBor — foBop + (ean + fe Boa) (8.3.13) 
=1 


g 
gp 


However, the equation for the current at bus p 1s 


a 


Tp = Cp + Jjdp = (Gop — JBop) (ep + dfn) + > igg Faye lee Ife) 


q=lh 
QP 


which can be separated into the real and imaginary parts 


Cp = CpG pp + foBop + > (€gGpq + foBoq) 
qg=l1 
qV=p 


dp = SeGpn _ epByp + >: (FeG ng a €4B pq) 
1 


= 
Q¥p 


(8.3.14) 


pol2pvev,ynel 


Therefore, the expression for the diagonal elements of J; can be simplified 
by substituting the real component of current c, in equation (8.3.13) 
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to obtain 


oP 
oe = €pGpp — SrBop + cy 
€p 


From equation (8.3.12), the off-diagonal elements of J. are 


aP,, : 
ae = @pBoq + faGy, GP 
ae 


und the diagonal elements of -/: are 
= eB yet 2)pGaa-— ep Don 2 > (faGng — €aB pa) (8.3.15) 


g=l 
gp 


aP, 
af 5 
The imaginary component of current from equation (8.3.14) is substi- 
tuted in (8.3.15) to obtain 


bP, 
af, 


= ¢pBop + fsGnp + dp 

The reactive power from equation (8.3.10) is 

Os = fol6sCrn + feBor) — tol SsCne ~ &Bys) 

+X, UoleeGor + feBoe) ~ eolSGon — @xBva)| (8.3.16) 


Ip 
p=1,2,...,n-1 
Differentiating, the off-diagonal elements of J, are 
4Q 
aa €pB sq + frG pq q~p 
de, 


and the diagonal elements of J; are 


AQ» : . 
oe = SoG pp 7 SrGpp = 2epBop _ ) (fiG aq nad €B pq) (8.3.17) 
Bp q=1 
Q¥p 


The imaginary component of current from equation (8.3.14) is substi- 
tuted in equation (8.3.17) to obtain 


Qs 


dey 


> €pBap ae FrG vp oF dp 
From equation (8.3.16), the off-diagonal elements of J, are 


<n = eG ag Te eB pa q#p 
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and the diagonal elements of J, are 


é ae 7 : 
0 iG Oe Sa el. eee ere A (8.3.18) 
Of, sat 

Qa 


The real component of current from equation ©8.3.14) is substituted in 
equation (8.3.18) to obtain 


as 


af, = —€)7pp + foBop + Cp 


Given an initial set of bus veltage- she reat and reactive powers are 
calculated from equations (8.3.19). The changes in power are the 
differences between the scheduled ana caicuiated values 


AP = Pp cecheduled) ae Py 
AQ,* = Q p (scheduled) = Q,* p= 1. De hp Se { 


The estimated bus voltages and calculated powers are used to compute 
bus currents in order to evaluate the elements cf the Jacobian. The 
linear set of equations (8.3.11) can be solved for Ae, and Af,, p = 1. 
2,...,n—1, by a direct or an iterative method. Then, the new 
estimates for bus voltages are 


1 
ep oa epk + Aeyt 
i = Se — Af sy 


The process is repeated until AP,* and AQ,* for all buses are within 
specified tolerance. The sequence of steps for the load flow solution by 
the Newton-Raphson method is shown in Fig. 8.5. 

The Newton-Raphson method can be applied also to solve the loac 
flow problem when the equations are expressed in polar coordinates. 
In polar coordinates 


E,= iB pje®> and Yoo = iV pects 


Substituting in equation (8.3.9), the power at bus p is 
Py, — JQ, = » |EpE GY pqle Tevet he Fe) 
g=1 


Since e7#r+8s-8) = Cos (Ap, + bp — 5g) — 7 Sin \Bpq + 5p — 4), the real 
and imaginary components of power are 

P, =- |EpEyY pq| COS (Op9 + 8p — 8g) 
: (8.3.19) 


& 
s 
il 


|B pH gY pg| Sin (Opg + 5p — 5g) DS ae hth oe I 
1 


Ths ibs 


Assume ie voltages 
a t 


pel2....n pes | 
eae oe 


Set veratiap 
aunt bea © 


k } i . rs ek { 
P," = y Ep* (€g* Gog t+ & Bayi fet Ut Gog e,* Bug) 


Calculate differences between 
scheduled and calculated poe 


| 

| 

i 

AP,* =P, oo | 

4Q,'= @, (scheduled) 

p#=l2....87n 

Determine maximum change 

in power max AP* and max AQ*! 


for convergence wi Calculate line | 


APH: ve flows and power | 


“ at slack bus j 
max ag’. L€ Seika eee 


Greater 


a. Equal 


\ 


Calculate bus currents 


| 
| _ Pot JQp" 
RRR TES a? neds. { 
Be | 
p=1,2, .n p#s | 


Calculate elements for Jacobian | 


l 


Fig. 8.5 Load flow solution by the Newton-Raphson method using Yavs.- 
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The elements of the Jacobian are calculated from equations (8.3.19) 
and are 


For Ji: 
aP 
55 7 (Bob e¥ ne: Sim (One + bp — 54) q=p 

gq 
aP ' 
a. = > (Lights pei Sin (8nq + 5, i a) 

Pp q=l 

ap 
For Js: 
oP, 
= E Y 1 «) 5 sS 5 oe ms 
iB. |EyY pqil COS (Ope + 5p a) q*p 
éP ; - a : 
iE, = 2|EyY ppi COS Opp + 2, iE e¥ py 208 Pag + 8p — 5g) 
q¥p 

For ds: 
to) 
a = —|E,E,Y5q| cos (8p, + 6,—5,) gp 

qg 
FE n 
or = > |B pHaY pq| COS (Ong + 5, — 5g) 
a5, 

QP 


Solve for voltage cerrections 


oo SSeS mo 


i ; Hl : 
| [AP sae lene Ae* 


> Calculate new bus voltages 


Advance i eft! =et+Ae,t 
ueration count : a 
} fee =f*sast 
k+i-+k | \ Pp p p 
p=12. .,0 p#s 
Replace e,* by e3*+ and [,* by (**) 
p=1,2, ..a p¥s 
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For J¢: 
fo] 
. = |E,¥5q| sin (Op¢ + 5p — 5¢) q~p 
aE 
a = 2|E,Y pol Sin Opp + y EGY pal SIN (@py + dp — 5) 
a, Pi on) 
q~p 


Then the equation relating the changes in power to the changes in the 
voltage magnitudes and phase angles fer the Newton-Raphson method is 


a8 Jy J» Aé 


AQ 


{pproximations to Newton-Raphson method 


In general, for a small change in the magnitude of bus voltage the real 
power at the bus does not change appreciably. Likewise, for a small 
change in the phase angle of the bus voltage the reactive power does not 
change appreciably. Therefore, using polar coordinates, a solution for 
the load flow problem can be obtained assuming the elements of the sub- 
matrices J, and J; are zero (Carpentier, 1963). The simplified matrix 
equation 1s 


alk 
AQ | 0 aelelcd 


Successful solutions can be obtained also by reevaluating the Jacobian 
in only the first few iterations. 

When using rectangular coordinates. a solution to the load flow 
problem also can be obtained by neglecting the off-diagonal elements of 
the submatrices J;, J2, Js, and J,of the Jacobian (Ward and Hale, 1956). 
This results in the following equations for the changes in real and reactive 
power at bus p: 


AP, = =~: —A 
dep Bere Of Ip 
= Aep(epG pp —_ frB pp + Cp) + Aye, P op ap feGpp + dy) 
IQ» aQ> 
AQ, = — ae 
Q» ae Aeéy + af, Af, 


= DO Oa B ae fg pp ap) Afp(—epGop + foBpp + Cy) 
p=1,2,...,n—1 
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These equations can be solved using the Gauss-Seidel iterative method. 


Gauss iterative method using Zsgus 


Selecting an initial set of bus voltages, bus currents can be calculated 
from 
p=1,2,....%0 


sted 1G 
nr a a 


(8.3.20) 
where ‘he shunt connections are treated as cirrent sourees. A new 
astimate of voltages can be obtained, then, from, Sh» bus umpedance 
network equation 


Esus = Zausleus + Er (8.3.21) 


where Ep is the vector whose elements are all equal tv the voltage of the 
slack bus and the bus impedance matrix formed by using the slack bus 
as reference is of dimensionn — 1X n—1. The new valtage estimates 
are used in equation (8.3.20) to recalculate bus currents. The process is 
repeated until changes in all bus voltages are within a specified tolerance. 
This method of solving the load flow problem uses *he Gauss iterative 
method since the new bus currents are recaictilated oniy after the corn- 
pletion of an iteration. 

Applying this method to the system given in Fig. 8.1 with bus 2 
as slack (reference), the formula obtained fromm equation (8.3.21) is 


oe 


6 
ie rs Ey oe > Z pal g* P = ils 3, 4, 5, 6 


qzil 
q 2 
where 
Py, — jQ¢ . 
I= (ES* — Yahi 


Gauss-Seidel iterative method using Zpus 


The Gauss-Seidel iterative method can be applied also for the solution of 
the load flow problem using the bus impedance network equation 
(El-Abiad, Watson, and Stagg, 1961). The bus voltage equations 
(8.3.21) are solved one at a time in the order established by the bus 
coding. After each equation is solved to obtain a new estimate of bus 
voltage, the corresponding bus current is recalculated. Then the formula 
for the system given in Fig. 8.1 is 


p-l 6 
Da = By+ > VAAN he + > Lgl pee 1,3; 4, 3,6 
=1 q 


=p 
q #2 qv2 


Form bus impedance matrix 


pus 


Assume bus voltages 
(a3 Hl 
E, 


p~-12,...." pes 


aa 
Calculate bus currents | 
lel Se pte | 
?. (o)\* ee maa 
(ES) | 
pw7=i,2.. n p*s | 
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= 


Set iteration | 
count k= 0 
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Set maximum voltage change max aE* =0) 
and bus count p = 1 ' 
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for slack bus 
pis 


Equal 


Not equal 


Calculate voltage for bus p 


p=1 ad 
k+1 keh k 
E, =, +) Zyl + >) 2oaty 
g=1 q-P 


ques qes | 
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Fig. 8.6 Load flow solution by the Gauss-Seidel iterative method using Zaus. 
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where 


P, — JQ 
[ar 8 ay, kt} 
@ (E***)* g 
The sequence of steps for the load flow solution by this method is shown 
in Fig. 8.6. 


Gauss iterative method using Yivor 


The performance equations of the network in the loop frame ef reference 
are not in terms of the bus quantities required for a loag Ncw solution. 
In using loop matrices, therefore, it is necessary to convert from the 
initial assumed bus quantities to the loop quantities required for the 
solution technique and then to relate the changes in loop quantities back 
to bus quantities. 

As in the previous methods. initial voltages are assurned for all buses 
except the slack bus. Then, bus currents can be calcuiated from 


p=1,2,...,7 
ps 


— yply 


1 


| Replace E,! by E, 


Advance bus count 


pt+i--p 


ket 


Test 
for end of 
iteration 


Equal or less 


Advance 
iteration count 
k+1—+k 


| k kel 
| Replace I,” by I, 


kel,2...,n ps 


Equal or 


less 


Test 
for convergence 


max OE? : ¢ 


Calcuiate line i 


| flows and power 
at slack bus 


aes 


Greater 
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In order to use loop quantities it is necessary to estimate a flow of current 
through the network resulting from the calculated bus currents. An 
initial estimate of current flow can be obtained by assuming that the bus 
currents flow only through the tree of the network. Then the initial 
link currents are zero and the branch currents are 


i, = Klaug 


where & is the branch-path incidence matrix. With the assumed current 
flow. the voltage across each element can be calculated from 


b= [2k (8.3.22) 


where [z] is the primitive impedance matrix. The loop voltages Exoop 
and 6 are related by 


E,oop = —C% (8.3.23) 


where C“ is the transpose of the basic loop incidence matrix: Substituting 
for # in equation (8.3.23) from equation (8.3.22), 


Eroop = —C'lz]t (8.3.24) 


where E’,o0p represents the errors in the loop voltages. The loop voltages 
must be zero for a load flow solution since the network excluding all shunt 
elements does not contain any sources. 

To obtain an improved estimate of current flow in each element, 
loop balancing currents can be calculated from 


Loop = YroopE oop (8.3.25) 


where Yz9op is the loop admittance matrix and does not include the effects 
of shunt elements. The loop balancing currents are superimposed on 
the previously estimated flows to obtain new current estimates. The 
changes in branch currents can be obtained from 


Ai = Ctl oor (8.3.26) 


where Cy is the submatrix relating branches and basic loops in the basic 
loop incidence matrix. The changes in the link currents are equal to 
the loop balancing currents. The new branch currents are used to 
calculate new bus voltages from 


Esvs — Er = K'[2l% (8.3.27) 


where [z] is the primitive impedance matrix for branches only and Er 
is the vector whose elements are all equal to the fixed voltage of the 
slack bus. 
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The new estimates of bus voltages are used to reestimate bus cur- 
rents. The changes in the bus currents are 


p=1,2,....n 


Alf = Ip TS eg 


Then the changes in branch currents due to the changes in bus currents 
ean be calculated from 


Aig > KAl bys 

These changes are added to the previous branch currents to obtain 

i = + Ae 

With the branch currents % and the previous link currents i{~*, the new 
loop voltages are obtained from equation (8.3.24). The loop balancing 
currents are calculated from equation (8.3.25). The changes in the 


branch currents due to the loop balancing currents are calculated from 
equation (8.3.26). Then the new estimated branch currents are 


= 7 Jk 

igt = % + Col too 

and the new link currents are 
= =k~-1 Tk 

ik = + Dinop 


New estimates of bus voltages are obtained from equation (8.3.27). 
The process is repeated until all loop voltages become negligible. 

The sequence of steps for the load flow solution by this method is 
shown in Fig. 8.7. 

A solution of this type was employed first for digital load flow studies 
(Dunstan, 1947). However, the early methods used real and reactive 
power by assuming line flows and calculating voltage drops and phase 
angle differences in order to determine balancing loop power flows. 
Transmission losses had to be estimated during the iterative process. 


8.4 Acceleration of convergence 


In some cases the rate of convergence for an iterative process can be 
increased by applying an acceleration factor to the approximate solution 
obtained from each iteration. Let @ and 6 be the acceleration factors 


respectively for the real and imaginary components of voltage. The 
accelerated values are 
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Fig. 8.7 Load flow solution by the Gauss iterative method using YLuor. 
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8.5 Examples of load flow calculations 


The methods for solving the ioad flow problem will be illustrated for the 
sample power system given in Fig. 8.8. 


Problem 


With bus | as the slack, use the following methods tc obtain a load flow 
solution: 

a. Gauss-Seidel using ¥,.< with acceleration factors of 14 and 14 
and tolerances of 0.0001 and G.Q001 per anit for the real aud imaginary 
components of voltage 

bh. Newton-Raphson using Yers. with tolerances of 0.01 per umt for 
the changes in the real and reactive bus powers 

ce. Gauss-Seidel using Zgrs, with voltage roverances of 0.001 and 0.001 
per unit 

d. Gauss using Yioop, with loop voltage tolerances of 0.01 and 0.01 
per unit 
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Fig. 8.8 Sample system for load flow solution. 


Solution 

The transmission line impedances and line charging admittances in per 
unit on a 100,000 kva base are given in Table 8.2. The scheduled genera- 
tion ane loads and the assumed per unit bus voltages are given in Table 8.3. 


Table 8.2. Impedances and line 
charging for sample system 


Bus code Impedance Line charging 
P-q Zp¢ Vpq/2 
1-2 0.02 + 70.06 0.0 + 70.030 
1-3 C.08 +- 70.24 0.0 + 30.025 
2-3 0.06 + 70.18 0.0 + 70.020 
2-4 0.06 + j0.18 = 0.0 + 70.020 
2-5 0.04 + j0.12 0.0 + 70.015 
3-4 0.01 + 70.03 0.0 + 70.010 
4-5 0.08 + 70.24 0.0 + 50.025 
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Table 8.3 Scheduled generation and loads and assumed bus 
voltages for sample system 


Generation Load 
Bus code Assumed 4 Apna sae 
p bus voltage Megawatts Megavars Megawatts Meyavars 
1 1.06 + 70.0 4 0 & c 
2 1.0 + 70.0 40 30 20 id 
3 1.0 + 70.0 0 0 45 5 
4 1.0 + 0.0 0 0 40 5 
5 1.0 + 0.0 0 0 60 10 


a. The equations for the Gauss-Seidel iterative soiution, using the bus 
code numbers given in Fig. 8.8, are 


E, = 1.06 + 70.0 


KL Task 
Eo ast — YEnk, — YIuE* — YLak& — YLosk* 
KL 
Be ~ Eb 29. V Labi YLyky* — YLuké 
KL 
B= & HF — YLeEi! — YLeE%! — Y¥Luk# 
4 
kth KLs 


Ss VE a Vigee 


In order to calculate the parameters for these equations, it is neces- 
sary, first, to determine the elements of the bus admittance matrix from 
the transmission line and line charging admittances with ground as refer- 
ence. The transmission line admittances, obtained by taking the recipro- 
cal of the line impedances, are shown in Table 8.4 along with the total 
line charging admittance to ground at each bus. Since there is no 
mutual coupling in the representation of the system. the diagonal ele- 
ment of the bus admittance matrix for bus 1 is 


Yu =Yyet+ yistn 
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Table 8.4 Line admittances and 
admittanees to ground for 
sample system 


Bus code Line admittance 


P-q Yr 
1-2 5.00000 — 715. GO00G 
(23 1.25000 — 32 7500¢ 
328 1.66667 — 75. 00000 
2-4 1.66667 — 75 00000 
2-5 2.50000 — 37 50000 
3-4 10.00000 — 730. 00000 
4-5 1.25000 — 3.75000 

Bus code Admittance to ground 

p Yr 

1 0.0 + j0.05500 

2 0.0 + 70.08500 

3 0.0 + 70.05500 

4 0.0 + 70.05500 

5 0. 


0 + 70.04000 


where y; is the sum of the line charging to ground at bus 1. 


5.00000 — 715.00000 
1.25000 — 73.75000 
0.0 + 0.05500 
6.25000 — 718.69500 


The off-diagonal elements associated with bus | are 


Yro = Yau = —yie = —5.00000 + 715.00000 
Yuu = Yar = —yi3 = —1.25000 + 73.75000 


Thus, Yu is 


oOOIs Tf ~ Gouge — jodOsL Ef + OOUEE TE - oen00g 26 + ODDEST S— ny 


gousz'ef + oonse 1 — jouscg'ssé — LodI@|t  loagau us! - OOUBO'AT—;OHO00'GE + L9999T — QQ) 


OOU00' OEE 4+ OOOOU'OT = JOOGGO'Sef ~ L910 ZT ganga's® + 29969 T— JouOgL ef + OOUgE E- se) eer 


oooos' ef + ODdOgS— jHODOd"GE + £9999 T— jOQQGO'G! + LO99NT— )OOUTR AK — FEEES OL foOGdU'ETL 4+ OGGOQ'E — |e 


ooggs el + GOOULAT ougoN's1& 4- QO0000'S — OOLGO NIL — Hoag 
) ® ® * © 


st woysds opduius oy ILOJ YOUDIOJOI SV punois YAR XT ue DULPMApPL sag oy PT, 
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The KL,’s are obtained from the equation 
: : 1 
KLy = (Pp — jQz)Lp = (Pp ~ Js) 5 p=1,2,...,27 
PR 
where P, — jQ, is the net load in per unit at the pth bus. For bus 2 
I 


10.83334 — /32.41500 
0.00740 + j0.00370 


Kis 


(0.20 — 30.20) 


The AL,’s for all buses are given in Table 8.5. 
‘The YL,,’s are obtained from the equation 


For the element 1-2, 


1 


a "15,0000 re 
Faz = (—5.00000 + 915.0000) § >= nog — 718.69500 


= —0.80212 + j0.00071 


The Y¥L,,’s for all elements are given in Table 8.6. 

It is not necessary to calculate the parameters associated with the 
slack bus for the solution of a particular load flow. For actual planning 
and operating studies, however, the slack bus is frequently changed in 
subsequent load flow eases. This type of change can be made readily if 
the parameters of all buses are calculated and stored in the appropriate 
data lists. 

The first step in the iterative solution is to calculate a new estimate of 
the voltage for bus 2. The new estimate from the equation 


Table 8.5 Bus parameters for 
sample system 


Bus code 
P KL, 


1 0.0 + j0.0 
2 0.00740 + j0.00370 
3 —0. 00698 — 0.00930 
4 —0.00427 — j0.00891 
5 —0.02413 — 0.04545 
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KL . ga ek 
EY = Ems = Fig he Vigke = YIKES =H VLE, 
2 
1S 
.00740 + 70.0028 ; 
BY = SE ee ae (0.46264 + j0.60036) (1.06 — 70.0) 


1.0 — 70.0 
— (—0.15421 -+ 70.00012) (1.08 + 6.6) 
— (~0.15421 -+- 70.00012)01.0 + 904; 
— (—0.23131 + j0.00018) 1.6 + 210) 
1.03752 + 0.00290 


The change in voltage is 

AES? = 0.03752 + j0.00290 

The accelerated value of bus voltage from the equation 
Py donee = EY + aA Ey? 

is 

 eceteratedy = 1-0 + j0.0 + 1.4(0.08752 + 70.00290) 
1.05253 + 70.00406 


i 


This value replaces the initial estimazed value of voltage for bus 2 and is 
used in subsequent calculations of voltages fur the remaining buses. The 


Table 8.6 Line parameters for 
sample system 


Bus code 
p-y YLpq 


iL 
i) 
| 

foo) 


.80212 + 70.00071 


1-3 —0.20053 + 70. 00018 
2-1 —0. 46263 + 0.00036 
2-3 —0.15421 + 0.00012 
2-4 —0.15421 + j0.00012 
2-5 —0.23131 + j0.00018 
e231 —0.09690 + j0.00004 
3-2 —0.12920 + j0.00006 
3-4 —0.77518 + 50. 00033 
4-2 —0.12920 + 0.00006 
4-3 —0.77518 + j0.00033 
4-5 —0.09690 + 70.00004 
5-2 —0.66881 + 0.00072 


5-4 —0.33440 + 70. 00036 
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new estimate of the voltage for bus 3 from the equation 


bo «, SKE eek tee ee 
EY = (E@* — YLak, — YLe»EY — Yiuk 
is 

— 0.00698 — 0.00930 | 
Pier ieee = (9 ioneee 700000 106-900) 


— (—0.12920 + 70.00006) (1.05252 + 70.00406) 
—~ (—0.77518 + 70.00033) (1.0 + 30.0) 
1.00690 — 30.00921 


The change in voltage is 
AES = 0.00690 — 70.00921 


The accelerated value of bus voltage from the equation 


ee nee = be + ad EY 
is 
E'S scceteratea) = 1.0 + 70.0 + 1.4(0.00690 — 0.00921) 


= 1.00966 — 70.01289 


This value replaces the initial estimated value of voltage for bus 3. The 
process is continued for the remaining buses to complete one iteration. 
If the process has not converged, new estimates of voltage are calculated 
for all buses, starting again with bus2. The bus voltages for all iterations 
are given in Table 8.7 and the changes in voltages in Table 8.8. 


Table 8.7 Bus voltages from the Gauss-Seidel iterative 
solution using Yacs 


Bua voltages 


Tteration 

coun’ ~~ ag tet 
k Bus 2 Bus 3 Bus 4 Bus 5 
(@] 1.0 + 70.0 1.0 + j0.0 1.0 + 70.0 1.0 + 70.0 
1 1.05253 + 70.00406 1.00966 — j0.01289 1.01579 — 30.02635 1.02727 — 70.07374 
2 1.04528 — 70.03015 1.02154 — 30.04227 1.02451 — 30.06353 1.01025 — 30.08932 
3 1.04732 — j0.03618 1.02637 — j0.07153 1.02394 — 30.08326 1.01712 — 30.09826 
4 1.04964 — j0.04730 1.02395 — 70.08289 1.02268 — j0.09079 1.01575 — 30.10787 
5 1.04749 — j0.05016 1.02300 — 70.08693 1.02148 — 30.09393 1.01315 — 70.10782 
5 1.04708 — 30.05057 1.02195 — 70.08877 1.02036 — 30.09473 1.01316 — 70.10873 
T 1.04678 — 730.05127 1.02106 — 70.08901 1.01977 — j30.09493 1.01256 ~— j0.10908 
iy 1.04639 — 70.05120 1.02070 — 370.08913 1.01945 — 70.09501 1.01224 — j0.10893 
fe) 1.04630 — 30.05123 1.02048 — 370.08918 1.01927 — 70.09502 1.01219 — 0.10904 
10 1.04623 — 70.05126 1.02036 — 70.08917 1.01920 — j0.09504 1.01211 — j0.10904 
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Table 8.8 Changes in bus voltages from the Gauss-Seidel iterative 


solution using Y aus 


Ttera- Changes in bua voltages 
tion 
count Se 
k Bus 2 Bus 3 Bus 
a) 00 + 50.0 20 + 70.0 9.0 — 3b 
1 ) 052558 + 70. 0040€ v0 00966 — 70.0128 Q.O0197T9 — ju 
2 ~0 00724 -- 70.0342; 0.61188 — 70.02938 Q 
a & 90204 ~ 30 0608 © 90483 — 70.02926 ~( O0S7 us 
4 0.00232 - j70.91112 -~0 00242 — 30.01130 —8 WI2Ze - » 
5 —0.00215 — 70.00286€ -0.00095 — 70.00404 -C UNT2 oom 
6 —0.00041 — 70 00041 ~0.00105 — 70.00184 --0 O0112 - +0 
7 -—O 00030 — 70.0007¢ 6 00089 — 70.00024 -90.00059 - 2% 
8 —0.00039 + 70.00007 -~9.00036 — 0.00012 ~O0 00022 - +6 
9 —0.00009 — 30.00003 -6.00022 — 30.00005 --0 00018 - 3% 
10 —0.00007 — j0.00003 —-06 00012 + 70.00001 —-G 00007 -- 7% 


+ 30.6 
70 OTRT4 
30 O1L558 
2) OUSO4 
or 109681 
MERE + 1 OOOOS 
SOCAL — 2 90081 
SO08G ~ 70 O8035 


1 00032 — 30.00015 


00065 — jG. 00011 
00608 - 70.00000 


Note: The changes in bus voltages given in this table are the differences between the accelerated 


values. 


The tolerance test was made on the unaccelerated vcliage ip cvtermining convergence. 


The line flows are calculated with the finai bis voltages and the given 


line admittances and line charging. 


the equation 


Pog IG. = EES 
is 
Pi, = JQi» = 


A jit jee ee 


2 


(1.06 — j0.0) {1.06 + 70.0 


— (1.04623 — j0.05126)}(5.0 — 715.0) 


+ (1.06 — 70.0)(1.06 + 70.0)(0.0 ~ 0.03) 


= 0.888 + 70.086 


The flow in megawatts and megavars is 
Py. — JQie = 88.8 + 78.6 
The flow in line 1-2 at bus 2 is 


Po — IQa1 


— (1.06 + j0.0)}(5.0 — j15.0) 
+ (1.04623 + 70.05126) (1.04623 — 70.05126)(0.0 + 30.3) 


—0.874 — 70.062 


or in megawatts and megavars, 


Poy — jQr = —87.4 — 76.2 


(1.04623 + j0.05126) {1.04623 — 70.05126 


All line flows for the system are given in Table 8.9. 
The slack bus power can be determined by summing the flows on the 


The flow in line 1-2 at bus b trom 
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Table 8.9 Calculated line flows 
for sample system 


us code Hone tems 
P-q 
Megawatts Megavars 

1-2 88.8 —8.6 
1-3 40.7 1.1 
2-1 — 87.4 6.2 
2-3 24.7 3.5 
2-4 27.9 3.0 
2-5 54.8 7.4 
3-1 —39.5 —3.0 
3-2 —24.3 —6.8 
3-4 18.9 -5.1 
4-2 —27.5 —5.9 
4-3 —18.9 3.2 
4-5 6.3 —2.3 
5-2 —53.7 —7.2 
5-4 —6.3 —2.8 


lines terminating at the slack bus. The real slack bus power is 129.5 
megawatts and the reactive power is —7.0 megavars. 

b. The matrix equation for the solution of a load flow by the Newton- 
Raphson method is 


PW cae Jy J Ae 


AQt | Je | Jé | | Aft 


—! 


This equation does not include the slack bus. The changes in bus powers 
are obtained from 

APs me Pa tetheauied) — Feat 

AQs* = Qp (scheduled) ora Q p* 

where Pp (scheduled) 2Nd Qp (scheduled) are the net bus powers in per unit and 


are obtained from Table 8.3. The calculated bus powers are obtained 
from the equations 


Pi = (ep tee Ogg Je Oy) es Gr on = By) } 


Qr* 


I 


hs iM» 


ite Gn Tie Bm) = tse Om = @y' Bisa) } 
1 


q 
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using the nutial bus voltages given in Table 8.3 and the elements of the 
bus admitiance matrix. 
The real and reactive power for bus 2 are 


PY = 1.071 0& 8.00000) + 0.0(—14.00000} } 
~ G99 ~4 90000) — 1.06(—15.00000) | 

i.) 190 83334) + 0.0(32.41500) ; 
JOG AW 1.838234) — 1.0(32.41500)! 

~ ts) OC -1.86667) + 0.0(—5.00000)! 
+ 3.O'C (— 1.66667) — 1.0(—5.00000) | 
++ 1.01840 -1.66667) + 0.0(—5.00000) | 
~ $0,405 — 1.66667) — 1.0(—3.00000)} 
1.0/1.0/ 2.30000) + 0.0/—7.50000}! 
+ 96'9.01 —2.50000) — 1.0(—7.50000) ; 
— 0.30000 


4 


a2 % 


4 


i 


and 


QS = 0.0'1.06/ —5.00000) + 0.0( —15.00000) } 
-- 1.0{0.0~5.00000) ~ 1.06¢—15.00000) } 
+ 0.04 1.0(10.83334) + 0.0(32.41500)! 
— 1.0/0.0(10.83334) — 1.0(32.41500) } 
~ 0.0'1.0( — 1.66667) + 0.0 —5.00000) } 
— 1.0{0.0(—1.66667) — 1.0(—5.00000)} 
+ 0.0} 1.0(—1.66667) + 0.0( 5.00000) } 
— 1.0{0.0(—1.66667) — 1.0(—5.00000) } 
+ 0.0}1.0(—2.50000) + 0.0/—7.50000) } 
— 1.0/0.0(—2.50000) — 1.0( —7.50000) | 

= —0.98500. 


The powers for the remaining buses are 


P® = —0.07500 
P® = 0.0 
P® = 0.0 
Q® = —0.28000 
® — —0,05500 
Q = —0.04000 


The changes in the real and reactive power for bus 2 are 


AP,” = 0.20000 — (—0.30000) = 0.50000 
AQ,” = 0.20000 — (—0.98500) = 1.18500 
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The changes in powers for the remaining buses are 


AP = —0.37500 
SPS = —0.40000 
AP.” = ~0.60000 
AQ." = 0.13000 
AQ, = 0.00500 
AY, = —0.06000 


The bus currents used to determine the elements of the Jacohian can 
be computed from the equation 
_ Pst — JQs* 


Tof 
P (E,*)* 


The current for bus 2 is 


—0.30000 — j(—0.98500) 
1.0 — 70.0 
= —0.30000 + j0.98500 


ly = 


The components of the current for bus 2 are, then, 


Cx — 0.30000 
da.” = 0.98500 


I] 


The components of currents for the remaining buses are 


c= —0.07500 
dy’ = 0.28000 
ee 0) 

d{' = 0.05500 
c” = 0.0 


d‘® = 0.04000 


The elements of the Jacobian are calculated using the bus voltages 
and currents and elements of the bus admittance matrix. The diagonal 
element in the first row of J,* from the equation 


aP, = pk k k 
ee, = ¢s'Gpp — Se" Bop + Cp 
ep 
is 
OP, 2 
Fen = 1.0(10.83334) — 0.0(32.41500) + (—0.30000) 


= 10.53334 
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and the off-diagona: elernents from the equation 
oP, 


ey = €p'Gpq — Set Bog 


i 
| 
tl 


1.01 — 1.66667) ~ 6.00--5.0000@) = -- 1.66667 


1.0( - 1.66667) —- 6.0/—5.00000) = -- 1.66667 


| 


| 
I 


1.0(—2.50000) ~ 0.0(—7.50000) = 


~- 2.50000 


The diagonal element in the first row of ./-t from the equation 


dP» Eek k k 
= €y' Bop + fo'Goo + dy 
ofp 
is 
OP, oh Se . = 
ah = 1.0(32.41500) + 0.0(10.83334) + 0.98500 
2 


= 33.40000 


and the off-diagonal elements from the equation 


OP, 
af, 


il 


€p'Baq + fo*Gog 


are 


OP, 
Of; 
OP, 
ofa 
aPs 
ofs 


1.0(—5.00000) + 0.0;—1.66667) = —5.00000 


1.0(—5.00000) + 0.0(— 1.66667) = —5.00000 


1.0(-7.50000) + 0.0(—2.50000) = —7.50000 


ll 


The diagonal element in the first row of J3* from the equation 


é 
~ = ep Bop + fo'Gpp — dy* 
ep 


and 
ad 
dey 
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= 1.0(32.41500) + 0.0(10.83334) — 0.98500 
= 31.43000 


the off-diagonal elements from the equation 


= f'G5, + ¢s' Bog 


0.0( — 1.66667) + 1.0(—5.00000) = —5.00000 


| 


ll 


— 5.00000 


0.0( — 1.66667) + 1.0(—5.00000) 


0.0( ~2.50000) + 1.0(—7.50000) = ~—7.50000 


diagonal element in the first row of J,* from the equation 


ee EG ge of Te Bag ree 


= —1.0(10.83334) + 0.0(32.41500) + (—0.30000) 
= —11.13334 


the off-diagonal elements from the equation 


Lee 
= fp' Bog — €p*Gpg 


_ 0.0(—5.00000) — 1.0(—1.66667) = 1.66667 
- = 0.0(—5.00000) — 1.0(—1.66667) = 1.66667 


* = 0.0(—7.50000) — 1.0(—2.50000) = 2.50000 


ooosL’€ — | 000Se'T 0°0 0000¢ °< OOOLT TT 00082. 0°0 : QO00G 2 — 
000S6" T Z9916°Gt— | 00000 OT : £9999 T oooyn'¢ = ooors “3¢ a0000° 08 | 0000" a 
0°0 00000 OT L9166 GI — | £9999 T - 00 oooon'o¢— Prater 00000 = 
0000S °% £9999 T £9999" T (pace ed as as 0000s" = 00000" ¢ a avon" ¢ —  aooer: It 
000¢% ‘TT ooo¢cL € — 0°0 oo00g 2 — | O00GL' Ss 000¢6'T — 00 . NOONE CG = 
000e2 § — | 000EL 8é 0000" 0 = | eg000"¢ 2 ‘ooo’ T — “1906: zt . ‘00000°01— ie : 
00 | oo000oe— | ooves'se  ooo0's — f 00 o0000°OT~ | sori aT sumer 
ao00e" 2 — | Q0000°¢ — ao000 ¢ as “ Q00or et . nono 2 — “19900°1 a neue = eeu 


SIQ = ¥ UdYA UTIGOIUS OY? ‘SMO AUIUIVULOL OY] JOP SPUD VYA UIE]GO 07 ssooodd oY TUQradoy 
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The solution of the matrix equation for Ae, and Af,, p = 2, 3, 4, 5, 
can be obtained directly from 


Ae 


ee 


where the inverse of the Jacobian is 


| 91sz6 | .01403 01492 orzze | 95478| .04208} .04477, .0517 


: pana DS eens | “ 


7 
| 01403 .03167 62828 01888 04208 09502) .08469' 05665 


01492 02823! .03367 02131 | 04477) 08469, .10101! 06393! 


| | 
01726 | 01888 02131 04577 | 05177] .05665 06393. 13670] 
ee eee 4 


04771 | 03499 03752 04428 |— .01627)— .01214/ — 01302) — 01529] 


03499 | .08567 07551 ° .04846 |— 01214) — .02933' — 02597 — 01687; 


1 


: | 
.03752 | .07551 . O91SS 05559 |— 01302 — 02597; — 03148] ~ 01930, 


04428 | 04846 = .05559 12796 |— .01529|— .01687| — .01930) — .04357) 


The voltage change vector is 


0.05505 | 
0.03176 
0.03136 | 
0.02632 


—0.05084 
~0.09123 

(0) | | 
as | 0.09747 | 
| | 0.11284 | 


The new bus voltages are obtained from the equation 
Be) SE ARS 

and after the first iteration are 

EW = 1.05505 — j0.05084 

EY = 1.03176 — j0.09123 

E® = 1.03136 — j0.09747 

EGY = 1.02652 — j0.11284 
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These values are used to compute the bus powers and currents and ele- 
ments of the Jacobian for the next iteration. The changes in bus voltages 
for all iterations are given in Table 8.10 and the bus voltages in Table 
8.11. The process is terminated when the changes in both real and reac- 
tive power at each bus are less than 0.01 9 The changes in powers for all 
iterations are given in Table %.12. 

The line flows can he calculated as shawn previensly and are given 
in Table 8.9. 


Table 8.10 Changes in bus voltages fram the Newten-Raphson 
solution using Y aus 


Itera- Changes tn bus oohuges 
tton 
count 7 ee am = . ° Se 
k Bus 2 Bus 3 Buc 4 Bus 5 


ie) 00 + 70.0 0.0 +700 9.9 aye u a0 + 30.0 
1 0.05505 — 30.05084 O 03276 ~— 70 99123 8 : J 02652 ~ 39 11284 
2 —0 00876 ~ 3000044 -0 01132 + 30 90201 --S 012668 + 76 00236 9.01424 + 30 00872 


Table 8.11 Bus voltages from the Newton-Raphson solution using Y ars 


Bus voltages 


Iteration 
count Bee ee ee ae tees 
k Bua 2 Bus 3 Bust Bus 5 
0 + 70.0 1.0 + 30.0 Tech + 70.0 1.0 + 70.6 


1.0 
1 1.05505 — j0.05084 1.03176 — 70 09123 4.03136 — 30.09747 1 02652 — jO 11284 
1.04629 — j0.05128 1.02043 — j0.08922 1% 91936 ~ 70 09508 1.01228 ~ ;0.10909 


ix} 


Table 8.12. Changes in bus powers from the Newton-Raphson 
solution using Y acs 


Ttera- Changes in bua cowere 
tion ; a 7 
count ane _ —— oo 
k Bus 2 Bus3 Bus4 Bus 5 


0 0.50000 ~ 91.18500 -0.37500 — 70.13000 -6.4000% — ju 00500 —0.60000 + 70.0600 
1 —0.09342 + j0.03857 -—0.00103 + 70.03586 O QTITE + 70 03871 0.02244 + 70.06563 
2 0.00073 + 70.00037  ~—0.00010 + 70 00037 6.00003 + 30.00044 0.00006 + 70 00094 


ae ee 


7 
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Prior to initiating the iterative process it is necessary to calculate 
the bus currents with the scheduled net bus powers and assumed initial 
bus voltages. From the values given in Table 8.3, the net bus powers in 
per unit are obtained and substituted in the equation 


The currents for all buses, except the reference, are 
7 3 


ig = ree tk — (0.0 + 0.085) (1.0 + 70.0) = 0.200 — 70.285 

1? = i — (0.0 + 30.055)(1.0 + 70.0) = —0.450 + 70.095 
Io = SS ~ (0.0 + 70.055) (1.0 + 70.0) = —0.400 — 70.005 
[2 = oie — (0.0 + j0.040)(1.0 + 70.0) = —0.600 + 70.060 


The first step in the iterative process is to calculate a new estimate >t 
the voltage for bus 2 by multiplying the first row of the bus impedance 
matrix by the vector of bus currents as follows: 


EP SES tl a Dl Pare a9 

(0.0168751 + j0.0505714) (0.200 — 70.285) 

+ (0.0125714 + j0.0377143)(—0.450 + 70.095) 
+ (0.0134286 + 70.0402857)(—-0.400 — 70.005) 
+ (0.0157143 + j0.0471429)( —0.600 + 70.060) 
— 0.00888 — j0.05399 


I 


Since the voltage at the reference bus has been specified. as giver. ‘nu 
Table 8.3, 


EY 


(—0.00888 — 70.05399) + (1.060 + 70.0) 
1.05112 — 70.05399 


ll 


The new current for bus 2 is 


P, — jQ 
ie = EP = y2by 
0.20 — 70.20 


7 — (0.0 + 70.085) (1.05112 — j0.05399 
1.051124 7003096" OO? 0.05809) 


= 0.17544 — 70.028887 
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This new value of bus current. replaces the previously calculated value for 
bus 2 in subsequent calculations. 

A new estimate of the voltage for bus 2 is obtaimed next by multi- 
plying the second row of the bus impedance matrix ov the vector of bus 
currents as follows: 


Le — £E, Vines es + Za31y i Zale =a foals 
EY = 1.02777 — 0.09781 


The new current for bus 3 is 
Ty = —0.42585 + j0.12863 
The process is continued to obtain 


EW = 1.02521 — j0.09920 
IP = —0.38732 + 70.02933 


and 
E™ = 1.01913 — j0.11403 
PY = —0.57518 + j0.12120 


A second iteration is performed by repeating the process, starting 
again with bus 2. The bus voltages for all iterations are given in Table 


Table 8.13 Bus voltages from the Gauss-Seidel iterative 
solution using Zgus 


Bus roltages 
Iteration 
count ae 

k Bus 2 Bus 3 Bus4 Bus 5 

0 1.0 + 70.0 4.0 + 30.0 1.6 + 0.0 1.0 + 30.0 

1 1.05112 — 70.05399 1.02777 — 70.09581 1.02521 — j0.09920 1.01913 — 70.11403 
2 1.04622 — 30.05086 1.02041 — 30.08837 1.01924 — 30 09454 1.01220 ~— 70.10841 
3 1.04622 ~ j30.05129 1.02035 — 70.08924 1 01918 — j0.09508 1.01212 ~ j0.10908 


Table 8.14 Changes in bus voltages from the Gauss-Seidel iterative 
solution using Zaus 


Ttera- Changes tn bus voltages 

tion 

count 
k Bus 2 Bus 3 Bued4 Bus 5 
0 0.0 + 70.0 0.0 + 70.0 0.0 + 70.0 0.0 + 70.0 
1 0.05112 — j0.05399 0.02777 — 70.09581 0.02521 — 70.09920 0.01913 — 70.11403 
2 0.00490 + j0.00313 —0.00736 + 50.00744 —0.00597 + 70.00466 —0.00693 + j0. 00562 
3 0.00000 — j0.00043 —0.00006 — 70.00087 —0.00006 — j0.00054 —0.00008 — 70.00067 
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Fig. 8.9 Tree, cotree, and basic loops sf the eriented cen- 
nected graph for sample power system. 


8.13 and the changes in bus voltages in Table 8 14. The process is termi- 
nated when the changes in both components of the vultage at each bus 
are less than 0.001. The line flewws can be caleulated as shuwn previously 
and are given in Table 8.9. 

d. The tree, cotree, and basie loups o the oriented connected graph for 
the power system are shown :» Fig. 8.9. The braneh-path incidence 
matrix 1s 


path | 
QO @©@ € 
b i 
1 meas: 
2 ‘'—-1 +1 
AK = ees 
3 ' —| 
pe ee eS 
Bo ih cy ! 
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The basic loop incidence matrix is 


ee gee 26 
commas 
l 


o-10-1 -1 

25 i =1} =1| 

3 | =f 
Cee “Ss Co 2 

oe 

6 | oy 

7 1 


The loop admittance matrix is 


A B Cc 


A | 1.07143 — j3.21429 | —0.47619 + 71.42857 |—0.23809 + 70.71429 
\ 


C , —0.23809 + 0.71429, —0.30159 + j0.90476 


L 


Yroop = B| —0.47619 + 71.42857 1.06349 — 73.19048 | —0.30159 + 70.90476 


| 
| 
| 
| 
| 


0.68254 — 72.04762 


which was obtained by first forming the loop impedance matrix by singu- 
lar transformation and then taking its inverse. The loop admittance 
matnx can be derived also from the bus impedance matrix by using the 
algorithm described in Sec. 4.5. 

The first step in the iterative process is to calculate the bus currents 
with the scheduled bus powers and assumed initial bus voltages. The 
currents in per unit for all buses except the slack are determined from the 
equation 


pr aie sea, 


pe (E,*)* — yp yt 
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These currents, identical to the initial bus currents calculated in the bus 


impedance method, are 


IS = 0.200 — 70.285 

12 = —0.450 + 70.095 
12 = —0.400 — 70.005 
1 = —0.600 + 70.060 


ti 


The changes in bus currents are calculated from 


Al,* = [gt — Te? 


Since the bus currents prior to initiating the iterative procedure 


assumed to be zero, the changes in bus currents are 


AIS = 0.200 — 0.285 

AI® = —0.450 + 70.095 
AI = —0.400 — 70.005 
AI = —0.600 + 70.060 


I 


The first changes in branch currents from the equation 


At = KAl Sys 


are 
COOe = 
1/ j-1/-1]/-1) @: 0.200 — 70.285 | 
2! | j-1]-1) @! —0.450 + 70.095 
ae Se 
3} | + |-1) @; —0.400 — 70.005 | 
ei) | ©  -0.600 + 70.060 : 


1; 1.450 — 70.150 


2) 1.000 — 70.055 


3/ 0.600 — 70.060 


4 —0.200 + 70.285 


were 
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Since the initial currents in the elements were assumed zero, the new 
currents are 


1| 1.450 — 70.150 : 
2) 1.000 — 70.055 | 


3 0.600 — 70.060 | 


i = 4) —0.200 + 70.285 | 


5} 0.0 + 70.0 | 


6/ 0.0 + 500 | 


~] 


0.0 + 70.0 


Then, from the equation 
as = "lsly 
“Loop = —Cilz)i 


the loop voltages are 


sR a : 2 a 4 5 6 7 
eet — “ — — 
1 ns & Fa 
mae 5 £ =e wees a a 
wee POR Ss 2 4 a & Ol + 70.03 
E roop Sag way otlegnea ddan pnt et 
1 4 0.08 + 7024 

4, 

5 


pmo 
GOOTS' Of +. SILP2'O 


CLILZEOL + GLP8TO 


veare of + OTEZ1°0 


rv) 


a 


Vv 


—————— 


ZYLPO' SL — FEZBY'O 


92706'0f + 69108 0—- 


6zbIZ Of + 6O8EZ O—- 


re 


924-060 + 6G9108'0- 


BPObT EE + GFEDO'T 


LG8zr Tf + GI9LPO- 


ra | 


FLOYO'OL — FILES'O 


H2OFO'OL - 62FLZ'0 


O8ZE0' OF ~ I8ZES'O | 


GERIL OF + 60884 0— 


Lager ll + 6192Z¢ 0- 


62Pla el — EPILO'L 


ad 


Vv 


2) 
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Vv 

vo 

gq = GI 
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Tse new branch currents from the equation . 


7 
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is + Colt oop 


1 1450 — 70.150, 1'-1 -1 1, 


ye 1.000 ~— 70.055 2° 1-1 


ae: + ead alters 


3. 0.600 — 70.060: 3, = 


$,—0.200 + j0.285) 4° 1 1! 


l : 
P0.89972 — 7000171 


2: 0.18857 + j0.04543 


3 0.06286 + 70.00014 : 


i 
| 
| 
| 
| 
| 


4' 0.85428 + j0.13671 | 


ad G.24286 — 0.00% KO 


i 


B 027429 — 10.04N24, 


C 6.53714 — ls 
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The new link currents from the equation 
7 fk 
it= + Toor 


are 

Pg pe er me oy 
4: 0.24256 — 0.04786 | 
i 


1? = 6° V.27AZS ~ 20.04029 | 


- 58724 - 7006014 | 


The new currents in all elements are, then, 


| 0.39572 — (0.00171 | 


— 


0.18857 + 70.04543 | 
3} 0.06284 -- 0.00014 | 
pea aN | 


0.85428 + 0.13671 | 


L 


| 0.24286 — 70.04786 | 
i 


i 


6 | 0.27429 — 30.04029 | 


0.53714 — 30.06014 | 


~a 


These values replace the previous estimated ficy 
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The new bus voltages replace the initially assumed voltages. 
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If all loop 


voltages are within a specified tolerance. the line flows are calculated. 
[f any foup voltage is greater than the tolerance, the new bus voltages 
are used to calculate new estimates of bus currents. 
steps of the iterative calculation sre repeated to obtain a second estimate 
The bus voltages for each iteration are shown in 


for the bus voltages. 


Tabie $.15 and changes in bus voltages are shown in Table &.16. 
loop voltages for each iteration are Shown in Table 8.17. 


Table 8.15 Bus voltages from the Gauss iterative solution using ¥ ioop 


k Bus 2 


1.0 + j0.0 
1 1.05112 — 30.05399 
2 1 04626 — 30.05073 
3a 


1.04624 — 70.05131 


The remaining 


The 


Bus voltages 


Bus 3 


Bus 4 


.G + j0.0 


i ,02046 ~- 70.08826 
02038 - 70 08925 


! 
1.02793 — 30.09482 
i 
1 


1.9 +909 

1.02741 — 70 10095 
1.01932 -- 70 09405 
1.01925 — 70 09511 


1.0 + 70.0 

1.0224) ~— 70. 11604 
1.01229 — 30.10778 
1.01221 — 70.10912 


Table 8.16 Changes in bus voltages from the Gauss iterative 


solution using Y roop 


Itera- Changes in bua voltages 
tton t . | Siesta Shims ns ES = - 
count = 7 ~ = : 
k Bus 2 Bus 3 Bus 4 Bus 5 
9 0.0 + 30.0 0.0 + 70.0 0.0 +70 0 0.0 + 70.0 
1 0.05112 — 730.05399 0.02793 — 70.09483 0.02741 — 70, 10095 0.02241 — 70.11604 
2 -0.00486 + 70.00326 -—0.00747 + 70.00657 —-0.00809 + 70 00690 -0.01012 + 30.00826 
3 —0.00002 — 30.00058 ~—0.00008 — 70.00089 ~0.00007 — 30.00106 —0.00008 — )0.00134 


Table 8.17 Loop voltages from the Gauss iterative solution using Y Loop 


Iteration Loop voltages 
count ——— _ : 
k Loop A Loop B Loop C 
0 ——-0,17310 + j0.34230 0.18475 + j0.37175 0. 24715 + j0.51095 


1 0.02559 — j0.02738 
0.00034 + 70.00381 


0.02806 — 70.02956 
0.00035 + 70.00415 


0.04065 — j0. 04094 
0.00036 + 70.00596 
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8.6 Voltage controlled buses 


Voltage control at the terminal of a reactive power source 


A modification of, or deviation from, the normal computational procedures 
for the solution of the ioad flow problem is required to take into account 
voltage controlled buses. At these buses the voltage magnitude and the 
real power are specified 

In the Gauss and Gauss-Seidel methods using ¥ os. the reactive 
power ata voltage controled bus p must be ealeniated before proceeding 
with the caleulation of voltage at that bus. Separating the real and 
imiginary parts of the bus power equation 


Py, — iQ, = ce >» V pale 
qzl 
the reactive bus power 1s 


Qn = Op Bop t fr Bop + » Ppleeltng + faB vg) — Cri tal ro — €oBpa) (8.6.1) 
=1 
ep 
where e, and f, are the components of voltage at bus p. The values of 
ry and fp, must satisfy the relation 


Cy" ae fo cag DE sicaugays (8.6.2) 


in order to caleulate the reactive bus power required to provide the 
scheduled bus voltage. The present estimates of e,* and f,* must be 
adjusted, therefore, to satisfy equation (8.6.2). 
The phase angle of the estimated bus voltage is 
k 

6S ieee” 

ep* 
Assuming that the angles of the estimated and scheduled voltages are 
equal, then adjusted estimates for ep‘ and f,* are 


k 


Ce new) = PE piischeduted) cos yf 


i" _ lye} = 
is Hees Te US pi eseheduled) Sin 5, 


Substituting e& j.. and f* nes, in equation (8.6.1), the reactive power 
Q,‘ is obtained and is used with Ef ..., for calculating the new voltage 
estimate EO), 

In actual practice the limits of reactive power source at the voltage 
controlled bus must be taken into account. If the calculated Q,* exceeds 
the maximum capability Qacmax) of the source the maximum value 1s 
taken as the reactive power at that bus. If the calculated value is less 
than minimum capability Q,cminy the minimum value is used. In either 
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case it is impossible to obtain » solution with the specified scheduled 
voltage and therefore EX 4. cxnbot be used in the calculation of Bo. 

The sequence of steps regused to conclude the effects or voltage 
controlled buses in the Gauss-Sede: ‘teraiive method using Vaus is 
shown in Fig. 8.10. 

In the relaxation methua using Vs: « the reactive power at a voltage 
controlled bus must be calculated ore to obtaining the new current ‘ea 

In the Newton-Raphs methed ‘be squations for a vcltage con- 
trolled bus p are 


A i he pleg ag feat Pie lime Feb ee) 4 
7 
and 
(Bal Sep) Se (8.6.3) 


where equation (8.6.3) replares the equation for the reactive power. The 
matrix equation relating the changes tm bus powers and the square of volt- 
age magnitudes to changes in read and imaginary components of voltage is 


AP Jy J» Aeé 
AQ J; J; 

af 
A|E|? Js Js 


The elements of the submatrices /;, J+. J3, and J, are calculated as 
shown in Sec. 8.3. The off-diagenal elements of J;. from equation 
(8.6.3), are 


dE y|? 
=e. ep 
0€, 
and the diagonal elements are 
aE? 
Lae 
0€ p 
Similarly, the off-diagonal elements of J¢ are 
a|E, 
df, 


2 


=0 q#p 


est 
< faeeglich big he Se hia, acs 


SN PTB 
N 


Test 
for voltage 
controlled 
bus 


Calculate phase angle of bus p 
k 


k P 
é, = arctan — 


t 
©p 


Calculate adjusted voltage for bus p- 
Cf (new) = 1B lichoanea) cos 6, 
LE | (scheduled) sin 6, 


a 
fp (new) ™ 


Coleulates reactive power at bus p 


Qi = fep tuady) B pp +(F4 neu) Bop yy if Le ain (€q Cpette Bogl—er Gide Gamer Bye 


qel 
ap 


Test 
for minimum 
limit 


kh. 
Qe" + Op iminy 


Replace Q,; by Q, ia) 


Replace Ej by E} (new) 


for maximum > 


limit 
hk. 
@, ? Q > (maz) 


Greater 


Replace Q, by Q, (maz) 


Recompute KL, for bus p 


| qoptl 


Fig. 8.10 Calculation of reactive power at voltage controlled buses in the 
Causs-Seidel iterative method using Yaus. 
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and the diagonal elements are 


The change in the square of the voltage magmtade at ous p 1s 


A 


Hegel ose | Pe aligencauhane > per 

If sufficient reactive capability is not availabe te held the desired 
magnitude of bus voltage the reactive power mist be bxed ata limit. Th. 
this case the bus is treated as a load bus with fixed reactive power. 

In the Gauss-Seidel method using Zz; . a vorrection to the reactive 
bus power can be calculated in order to provwie ihe scheduled voltage 
(Brown, Carter, Happ, and Person, 1963%. fron, the performance 
equation, the voltage at bus p is 
k+l 4 pet] gp kal 2a 8. : ‘ 
ep gl = Zyl + Zopl pt + Zyl: 

The current at bus p can be corrected by A/,;* 70 obtain 
: 1 
Cp a = Lali? a aide Z op (Tp* Sea Ora Z ond n* 


where e, and f, satisfy the equation (8.6.2). Subtracting the two voltage 
equations, 


_ (eo + ify) — (6 + if) 


AT 
; Zp 

or 

Al ~« = eh | ep + Shp i 
; Z pp ert af, 


Assuming that the phase angles of the scheduled voltage and E**? are 
equal, then, 


art = fe +i) | [Hal senedutea) 7 
Zop ee | 
The corresponding correction in the reactive pcwer Is 


AQgst = —Im{ (Et) *A7,} 


If the new reactive power 


Qs = Q,' + AQ,* 
is within the capability limits of the reactive source, then the new bus 
current is 
Py ae je 
k++ 
(fo 


k+l 
I = 
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If is is not within the reactive capability, the appropriate limit replaces 
the calculated value in the determination of the bus current. The new 
bus current is used in subsequent bus voltage calculations. 


Voltage control ata remote bus 


It is the practice in the operation of many power systemis to control the 
voltage at a bus other than the terminal of a reactive source. This makes 
it necessary in the load flow solution to determine a reactive power at 
bus p that will hold the voltage magnitude specified for bus g, as shown 
in Fig. 8.11. 

A procedure developed to accomplish this assumes a scheduled volt- 
age magnitude fur bus p. A reasonable first approximation is 


poo _ 


{ [22 plescheduled) a | E'q| cscheduled) 


During the iterative solution the reactive power at bus 7 is calculated 
in the usual manner using this assumed scheduled voltage. After the 
calculation of the voltage at bus g, however, the deviation from the sched- 
uled voltage magnitude is determined from 


A he |B o|cheduted) = \E,*| 


where E,* is the calculated bus voltage. If the value of A|F,|* is greater 
than a specified tolerance, the scheduled vultage for bus p is reestimated 
from 


(LE sl achedute) ee = 112 plwckeauted) ye +A E, 


This procedure has been employed in the Gauss-Seidel method using 
Yaus. During the iterative solution a change in the assumed scheduled 
voltage at bus p does not affect immediately the calculated voltage at 
bus g. It is necessary, therefore, to complete a number of iterations 
before reestimating the scheduled voltage for bus p. Tests have shown 
that five iterations are required to obtain sufficiently accurate changes in 
the calculated voltage at bus g for reestimating a new scheduled voltage 
for bus p. A voltage tolerance of 0.005 per unit provides acceptable 
results. 

An alternate procedure is to change {[/plcchedutea |**! by a small 
specified amount each iteration until the magnitude of A|E,|* is less than 
the tolerance. 


: 
de 


k 


P 
ae [Eq scheduled) Fig. 8.11 Single line dia- 
@) | | Sram of reactive power 
source and remote volt- 
pannel 
Q@ @ @ @ age controlled bus. 
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8.7 Representation of transformers 


Fixed tap setting transformers 


A transfurmer with off-nominal turns ratios can be represented by its 
impedance, or admittance, connected in series with an :deal autotrans- 
former as shown in Fig. 8.12a. An equivalent # cireuit can be obtained 
from this representation to be used in load flow studies. ‘The elements of 
the eguvalent m circuit, then, can be treated in the sarme manner as line 
elements. 

Che parameters of the equivalent # circuit. snown in Fig. 8.126. can 
be derived by equating the terminal currents of the rranstormer with cor- 
responding currents of the equivalent 7 cireuit. Ar bus p the terminal 
current 7, of the transformer, shown in Fig. 8.12a, is 
lp= “ 


where a is the turns ratio of the ideal autotransformer and 1,,, the current 
flowing from { to q, is 


deg = (Ei — Ey) ype 


(0) 


Fig. 8.12. Transformer representations. (a) Equivalent circuit; (b) equiva- 
lent x circuit; (c) equivalent « circuit with parameters expressed in terms of 
admittance and off-nominal turns ratios. 
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Therefore, 
ry! = 
I, = (B, — E,) 2 (8.7.1) 
a 
Since 


E, 


Ly = 


equation (8.7.1) becomes 


2 


7S es as a (8.7.2) 


Similarly, the terminal current /, at bus g Is 
IT, = (Ey — Evyoe (8.7.3) 
Substituting for //;, equation (8.7.3) becomes 


Ypq 


I, = (aE, ~ By)“ (8.7.4) 


The corresponding terminal currents for the equivalent 7 circuit 
shown in Tig. 8.126 are 


I, = (hE, - EA + £,8 (8.7.9) 
I,=(£,-£,/)A+ EC (8.7.6) 
Letting hy = 0 and F, = 1 in equation (8.7.2), 
Bees 

a 


Letting /, = 0 and EF, = 1 in equation (8.7.5), 
I,=—-A 
Since the terminal currents for the transformer and its equivalent 7 


circuit must be equal, 


eee (8.7.7) 
a 


Similarly, substituting F, = 0 and F, =1 in both equations (8.7.4) 
and (8.7.6), 


Ie = Yea and ,=A4+C 


Again, since the terminal currents for the transformer and its equivalent 
must be equal, 


Yq =ATC 
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Substituting for A from equation (8.7.7) and solving for C, 


C= ig 


i 
oo 
— 
| 
aie 
aa 
= 

a) 
a 


Mquating the current from: equations (8.7.2) and (8.7.5) and substituting 
for cl fron (8.7.7), 


(etek) Se i Ey eR 
a a 
Solving for B, 


: + \ Yr _ +, Una 
Ube tha) = 4b gy) 
a- a 


B 


It 


y Pq Uy 


ar a 


1/1 
aul Y py 
a a 


The equivalent m circuit with its parameters expressed in terms of the 
turns ratio a and the transformer admittance are shown in Vig. 8.12e. 

When the off-nominal turns ratio is represented at bus p for a trans- 
former connecting p and g, the self-admittanee at bus p is 


I 


Moy 


é 1/1 
} p= Mp ot Pa Nea in at (- = 1) Ynq 
a tl a 


Upaq 
= Yor t Np tt sane: es ans 


The mutual admittance from p to gis 


: Ypy 
Vg Sot 
a 


The self-admittanee at bus g is 


: Yan ] 
Maa = Ygp ee Pt Gt oa ae ( “5 :) Yap 
= Yai 1 tb Map 0 ot Yan 


and is unchanged. ‘The mittnal admittance from g to p is 


Yar 


a 
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The equivalent x circuit shown in Fig. 8.12¢ can be used also in the 
methods employing the bus impedance matrix. The elements of Zavg 
are calculated with the equivalent impedance of a/yp, from p tog. If 
in lord Sow calculations the elements of Zgcs do not include the effect of 
shunt connections to ground, the total eurrents at buses p and g, respec- 
tively, are 


P,—-7Q l/l 
Pace tee JQe ~ phy - - ( mi 1) Veal p 


or 
ie. a / 


ae Ns 
Le =o a - Yok g _ ¢ iad *) Y rol g 


g 


Tap changing under load transformers 


In the representation of tap changing under load (TCUL) transformers, 
it Is necessary to change the turns ratio to obtain the desired magnitude 
of voltage at a specified bus. This can be accomplished by changing the 
turns ratio by a small increment Aa once in any iteration when the voltage 
mugnitude of bus qg is such that 


Tek ‘ye | 
iA gi a ‘Bal ischeduled: > € 


The standard change in tap setting of TCUL transformers is = *g percent 
per step. This value has proved satisfactory for Aa since it ubviates, in 
general, additional iterations to obtain a voltage solution. It is not 
necessary to check the voltage magnitude of those buses controlled by 
TCUL transformers every iteration. Performing this check in alternate 
iterations has proved sufficient. A voltage magnitude tolerance ¢ of 
0.01 per unit has given acceptable results. 

The self-admittance Y,, and the mutual admittances Y,, = },, must 
be recalculated for every change in the tap setting of the transformer con- 
necting buses p and q. In the Gauss and Gauss-Seidel iterative methods 
using Yeeg the parameters Ly, YLyg, YLgp, and KL, must be recom- 
puted also. These calculations must be made before continuing the 
iterative solution. 

Also, the elements of Zecs must be modified for every change in 
tap setting. These changes can be effected by adding a new element 
from bus p to q such that the series impedance of the x equivalent is 


(a + Aa)zpq 

where a is the original turns ratio and Aa is the change. Let bz,, be the 

impedance of the element to be added, as shown in Fig. 8.13. Then, 
abz* 


A eae. a 
aaa AZpqg + D254 
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Fig. 8.13. Element added to network to reflect 
change in transformer tap setting 


Solving for bz,.. 
Pe 


Pe te a(a + Aa: 
“pq ~~ Ae 2 pe 

The change in tap setting of any transformer requires that every 
element of the Zeus matrix be receomputed. Te avoid these extensive 
calculations an alternative equivalent can be used, in which the senes 
impedance is made equal to the origina! transformer tmpedance and the 
shunt elements are varied to correspond te tap changes ‘Gupta and 
Humphrey- Davies, 1961). 

Letting A = yp, and equating the corresponding terminal currents 
from equations (8.7.2) and (8.7.5) for the transformer and its equivalent, 
respectively, then 


(Ep — Elise + EB = (Ky — ak) 


Solving for B, 


B 


l| 


1 
{es ae akg) ses a LE» ae Es) yee aa 
a° J Ey 
i) (=) 
: a Ey ss 
1 5 
(CE “ 
a a Ey 


Similarly, equating the terminal currents /, from equations (8.7.4) and 
(8.7.6) with A = Ypq, 


li 
——, 
a 


(Ex — Enlieg + ExC = (aby — By) 


Solving for C, 


: : 1 
C= |(ak. — E>) eae (Ey — Envnt = 
a Ey 
ss (1 Z *) Yrak» (8.7.9) 
a/ Ey, 
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The shunt admittances, (8.7.8) and (8.7.9), at buses p and q, respectively, 
are a function of the voltages F,and fy. The bus loading equations are, 
then, 


P, —3Q : 1 1 poe : 
I, = ee — Yply — (: iz 1) {(: - 1) = =| Y ral p 
“p 


e = 70 “ 1 a 
ne + Yqlig — (: ame | Ypalip 


g 


I, = 


Phase shifting transformers 


A phase shifting transformer can be represented in load flow studies by 
its impedance, or admittance, connected in series with an ideal auto- 
transformer having a complex turns ratio, as saown in lig. 8.14. Then 
the terminal voltages /, and /, are related by 


Ey 
— =.4, + 7b, 8.7.10 
E. Bae) ( ) 
Since there is no power loss in an ideal autotransformer, 
ERi, = Ev ing (8.7.11) 
It follows from equations (8.7.10) and (8.7.11) that 
tpr Ey 
a 

ei aecmced 

a, jb. 

Since 
tg = (Ey — EQ) ¥ nq 
then 


‘ ’ + { 
ip = (Ey — EQ) i 


Substituting for £, from equation (8.7.10), 


Ypq 


— 9 
ae (8.7.12) 


tr = {E> =a (a, + jb) Eg} 


() ©) a,+jo,:1 (s) @) 


| ) * | Fig. 8.14 Phase shifting trans- 


pr bug former representation. 
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Similarly, the transformer current at bus 9, tgs, i8 
toe = (Hg — Lea) Y pa 
Substituting again for J, 


Y pq 


a, + jb, 


toe = [(a, + jb) hy — Ey| 


When a phase shifting transformer is connected between buses p 
and q, the self-admittance at bus p can be determined by letting /, equal 
to one per unit and short circuiting all other network buses. Then 


op = to PE tee + tp + + + + pn 


Substituting for 7, from equation (8.7.12), and since 


tpl = Ypr 

tp2 = Yp2 

tpn = Yon 

then 

: YUpaq 

Vor = Ym t Yer torah | Tam 


The current flowing out of bus g to bus pis —7,,.. Therefore the mutual 
admittance is 


Yop = —tiy 
Then 
Yop = —Meglts 


and from equation (8.7.10), 


, YU pa 
Yap ee 


a, + jh 


Similarly, letting /°, equal one per unit and short circuiting all other net- 
work buses, the self-admittance at bus q is 


Yes a %91 + 192 iat as + Qa ia ah + ten 
or 
Veo = Goi Tee * * ¢ hie * + Yon 


The current flowing out of bus p to bus q is 7,,. Therefore the mutual 
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admittance is 


Y pq = Upr 
Then 
1, 
Y,,=-* 
py rie jb, 


and therefore 


Vp = Pee (E, a E,) 
a, — js 


Since EF, = 0, then 


The complex turns ratio for a specified angular displacement and tap 
setting can be calculated from 


a, + jh, = a(eos 6 + 7 sin @) 
where 
ley = aiE,| 


If the phase shift from bus p to bus s is positive, that is, if the sign of @ 
is plus, then the voltage at bus p leads the voltage at bus s. 


&.8 Tie line control 


In studies involving several interconnected power systems, the load flow 
solution must satisfy a specified net power interchange for each system. 
The first step in the procedure of solving the problem is to calculate a 
voltage solution for the entire system, with an assumed generation 
schedule for each system. Next, using this voltage solution, the indi- 
vidual tie line flows are calculated and algebraically summed by system to 
determine the actual net power interchanges. Then, the actual and 
scheduled power interchanges for each system are compared to determine 
the adjustments that must be made in the assumed generation schedules. 

A practical means of effecting the necessary changes in system genera- 
tion is to select one generator in each system as a regulating generator. 
Each regulating generator is adjusted to satisfy the specified net power 
interchange. Thus, for system A, shown in Fig. 8.15, the actual net 
power interchange is 


Prt = Ply + Ph. — Ph, + Ph, 


Vo 


one BD ff 
a 
ers Cs) Hea \ 
\ a A # 


| i a ene 
Pg “ Seliath R Pr 


t Cc 
a 


ee OS 


RB? 
r 
Em 


Gr) Regulating generator 


Fig. 8.15 Simplified representation of interconnected 
power systems. 


The difference between the actuai and scheduled interchanges is 
AP; r= Pr (scheduled: — Prt 


The new estimate of the power output for the regulating generator of 
system A is 


Pkt — PE , + APr 


(reg) (reg 


Similar calculations are made for the other systems and a new iterative 
voltage solution is obtained. The process is repeated until all APr* are 
less than or equal to a specified tolerance. A tolerance of 5 megawatts 
is usually acceptable. 


8.9 Comparison of methods 


An evaluation of the methods for obtaining a load flow solution must 
include the following: 


1. The computing time required to process system input data in order 
to obtain the parameters for the iterative calculation 

2. Computer programming and storage requirements 

Iterative solution time 

4. The computing time required to modify network data and to effect 
system operating changes 


o 
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The first step in all load flow methods is the coding of the network 
and the formation of the appropriate network matrix. In the bus frame 
of reference the assignment of numbers to buses and tc the corresponding 
terminals of the network elements provides adequate information to 
describe the network connections. [In the loup frame of reference it is 
necessary also to identify the basic loops of the network. 

The bus admittance matrix can be formed by a simple and straight- 
forward procedure because mutuai coupling is not involved. A diagonal 
element Y,, of this matrix is equal to the sum of the admittances of the 
network elements connected to bus p. An off-diagonal element FY pq is 
equal to the negative of the admittance of the network element connecting 
bus p to bus g. Moreover, since the bus admittance matrix 18 sparse, 
that is, a large number of elements are zero, relatively few elements have 
to be calculated. 

With the bus admittance matrix it is possible to conserve computer 
storage because it is not necessary to store the zero elements. One way 
in which this can be accomplished is to store the nonzero elements along 
with a list of bus numbers corresponding to the rows and columns of 
the matrix. 

The formation of the bus impedance matrix requires either a matrix 
inversion, nonsingular transformations, or the use of the algorithm. 
Unlike the bus admittance matrix, the bus impedance matrix is a full 
matrix that has no zero elements except in the row and column associated 
with the reference bus. Consequently, for a 101 bus system, of which 
one bus is the reference, 20,000 words of computer storage would be 
required to store the entire complex matrix. Since the bus impedance 
matrix is symmetrical, only the diagonal elements and half the off- 
diagonal elements need to be stored. This reduces the storage require- 
ment to 10,100 words. In contrast, a 101 bus system with an average of 
four lines per bus would require only 1,000 words of computer memory to 
store all nonzero complex elements of the bus admittance matrix. Taking 
advantage of symmetry would reduce the storage to 600 words. In 
addition, space for the bus numbering list would be required. 

The formation of the loop admittance matrix involves a matrix 
inversion, using either the loop impedance matrix obtained by a singular 
transformation or the augmented loop admittance matrix obtained by a 
nonsingular transformation. Asan alternative the bus impedance matrix 
can be formed and then the algorithm can be used to obtain the loop 
admittance matrix. The loop admittance matrix is a full matrix. 

Test computer programs were developed in order to evaluate the 
effectiveness of the methods presented for the load flow solution. These 
programs were used to obtain load flow solutions on actual power systems 
and to obtain relative solution times. 
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The computer time required to perform the iterative solution depends 
on the following: 


1, The number of logical and arithmetic operations required to com- 
plete an iteration 

2. The rate of convergence of the solution technique 

3. The size and characteristics uf the power system 


As compared with the Gauss-Serdei method, the Gauss method using 
either the bus admittance matrix cr the hus impedance matrix requires 
additional iterations to obtain a solution. Since the time per iteration 
for these two methods is about the same, the Gauss method was not 
evaluated in detail. The relaxation method using the bus admittance 
matrix also required more iterations plus additional time per iteration 
and therefore was not studied in detail. 

In the development of the computer programs for the Gauss-Seidel 
and Newton-Raphson methods using the bus admittance matrix, advan- 
tage was taken of the sparsity of the network matrix in order to reduce 
the number of arithmetic operations per iteration. The Gauss-Seidel 
method was programmed using rectangular coordinates. and the Newton- 
Raphson method was programmed using polar coordinates. 

The times per iteration obtained for the principal methods presented 
are shown in Fig. 8.16. The Gauss-Seidel method using the bus admit- 
tance matrix requires the fewest number of arithmetic operations to 
complete an iteration. This is because of the sparsity of the network 
matrix and the simplicity of the solution technique. Consequently, 
this method requires the least time per iteration. The Newton-Raphson 
method using the bus admittance matrix also takes advantage of the 
sparsity of the network matrix in erder to reduce the number of arithmetic 
operations. However, the computation of the elements of the Jacobian 
for each iteration requires additional computer time. The time per itera- 
tion in both these methods increases directly as the number of buses of 
the network, because the number of nonzero elements added to the 
network matrix for each new bus is approximately the same. 

The Gauss-Seidel method using the bus impedance matrix requires 
a relatively simple solution procedure. However, the time per iteration 
for this method is greater and varies approximately with the square of 
the number of buses, because the bus impedance matrix is a full matrix. 

The Gauss method using the loop admittance matrix requires addi- 
tional arithmetic and logical operations to relate bus and loop quantities 
during the iterative solution. The time per iteration also varies approxi- 
mately with the square of the number of buses, because the loop admit- 
tance matrix is a full matrix. 
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The rate of convergence of the Gauss-Seidel method using the bus 
admittance matrix is slow, requiring a relatively greater number of 
iterations to obtain a solution than the Newton-Raphson method and the 
methods using the bus impedance or loop admittance matrices. In 
addition, the number of iterations for the Gauss-Seidel method increased 
directly as the number of buses of the network, whereas the number of 
iterations for the other methods remained relatively constant, inde- 
pendent of system size. A significant increase in the rate of convergence 
can be obtained for the Gauss-Seidel method using the bus admittance 
matrix by applying acceleration factors. 

The optimum values of acceleration factors for a load flow solution 
are difficult to calculate; however, they can be determined empirically. 
The selection of values for a and §, the acceleration factors for the real 
and imaginary components of voltage, depends on the characteristics of 
the network and the method of solution. The effectiveness of different 
acceleration factors on the rate of convergence for the principal methods 
presented is shown in Fig. 8.17. A system of 30 buses and 41 lines was 
used for this analysis. 

The tolerance required to obtain a solution varies with the different 
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methods The slower converging Gauss-Seidel method using the bus 
admittance matrix required relatively smaller voltage tolerances to 
obtain comparable accuracy with that obtained by the methads using the 
bus impedance or loop admittance matrices. A voltage tolerance of 
0.0001 per unit for both the real and imaginary components of voltage 
was used in the tests. For the Gauss-Seide! method «sirg the bus 
impedance matrix a voltage tolerance of 0.001 ver umt provided com- 
parable resuits. A voltage folerance of OO! per unit preduced the 
required accuracy for the (rauss method usmg the icop admittance 
matrix 

The Newton-Raphsen method using the bus admittanes matrix has 
the advantage that the tolerances are specified for the net. reai and reac- 
tive powers at a bus. The tolerances, therefore are given directly in 
quantities that are meaningful to the engineer who specifies the desired 
accuracy. Tolerances of 0.001 per unit for the real and reactive bus 
powers were used in the test calculations and produced comparable results. 
The number of iterations for different size systems along with the accelera- 
tion factors and tolerances used for each method are summarized in 
Table 8.18. The initial bus voltages were assumed equal to 1.0 ~ 30 
for all tests performed. 

The time required for the iterative solution was least for the Newton- 
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Fig.8.17 Effect of acceleration factors on the rate of convergence for 
load flow solutions. 
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Table 8.18 Number of iterations for load flow solutions 


Number 
of huses 


14 
30 
57 
92 
113 


Ysvs Yaus Zeus Y .oer 
Gauss-Seidelt Newton-Raphson} Gauss-Serdel§ Gauss 
24 4 5 4 
33 4 5 4 
59 4 § 6 
80 4 a 7 
92 4 5 


+ Acceleration factors of 1.7 and 1.7 and tolerances of 0.0001 and 0.0001 
per unit used for real and imaginary components of voltage. 
+ Tolerances of 0.001 and 0.001 per unit used for real and reactive bus 


powers. 


No acceleration. 


§ Tolerances of 0.001 and 0.001 per unit used for real and imaginary 
components of voltage. No acceleration. 
© Tolerances of 0.01 and 0.01 per unit used for real and imaginary 
components of voltage. No acceleration. 


Time units 
= 
<< 


20 
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Fig. 8.18 Time for iter- 
ative solution not in- 
cluding the effects of 
voltage controlled buses. 
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Raphson method usmg the bus admittance matrix. The total iterative 
solution times for *he principal methods are shown in Fig. 8.18. Voltage 
controlled buses were not represented in these initial tests. 

When voltage controlled buses are represented, the Gauss-Seidel 
method using the dus admittance matrix usually requires fewer iterations 
to obtain a soluteui — Hewever. a few mere iterations usually are required 
for the Newton-Raphso: method using the bus admittance matrix and 
the Gauss-Seidel iaethod using the hus impedance matrix. The tine 
per iteration for the trauss-Seide!l method using the bus admittance or 
bus impedance matrix increases as a result of the added computation: 
The time per iteration fur the Newton-Raphson method decreases slightly. 
because the number of arithmetic operations is reduced for the voltage 
controlled buses. The total iterative solution times for the princips! 
methods when automatic voltage controlled buses are represented are 
shown in Fig. 8.19. 

When a series of load flow solutions representing various system 
conditions are tc. be obtained, it is necessary to revise system data before 
proceeding from case to case. Network changes such as the additie: 


Time units 
= 
1 


»| ; 
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Newton - Raphson 
| Fig. 8.19 Time for iter- 
0 | ative solution including 
0 49 80 120 the effects of voltage 


Number of buses controlled buses. 
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nnd removal of Hines and transformers require that the network matrix 
be modited. 

When che bus admittance matrix is used, it is necessary te recom gute 
only thes: eirents of the matrix that are associated with tre cerniiadis 
elothe ose. or transformers that are beng changed. Beenuse eclat ely 


Tew That cements are associted with any one huis. petweek chante. 


ree ced samiply and quiekiv. However, oo order tesa ais tle 
USD tos ee MAAT PIN HLOIS necessery te dise the sigerthe 0 sever 
Ponges net oresalt incadding a new oma make ct reeessary tes ph dee 
hoenis fo he aetwork matnix be mediued. An aigeorttinn wo bare ta 


peeve ted thoorder to provide a means of modifving the boop adept atice 
deetion of ital values tor bus voltages can have + marked 
lution time. When a series of load flow ealealation= are per- 
perme. the usual procedure is te cise the final caleciikted bus o ages ot 


MPeGh an se 


each ens os the initial voltages forthe next ease. Thos ten. 0 reduce 
She umber ot iterations, particulariv when there are oniv miner changes 
HAW Stet, conditions. 


(he cetsad computer time required fora dead aw sehatiog o~ denpesd- 
ehtous 2 the speed of the digital eotapiierind theedhcency of the pre- 


F 


pete umits used in the comparison. therefore, wold diftes 

cen. ov Trem one digitaleomputer toanother. bn genersi. heawever, 
eeeh tone ant os equal to about Lb see fora medium size eompater and te 
Wo] see or cess tor a durge-seale computer. 


6.10 Description of load flow program 


core load flow computer programs incorporate many witematic 


bea ares *.  Saciitate their use in power system planning, operating. 
editere nnection studies. [he principal objectives of these features 
thade maximum use of the computer's capabiicy and te minimize 


Checvinnber of manual eperations required by the enecneer in specifying 


vag system data for the cnithd and subsequent loud. flow 


Tie American Electric Power Load Flow Program consists of an 
tegrated set of computer programs to perform load How ealculations 
wid assectated data processing. The principal components of this 


CET Sela Gre 

friprt 

The dapat program provides the ability to read int the computer the 
peeawer svetetn data for a load flow caleulation. [his data is eouverted 


ToT ee prener computer representation and stored in memory in the 


Ie Rte Eye mT tas 
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The information required for a load flew sclution ts divided into three 
parts. First is the base data which deseribes o mpiletely the network snd 
operating conditions of the power system. This data includes line and 
transformer impedances, generarien. toads transformer taps. statie 
eapacitor and shunt reactor conitianees, as ove) as information pertaining 


to the swing machine end the voltage regaissng capermility of the svsiem. 


To fariitate data prepares cdi power systec. hocliies are ‘denritied hy 


vend power plant and ietstto: canes er nterconmuretien studies 
aivedyong@ bWooor Mure syste bib iti hesragsion ctu cpterehiange 
schedules are required. se odo are fhe sna tba fase camber and 
control statements whieh gevern he sequenc of operations for the cal- 


eulation of a series of loud fh ws all. chars The data required: to 


effect changes in the system repres atation cud ooerating eoudition= for 
the ealeulation of subsequent eases. 


Data assembly 


} 


The data assembly progitam: premises apd creeks data and pertorme all 
computations preliminary ty the cterative sueulation. In the prepeura- 


tion of data this program assigns bus mage ys cid vdentuies the Varcus 
facilities with each svsteni troar ntereaunect. v sidy, 


Foltage and power flow calculation 


The program for the voltage snd power flew caleulatien perfottus the 
iterative calculation to obtain tu coltages od then uses tThest veitiytes 
to compute line and transformer s:adings. 


Output 


The output program uses system and state names together with 
assigned bus numbers to identify the load fuw results — The first impormu- 
tion printed includes the study title, load fevel. case number, remarks. 
and study totals. Next. the tie ine dows wid totals wre printed for cacl 


system represented in the study An example of tlie output listing af ths 
information is shown In Fig. 8.20. 

Detailed results are printed then foreach system. First. transformer 
tap settings and voltage data are listed for the system, followed by the 
static capacitor and shunt reactor information. Finally, station cond:- 
tions and line flows are printed. For line flows a plus vaiue indicates @ 
flow out of a bus and a minus value indicates « flow into a bus. Ar 
example of the output of this infurmation is shown in Fig. 8.21. 


Svstem changes 


The system change program provides a means of automatically effecting 
data changes in the ealeulation of a series of loud flow eases. The dats 
changes that can be made are divided suite tac types. network change - 
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Fig. 8.22 Sequence of computer operations for the American Electric Power 
Load Flow Program. 
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and operating changes. Network changes include line and transformer 
additions, removals, or impedance modifications. Operating changes 
include changes in generation, loads, tap settings. capacitor. and reactors 
as well as revisions in the voltage schedule, regulating capability. and 
interchange schedule. 


Data recording and retrieval 


The data recording and retrieval program provides a means of preserving 
selected case data on an auxiliary storage device for later retrieval and 
use in studying alternate system conditicns. 

The sequence in which these programs are used to caieulafe a series 
of load flow cases is shown in Fig. 8.22. 

Digital computers have provided the ability to obtain load flow solu- 
tions for very large interconnected systems. Interconnection studies 
involving the generation and transmission facilities of a dozen or more 
electric companies supplying major portions of twelve or more states are 
a continuing and important part of power system planning. Studies of 
this magnitude require representation of 1,000 or more buses and 2,000 
or more lines and transformers. 


Problems 


8.1 The load flow data for the sample power system shown in Fig. 8.23 
is given in Tables 8.19 and 8.20. The voltage magnitude at bus 2 
is to be maintained at 1.03 per unit. The maximum and minimum 
reactive power limits of the generator at bus 2 are 35 and 0 mega- 
vars, respectively. With bus 1 as the slack use the following 
methods to obtain a load flow solution: 

a. Gauss-Seidel using Ysus with acceleration factors of 1.4 and 
1.4 and voltage tolerances of 0.001 and 0.001 per unit 
6. Newton-Raphson using Ygcs in rectangular coordinates with 


® 


(3) Fig. 8.23 Sample power system for Prob. 
' 8.1. 


338 


8.2 


8.3 


Computer methods in power system analysis 


tolerances of 0.01 per unit for the changes in real and reactive 
bus powers 

c. Gauss-Seidel using Zsus with voltage tolerances of 0.01 and 0.01 
per unit 

With tolerances of 0.01 per unit for the changes in real and reactive 

bus powers, obtain a load flow solution for the sample system shown 

in Fig. 8.23 using the following methods: 

a. Newton-Raphson using Yarns in rectangular coordinates. 
Assume the off-diagonai elements of the submatrices Ji, J2, J:. 
and J, of the Jacobian to be zero. 

Newton-Raphson using Yavs in polar coordinates. 
Newton-Raphson using Ysus in polar coordinates. Assume 
the submatrices J2 and J; of the Jacobian to be zero. 

Compare the convergence characteristics of these techniques and 

that of the method used in Prob. 8.1, part b. 

Add to the sample system shown in Fig. 8.23 a second circuit from 

bus 1 to bus 3 with an impedance of 0.02+- 70.06. Assume a fixed 

reactive generation of 25 megavars at bus 2 instead of maintaining 

voltage at that bus. Using the data given in Tables 8.19 and 8.20, 

obtain a load flow solution by the Gauss method using Yroop. Let 

the loop voltage tolerances be 0.01 and 0.01. 


Table 8.19 Impedances for sample 
system for Prob. 8.1 


Bus code Impedance Line charging 


ra Zp Ynq/2 
1-2 0.08 + 70.24 0 
1-3 0.02 + j0.06 0 
2-3 0.06 + 70.18 0 


Table 8.20 Scheduled generation and loads and assumed bus 
voltages for sample system for Prob. 8.1 


Generation Load 
Bus code Assumed aS 
Pp bus voltage Megawatts Megavars Megawatts Megavars 
1 1.05 + 70 0 0 0 0 
2) 1.0 +70 20 0 50 20 
3 1.0 + 70 0 0 60 25 
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8.4 The sample power system shown in Fig. 8.24 is composed of a tap 


o+-# }- 
@ ® 


changing under load transformer with an impedance of 0 + 70.03. 
The load at bus 2 is 200 megawatts and 100 megavars. Let bus | 
be the slack and its voltage be 1.0 + j0 per unit. Assume an initial 
tap setting of 1.0 and determine the required tap setting to hold a 
voltage magnitude of 1.0 per unit, within + 0.005 per unit, at bus 2. 
Use the Gauss-Seidel method with Years and a 54 percent step per 
iteration for the tap change. 


Fig. 8.24 Sample power system for 
Prob. 8.4. 


8.5 The load flow data for the sample power system shown in Fig. 8.25 


is given in Tables 8.21 and 8.22. The voltage magnitude at bus 2 
is to be held at 1.0 per unit by means of the synchronous condenser 
at bus 3. The maximum and minimum reactive power limits of the 
condenser are 50 and —10 megavars, respectively. With bus 1 as 
the slack, use the Gauss-Seidel method and the bus admittance 
matrix to obtain a load flow solution. Use voltage tolerances of 
0.001 and 0.001 per unit and acceleration factors of 1.4 and 1.4. 


@ 


cn i 


| a 3 
I &) ® Fig. 8.25 Sample power system 
for Prab. 8.5. 


Table 8.21 Impedances for sample 
system for Prob. 8.5 


Bus code Impedance Line charging 


p-q Zpq y,¢/2 
1-2 0 + 70.05 0 
1-3 0 + j0.10 0 
2-3 0 + 70.05 0 
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Table 8.22 Scheduled generation and loads and assumed bus 
voltages for sample system for Prob. 8.5 


Generation Load 
os cade Assumed = Seen ene sate 
Pp bus voltage Megawatts Megavars Meacuwatts Megavars 
i 1.03 + 70 0 9 u 0 
2 1.00 + 370 0 0 200 100 
8 1 00 + 70 0 nn) 0 i 
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chapter 9 
Numerical solutionof 
differential equatiers— 


9.1 Introduction 


Many complex physical systems are described by differential equations 
for which a solution cannot be determined in analytical form. However. 
techniques are available to obtain approximate solutions of such differ- 
ential equations, or sets of equations. by numerical methods. Thu 
the solution of differential equations is another important phase in numeri- 
cal analysis. 

In general, methods of numerical integration employ a step-by-step 
process to determine a series of values for each dependent variable cur- 
responding to a selected set of values of the independent variable. The 
usual procedure is to select values of the independent variable at xed 
intervals. The accuracy of a solution by numerical integration depends 
both on the method chosen and the size of the interval. Some of the 
methods frequently used are described in the following sections. 


9.2 Numerical methods for solution 
of differential equations 


Euler’s method 
Given the first-order differential equation 
dy 


re f(xy) 254 


where z is the independent variable and y is the dependent variable, the 
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Axe Fig. 9.1 Graph of the 


2 oclarn, aft ianeeeees a x function for solution of a 
x . . * 
, differential equation. 


solution of equation (9.2.1) will be in the form 
y = g(z,c) (9.2.2) 


where c is a constant determined from specified initial conditions. The 
curve representing equation (9.2.2) is shown in Fig. 9.1. Since this is a 
smooth curve, short segments can be assumed to be straight lines. Thus, 
at a particular point (xo,yo) on this curve, 


d : ’ 
where a ko is the slope of the curve at the point (zo,yo) and is obtained 
- : 


by substituting zo and yo in equation (9.2.1). Hence, given the initial 
values 2» and yo a new value of y can be determined for a specified Az. 
Letting A = Az, then 


dy | 
Yr = Yo + Ay or Tn eed h 
dx '9 


where Ay is the increment of y corresponding to the increment of z. 
In turn, a second value of y can be determined by 


dy 
Yo = Yi + de 1 h 
where 
dy 
ee f(tuy1) 


dr} 
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lM ) 
| 
\ 


peginey 


| Fig. 9.2 Graph of ap- 
SR ee oe proximate solution of «a 


; bette Maile, Bons teeta PS x differential equation bv 
Euler’s method. 


This process can be continued using 


dy | 
Yo yar a ig 

ats 4 
Pe ION ace 


rr ee ee 


to provide a table of z and y values for the integral solution of cquatior. 
(9.2.1). This method is illustrated in Fig. 9.2. 


The modified Euler method 


In the application of Euler’s method. a value of dy, dz calculated at the 
beginning of the interval is assumed to apply over the entire intervi. 
An improvement can be obtained by calculating the new value of y for 
x, as before: 


Xy=Aoth 
dy’ 

0) as 

US Yo ae yh 


and using these new values x1 and y,” in equation (9.2.1) to calculate the 


d . 
approximate value of ai , at the end of the interval, 1.e., 


dx 


dy |(0) Gj 
rae =f fy 
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Then, an improved value y{” can be found by using the average af 


dy i dy |(0) 

708 and 7 al as follows: 
ay), ayo 
dr 0 it 

es ae 


2 


Using rt. and y{’, a third approximation y;’ can be obtained by the same 
process: 


dy | fie i 
dx lot dx i} 


yO = yot 9 


And a fourth: 


dy), dylan 
(2) dz dx 
2 


This process can be continued until two consecutive estimates for y are 
equal within the desired tolerance. The entire process is then repeated 
to obtain yz. The improved accuracy obtained with this modification of 
Euler’s method is illustrated in Fig. 9.3. 

Euler’s method can be applied for the solution of simultaneous dif- 
ferential equations. Given the two equations 


dy 
dr a Filzy,z) 
dz 
ae e, fo(z,y,2) 


with the initial values zo, yo, and zo, the new value y; will be 


z= a 
Y1 Yo + ae 0 
where 
d 
ioe $1(Zo,Yo,20) 


Similarly 


Chapter 9 Numerical solution of differential equations 347 


| aan | iimeinas 
sec i bee wae oe ae — eee ey bie x 
Xq %, 


Fig.9.3 Graph of approximate solution of a differen- 
tial equation by the modified Euler method. 


where 
dz 
dz 


For the next increment, the values 2; = co + A, yi, and z: are used to 
determine y2 and z:. In the modified Euler method y; and z; are used to 
evaluate the derivatives at x, for estimating the second approximations 


y\” and 2{). 


. = fo(Zo,Yo,20) 


Picard’s method of successive approximations 


The basis of Picard’s method is to determine a solution by approximating 
y as a function of x over a given range of x values, that is, 


y © g(z) 


This expression is evaluated by directly substituting values of x to obtain 
corresponding values for y. Given the differential equation (9.2.1), 


dy = f(z,y) dx 


and integrating between corresponding limits for 2 and y. 


V dy = [ flay) az 


yo 
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then 

yi — yo = [fey az 

or 

= yot [feu de (9.2.3) 


The integral term represents the change in y resulting from the change in 
xr from to tory. A solution can be obtained by evaluating the indicated 
integral by a method of successive approximations. 

he first approximation for y as a function of z can be obtained by 
replacing y under the integral with yo, the initial given value. that is, 


VP = yo t [P Haye) de 


and performing the indicated integration. This new value of y may now 
be substituted in equation (9.2.3) to obtain a second approximation for 
y, that is, 


vi? = yo + [ fley®) dx 


The process may be repeated as many times as necessary to obtain the 
desired accuracy. 

However, evaluating the integral may be complicated even though 
one of the variables is assumed fixed. This difficulty and the need to 
perform many integrations restrict the application of this method. 

Picard’s method can be applied to the solution of simultaneous equa- 
tions such as 


d 

5, 7 hey) 
dz 

a — fa(z.y,2) 


by using the formulas 
Yr = Yo + [i fie yose0) dx 
a= Zot [2 fezyo20) dx 


The Runge-Kutta method 


In the Runge-Kutta method the changes in the values of the dependent 
variable are calculated from a given set of formulas that are expressed in 
terms of the derivative evaluated at predetermined points. Since each 
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value of y is uniquely determined by the formulas, this method does not 
require repeated approximations as in the modified Euler method or 
success: ve integrations as in Picard’s method. 

The formulas are derived by using an approximation to replace a 
truncated Tavlor’s series expansion. The Runge-Kutta second-order 
approximation can be written in the form 


Yt = hea + nayky + Aoks (9.2.43 


Ay = flryoih 
Re = ea + byh, Yo + beky)h 


and the coefficients a1, a2, 61, and b; are to be determined. First, expand 
f(ze + bik. yo + boky) in a Taylor's series about (rayeb; then, 


ke = slroyyo) + b1 5 a ip h + bah 5 a ae ee k 


Substituting for k, and two terms of the series for ky in equation (9.2.4), 
the approximation becomes 


of z of 4 
Yr = yo t (ai + Ga)f(to,yodh + Gobi he +A aabafl re ya} = Ae 
dx ° oy 


0 
(9.2.33 
The Taylor’s series expansion of y about (20,yo) 1s 
dy d*y: h? 

¥1 BOE gg Maer lp 5 (9.2.6 
Since 
dy EY SOI Oe SOF da #9. 
dpe eyo Bnd” al ago ay of Foye) 
equation (9.2.6) becomes 

of. h? a h? bs 
n= vetMGoudh + Fs +m 5 Heowe) Se 9.2.7) 


Equating coefficients of equations ies and (9.2.7), then 


a + a; = 1 
ab, = yA 
asd. = 6 


Selecting an arbitrary value for a, 


a=\% 
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then 

dg = % 
h 1= 1 
be =] 


Substituting these values in equation (9.2.4), the Runge-Kutta second- 
order approximation formula is 


v= yot Mh + Mk 


where ky = f(xo0,yo)h 
ke = f(to +h, yot kidh 


Hence, 
Ay = 14(ki + ke) 


The application of the Runge-Kutta method for a second-order 
approximation requires the computation of k; and ky, The error in this 
approximation is of the order A? because the series was truncated after 
the second-order terms. 

The general Runge-Kutta fourth-order approximation formula is 


Yr = Yo + ayky + ark, + asks + dake (9.2.8) 


where ky = f(2o,yo)h 
ky = f(o + bsh, yo + boky)h 
kz = f(xo + bah, yo + daka)h 
ky = f(xto + bsh, yo + dekh 


Following the same procedure used for the second-order approximation, 
the coefficients in equation (9.2.8) are determined: 


a 
ea 
li 
\RB AN AR Oe 
BB A OS 


a4 = 

and 

b= 14 
bs = 4 
b= 
by = be 
bs =1 
bs = 1 
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Substituting these values in equation (9.2.8), the Runge-Kutta fourth- 
order upproximation becomes 


yi = yo + be(ky + 2ke + 2ki + ky) 


where k, = f(xo,yoh 


ki\. 
te =F ( ro by ye a), 


h 

2 
: h ky 
i(m+5 yo 3)h 


ka = f(to +h. yo + Kajh 


a= 


2 


Thus, the calculation of Ay with this formula requires the computation 
of ky, ke. k3, and k, and 


Ay = létky + 2ke + 2k; + ky) 


The error in this approximation is of the order A°. 
Runge-Kutta fourth-order approximation formulas for simultaneous 
differential equations of the form 


— = f(x,y,2) 


dz 
dz = g(z,y,2) 


are 


Y1 = yo t+ 16 (ki + Qk + 2k3 + ky) 
Zy = 20 + Me(4, + Ql, + 2ly + Ua) 


where ky = f(Xo0,Yo,20)h 
h k l 
n= S (ae t5 Yo + a) 


h ly 
ks = (10+ 5 Bee gi aot 3h 


ky = f(to + hh, yo + -. Zo + Is)h 
= g(L0,Yo,20)h 


= a (zo +5 = Yo + a 20+ ah 


ls othnstias’) 


lg = g(to + h, yo + ks, 20 + lah 
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Predictor-corrector methods 


Methods that are based on extrapolation, or integration ahead, and 
iteration for the solution of the differential equation 


d 
Me f(xy) (9.2.9) 
dx 


are called predictor-corrector methods. The general procedure in a 
predictor-corrector method is to advance from the point (2,,¥7.} to the 
point (ZasiYa+i) by means of a formula that does not include the unknown 


Pees ; _ dy : 
derivative at the latter point; then, to determine = | es from: the differ- 
x 7 L 
ential equation and to correct yn41 by the application of a more accurate 


formula. 
A simple type of predictor formula is that in Euler’s method, 1e., 


Ynui = Yn t yh (9.2.10) 
where 


eg 
ue dx |r 


A corrector formula is not used in Euler’s method. However, in the 
modified Euler method an approximate value of yn41 is obtained from the 
predictor formula (9.2.10) and this value is substituted in the differential 
equation (9.2.9) to determine y,,. Then, a more accurate value for 
Yn~1 18 obtained by means of the corrector formula 


' rh 
Yr-1 = Yn + Ca + Yn) 9 (9.2.11) 


This value is substituted in the differential equation (9.2.9) to obtain a 
better estimate for y/,,, which in turn is substituted in equation (9.2.11) 
for a more accurate Yasi. This iterative process is continued until two 
successive calculations of ya+1 from equation (9.2.11) yield the same 
value within the desired tolerance. 


The classic predictor-corrector method is that of Milne. Milne’s 
predictor and corrector formulas, respectively, are 


4h 
yy = Yno3 + 3 (Qy% =H Yea a 2y',) 


and 


h , , t 
Une = Yn-1 + 3 (Yn—1 + 4y,, + Var) 
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where 


, é 
Yar = S(taguwey 


The start of the camputaticn requires four cunsecurive known values of y. 
These may be calculated by the Runge-Kutts or some other numerical 
method before applying Milne’s pred:etcr-corrector formulas. The 
error in this method 's of the order A°. 

In general, it is desirable tu choose A sutheentiv small so that only a 
few iterations arc required to obtain any y,,. te the desired accuracy. 

These methods cum be extended for the mumerical solution of simul- 
taneous differential equations. The predietor and corrector formulas 
are applied independently tu each differertia: eavation as though it were 
a single equation. However, substitution of values tor all the dependent 
variables into each differential equation ‘s required to estimate the 
derivatives at (Tasi,yn+1)- 


9.3 Solution of higher-order differential equations 


The techniques previously described for the soiution of first-order differ- 
ential equations can be applied alsu to the sutution of higher-order differ- 
ential equations by the introduction of auxiliary variables. For example, 
given the second-order differentiai equation 


and the initial conditions, ro, ye, and ie this equation can be written 
ar 


as two simultaneous first-order differential equations: 


dy ' 

oe 

d*y dy’ by’ + cy 
dx dr a 


One of the methods previously described can be employed to solve these 
two first-order differential equations simultaneously. 

In a similar manner, any equation ur system of equations of higher 
order can be reduced to a system of equations of the first order. 


9.4 Examples of numerical 
solution of differential equations 


The solution of a differential equation will be illustrated by calculating 
the current for a series RL circuit. 


354 Computer methods in power system analysis 


t=0 R 


eit) 
Fig. 9.4 Representation of an RE 
circuit. 


Problem 


(riven the RL circuit in Fig. 9.4 where the voltage applied by closing 
the switen fs 


c(t) = 5t o<t<02 
ei = t> 0.2 


the resistance, in ohms, is 
R=1 +4 3? 

and the inductance, in henrys, is 
he 


lind the current in the circuit. by each of the following methods: 


a. Euler’s 

6. The modified Euler 

c. Runge-lutta fourth-order approximation 
d. Maulne’s 

e. Pieard’s 

Solution 


The differential equation of the circuit is 
di 

i + Ri = elt) 

Substituting for R and L, then, 

di 

| + (+ 32) = eff 

i 


The initial conditions at ¢ = 0 are eg = 0 and 7% =0. The interval 
selected for the independent variable is At = 0.025. 
a. The equations for Euler’s method are 


_ di 
dt in 
tng = ln + Ata 


Aln At 
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where 
di 
| =e, — (1 + 32,7)i, 
dt |" ( 
Seed oe : ; ate 
Substituting the initial values in the differential equation, nee 0 and 


Ato = 0. Hence. the current 2; = 0. At ?: 


= 0.025, e, = 1125 and 


di | ae 

~) = 03.125 — (1 + Af03730 = 0.125 
dt 

At, = (0.125)0.025 = 0.00313 

Then, 


72 = 0 + 0.00313 = 0.00313 


The tabulated results for this solution are shown in Table 9.1. 
b. The equations for the modified Euler method are 


(0) 
At, = dt a At 
ay = tn + Av® 
di } dt 0) 
A dt ln dt n+l 
1, 2 
Ty = ta + Ot 


Time Voltage Current 
‘ dt di: : a8 
n tn en In = tn-1 + Weed Al = tn a+ 3in dtm 
0 | 0.000 0.000 0.00000 6 00000 
1 | 0.025 0.125 0.00000 0. 12500 
2 | 0.050 0.250 0.00313 0.24687 
3 | 0.075 0.375 0.00930 0.36570 
4 | 0.100 0.500 0.01844 0.48154 
5 | 0.125 0.625 0.03048 0.59444 
6 | 0.150 0.750 0.04534 0.70438 
7 | 0.175 0.875 0.06295 0.81130 
8 | 0.200 1.000 0. 08323 0.91504 
9 | 0.225 1.000 0.10611 0.89031 
10 | 0.250 1.000 0. 12837 0.86528 
11 | 0.275 1.000 0. 15000 0. 83988 
12 | 0.300 1.000 0.17100 
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where 
dt |) 


wes a es if, 0) yay 
diinti Cnt1 (1 + 3G, one 


n+l 


Substituting the initial values e¢ = 0 and 1, = 0 in the differential 


equation, 
dt! 0 
dt 0 


and, therefore, 


Age? 2Q) 

0 
Substituting in the differential equation 7," = 0 and e 
di i(0) 5 buts 
Ta 7 0-125 = {1 + 3(0)*}0 = 0.125 
and 

0.125 + 0 

ALP = ( - ) 0.025 = 0.00156 
Then, 


i? = 0+ 0.00156 = 0.00156 


0.125, 


In solving the example by this method, no iteration was performed; 
hence 7), = tiy1. The solution obtained by this method is shown in 


Table 9.2. 


Table 9.2. Solution by the modified Euler method 


j 


Volt-  Cur- 
Time age rent di dt io 

ni th en th dt n ai) net 7) dt Intl ar) 
0. 0.000 0.000 0.00000 0.00000 0.00000 0.125 0.00000 0.12500 0 00156 
1. 0.025 0.125 0.00156 0.12344 0.00309 0.250 0.00465 0.24535 0.00461 
2 0.050 0.250 0.00617 0.24383 0.00610 0.375 0.01227 0.36272 0.00758 
3. 0.075 0.375 0.01375 0.36124 0.00903 0.500 0.02278 0.47718 0.01048 
4 0.100 0.500 0.02423 0.47573 0.01189 0.625 0.03612 0.58874 0.01331 
5, 0.125 0.625 0.08754 0.58730 0.01468 0.750 0.05222 0.69735 0.01606 
6' 0.150 0.750 0.05360 0.69594 0.01740 0.875 0.07100 0.80293 0.01874 
7/ 0.175 0.875 0.07234 0.80152 0.02004 1.000 0.09238 0.90525 0.02133 
5. 0.200 1.000 0.09367 0.90386 0.02260 1.000 0.11627 0.87901 0.02229 
G7 | 0.225 1.000 0.11596 0.87936 0.02198 1.000 0.13794 0.85419 0.02167 
10' 0.250 1.000 0.13763 0.85455 0.02136 1.000 0.15899 0.82895 0.02104 
11: 0.275 1.000 0.15867 0.82935 0.02073 1.000 0.17940 0.80328 0.02041 
12 0.300 1.000 0.17908 
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c. The equations used for the Runge-Kutta method to solve 


ce (i) — (1 + 30°) 
a = yi 
are 
Ay = Seltn) — (+ 32,2)0.5 At 


| 


ee kN?1(/. ik . 
kp = {eit fA |! a2 (;. — ) |(- + 3) Ai 
. [. 3 f. he ‘ ke 
( fn : 2) ra 7 3 n ee En + - 
eit, + Al & + a + 2) |(: 5) 


Ka = felt, + At) ~— [1 + Bit, + ka)?{(in + kaj} At 
Ain = be(ky + Qky + Qh: + ha 
Ing1 = Ir + Atn 


ky 


where é(tn) = a 
Ont €nt 


€ (tn + At/2) 5 


e(tn + Al) = enar 
Substituting the initial values tu solve for ky, 
ky = 0 
Solving for ke, 


— | ea oe tite 3(0)410| 0.025 = 0.00156 


Solving for ks, 


0 + 0.125 00156)? ] 0.001: 
ky = | eee E 4 3(°O ) || 0.025 = 0.00154 


2 2 2 
Solving for ka, 


ka = (0 + 0.125 — [1 + 3(0.00154)?]0.00154}0.025 = 0.00309 
Then, 

Aiy = 1€(0 + 0.00312 + 0.00308 + 0.00309) = 0.00155 

and 

11 = 1) + Ato = 0 + 0.00155 = 0.00155 

The solution obtained by this method is shown in Table 9.3. 


357 


PO6LTO Q00'T O00f'0 ral 

Tr0zO 0 600Z0'0 S06/1 0 OOO T ZrOZ0 0 F889T 0 10200 00691 0 Q000 IT €2020°0 e98Si'O O00 1 $220 ia! 

SOTZOO £20200 LOxsT Oo OO0OT SOIZ0'O TIkFI O SOIZO'O LZe8ht'O O000'T ZEIZ0'O S8SZEI'O O00'T 0920 01 
891200 LETZO O Sezer 0 LOOT 8OT2O 0 FZ90T'O 29120 0 069210 0000'l 661Z0°0 O6SIT'O O00'E $220 6 
0€220'0 66120 0 ObSTT G COO T O8%20°'0 GZFOT'O 62220 0 O6FOI 0 OOOO I 092200 O9860°0 O00'T 002°0 8 
BEIZO GO 09260 0 6StH0 0 OOO T GEIZO'O 62800 FEIZO'O 622800 F2E6'0 F00T0'O 242220'0 $28'0 SZI'0 Z 
€24810°0 F00Z0 0 922Z0'°0 =Sl8'0 SZ810'0 162900 FL8I0'0 F2G90'0 SSI8'0 OFLI0 0 FSESO'O OSZ'0 OSI 0 9 
SO9TO'O OFLZIO'0 eStS0'0 OSZ'0 PO9TO'O 2SSh0'0 90910°O ES8hFO'O GZL89°O SOFIO'O G6FLEO'O $29°0 SZI'0 G 
O£€I0 0 S9PIOU SPLEO'O G29°0 GZETIO'O FSOLO'O IEEIO'O FLIOEO'O ¢29¢'O 681I0'O 6IFZ0'O O0S'0 OUT‘) i 
Z4010'0 = GSTTO'0 S8IFZ0'0 O00S'O OFOIO'O 96810 0 ShOTO'O F28I0 0 SZer'O 0600'0 ZZ£10'0 SZe'0 820°0 £ 
£$400'°0 €0600 0 IZE10'0 G2Z€°O 99200'0 #6600'0 82200'0 02600'0 Sszre'O0 GI900'0 ¢1900'0 0S2'0 osS0'0 j 
09000 019000 FI900 0 0S%°0 69F00'0 98£00'0 19400'0 O1£00'0 GZ8I'0 60E00'0 SEI00'O ¢zr'o szo'o I 
$$100'0 60800'°O FSI00'O S2t'O ¥#£100'0 82000°0 98100°0 00000'0 ¢290°0 00000'0 00000'0 000'0 000°0 0 
iz ess ie meets za eee . . e nee =. = sia! = : ce 5 2 oh |- is 

“Vv "y rece Ee *y jw am care 2 864 2 “a “7 u 

ty : ty "  rtug 4 ug using aboyoA awry 


poylata viiny-ofuny ays <q UuolInjoy §£°6 QqQUE 


Chapter 9 Numerical solution of differential equations 359 


d. The predictor and corrector formulas for Milne’s method are 


. 4 4At ~” * - 
1, = tout cae (2, . — ty + 22) 


" . Ai f of of / 
Int. = ta-1 a 3 Al, _4 a 41, + Ta) 
where 


~ _ att 
omer e 


and 


e 
ae ce ops eG ERY aya 


The required starting values were obtained from the Runge-Kutta solu- 
tion, where 


lo — 0 

a, = 0.00155 

1, = 0.00615 

43 = 0.01372 

Substituting these in the differential equation, then 
i= 0 

7, = 0.12345 

t, = 0.24385 

¢; = 0.36127 


Starting at 4, = 0.100 and substituting in the predictor formula, the first 
estimate for 14 18 


1° = 0 + 4§(0.025)[2(0.12345) — 0.24385 + 2(0.36127)] = 0.02418 
Substituting e, = 0.500 and 1, = 0.02418 in the differential equation, 
2, = 0.500 — [1 + 3(0.02418)7]0.02418 = 0.47578 

Substituting in the corrector formula, 


0.02 
t, = 0.00615 + ale [0.24385 + 4(0.36127) + 0.47578] = 0.02419 


The predicted and corrected values differ only by one in the fifth decimal 
place and thus no iteration is required. The results for subsequent steps 
are given in Table 9.4. At t, the predicted value of current was 0.11742. 
whereas the corrected value was 0.11639. An iteration was performed 
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Tuble 9.4 Solution by Milne’s method 


| Current Current 


Time Voltage (predicted) icorrected' 
a en ae is tn 
Sete rence fe ag peor 
4 '0.100 0,500 0.02418 0.47578 0 02419 
» ' 0125 0.625 0.03748 0.587236 0.9374x 
8 0150 0750 0.05353 0.69601 4.05353 
7. 0.175 0.875 0.07226 0.80161 0.07226 
s 0.200 1.000 0.09359 0.90395 0.09358 
4 0.225 1.000 0.11742 0.87772 0.11639 
0.87888 0.11640 
10 i 0.250 1.000 0.13543 0.85712 0.13755 
0.85464 0.13753t 
ll: 0.275 1.000 0.16021 0.82745 0.15911 
0.82881 0.15912+¢ 
12 0.300 1.000 0.17894 0.80387 0.17898 
0.80382 0.17898 


+ Second corrected value obtained by iteration. 


by substituting this corrected value in the differential equation to obtain 
i, = 0.87888. This in turn was used in the corrector formula to obtain 
the second estimate for 79 = 0.11640, which checks the previous cor- 
rected value. An iteration was performed in all subsequent steps to 
assure the desired accuracy. 


e. The equation used for Picard’s method to generate an approximating 
function for z, near 7%) = 0, is 


7 = ty + ie (e(t) — 1 — 32) dt 
Substituting e(f) = 5t and the initial value 7 = 0, 
t 5t? 
moo fis Soe 
iW = A Std = > 
Then, substituting 7 for 7 in the integral equation, 


t? 5t6 
ie = (8 -—  - *) a 
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Continuing, 

t 52 ot? B75 = B75t? 12588 
.¢ 5t — SS pats. es é it 
: a a1 % ers TF a 


el ie eee, 


oa VOR a6 


i 
> 
Pia 
Nott 
ae 
i 
ik 
pe 
Re 
¢ x 
i 
1 we 
x 
ear 
i 
w 
=! 
lure 
MS! 
nn 
A 
~I 
~ 
x 
+ 
ere 
~~ 


sG BR BTL 


2 6 24 24 56 
Terminating this series after the fourth-degree term. thes 

bP 58 Bett 
Pigs 6. ag 
If this function is used to approximate ¢ correct to four decimal places 
with the first neglected term as an approximation of the truncation error, 
then 


‘Ad 
— < 5 
24 = 0.00005 


3 log t < log 0.00120 
log £ < 9.415836 — 10 
t < 0.2605 

This is the limiting value of f for which the approximating function 1s 
valid. However, in this example the function can be used to obtain uy 
only for the range 0 < ¢ < 0.2, because for 1 > 0.2. e(f) = 1. Conse- 
quently, another approximating function must be determined for the 
range 0.2 < t < 0.3 as follows: 


1 = 0.09367 + i (1 — i — 38) dt 
i) = 0.09367 + ihe {1 — 0.09367 — 3(0.09367)" dt 
= 0.09367 + 0.90386(t — 0.2) 
i = 0.09367 + f), {1 — 0.09367 — 0.90386(¢ — 0.2) 
— 3[0.09367 + 0.90386(¢ — 0.2)]%} dt 
= 0.09367 + 0.90386 [., {1 — 1.07897(t — 0.2) 


— 0.76198(¢ — 0.2)? — 2.45089(t — 0.2)%} de 


t — 0.2)? 
= 0.09367 + 0.90386 {« — 0.2) — 1.07897 en eer 


(t — 0.2) (¢ — 0.2)4 
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Table 9.5 Solution by 
Picard’s method 


—_->37- 
Time Voltage Current 
nop ts en tn 
a er 


0 0 0 0 
i> 6.025 0.125 0.00155 
2: 6.050 0.250 0.00615 
3 0.075 =0.375 0.01372 
+. 9.100 0.500 0.02419 
5 0.125 0.625 0.03749 
6 0.150 0.750 0.05354 
7 0.175 0.875 0.07229 
§ 9.200 1.000 0.09367 
GS 0.225 1.000 0.11596 
10° 0.250 1.000 0.13764 
11 0.275 1.000 0.15868 
12. 0.300 1.000 0.17910 


Finally, 


1 = 0.09367 + 0.90386(¢ — 0.2) — 0.48762(t — 0.2)? 
— 0.05420(¢ — 0.2)? — 0.30611(¢ — 0.2)* + 0.86646(¢ — 0.2) - - - 


Terminating the series, the approximating function is 


7 = 0.09367 + 0.90386(¢ — 0.2) — 0.48762(¢ — 0.2)? 
— 0.05420(¢ — 0.2)? — 0.30611(¢ — 0.2)! 


For 7 correct to four decimal places, since 


0.86646(t — 0.2)5 < 0.00005 
(¢ — 0.2) < 0.14198 


this function is valid for the range 0.2 < t < 0.342. 
The values obtained by Picard’s method are shown in Table 9.5. 


9.5 Comparison of methods 


In the solution of a differential equation a functional relation between the 
dependent variable y and the independent variable z is sought to satisfy 
the differential equation. An analytical solution is difficult and for some 
problems impossible to obtain. Numerical methods are used to obtain a 
solution by (1) expressing y as some function of the independent variable 
zx from which approximate values of y can be obtained by direct substitu- 
tion, or (2) expressing an approximate relation between successive values 
of y determined for selected values of xz. Picard’s method is a numerical 
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method of the first type. The methods of Euler, Runge-Kutta, and 
Milne are examples of the second type. 

The principal difficulties that arise from methods approximating 
by a functiow. such as Picard’s method. occur in the repeated explicit 
integrations that aust be performed to obtain a satisfactory funetion. 
Hence these methmls are impractical in most. cases and are seldom used. 

The methads of the second type require simple arithmetic operations 
and thus are ippheable for a computer solution of differential equations. 
In general. the snipier relations require the use of smailer mtervals for 
the independent variable whereas the more complex methods can employ 
relatively larger intervals without sacrificing the accuracy of the solution. 
Euler’s method is the simplest, but unless a very small interval is used it 
is too inaccurate to be practical. The modified method of Euler is also 
simple to apply and has the additional advantage that systematic check- 
ing 1s inherent in the process of obtaining improved estimates for y. This 
method is of limited accuracy, however, and requires the use of small 
intervals for the independent variable. The Runge-Kutta method 
requires a larger number of arithmetic operations, but the results are 
more accurate. 

AMilne’s predictor-corrector method is less laborious than is the 
Runge-Kutta method and has comparable accuracy of order A®. How- 
ever, Milne’s method requires four starting values for the dependent 
variable that must be obtained by some other method, such as the 
modified Euler or Runge-Kutta method, that is self-starting. For a 
computer application this requires programming a numerical method 
for starting the solution as well as Milne’s method for continuing the 
solution. The use of different formulas for predicting and then correcting 
a value of y provides a systematic process for checking us well as cor- 
recting the initial estimate. If the difference between the predicted and 
corrected values is significant, the interval can be reduced. This capa- 
bility in the Milne method is not available in the Runge-Kutta method. 


Problems 
9.1 Solve the differential equation 


dy 
dr 


voy 


for 0 < zx < 0.3, with the interval equal to 0.05 and initial values 
Xo = O and yo = 1, by the following numerical methods: 

a. Euler’s 

b. The modified Euler 

c. Picard’s 
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d. Rtinge-Kutta fourth-order approximation 
e. Milne’s, using starting values obtained from the Runge-Kutta 
method 
9.2 Solve by the modified Euler methud the simultaneous differential 
equations 
dr 
dt 
dy x 
di 8 


2y 


for 0 < * < 1.0, with the intervai equal to 0.2 and initini values 
fo = 0, x. = O, and ye = 1. 

9.3 Solve by the Runge-Kutta fourth-order approximation the second- 
order differential equation 


y" =y + zy’ 


for 0 < x < 0-4, with the interval equal to 0.1 and initial values 
oS 0; ye = 1 and gy = © 
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chapter 10 
Transient stability siudies. 


10.1 Introduction 


Transient stability studies provide infurmation related to the capability 
of a power system tv remain in synchronism during major disturbances 
resulting from either the loss of generating or transmission facilities. 
sudden or sustained oad changes, or momentary faults. Specifically. 
these studies provide the changes in the voltages, currents, powers, 
speeds, and torques of the machines of the power system, as well as the 
changes in system voltages and power flows, during and immediately 
following a disturbance. The degree of stability of a power system is an 
important factor in the planning of new facilities. In order to provide the 
reliability required by the dependence on continuous electric service, 
it is necessary that power systems be designed to be stable under any 
conceivable disturbance. 

The ac network analyzer was used for transient stability studies to 
obtain the operating performance of the power network during a disturb- 
ance. The step-by-step calculations describing the operation of the 
machines were performed manually. The use of the digital computer to 
perform all computation for both the network and the machines was a 
natural extension of the digital load flow studies that proved so successful. 

The performace of the power system during the transient period 
can be obtained from the network performance equations. The perform- 
ance equation using the bus frame of reference in either the impedance 
or admittance form:has been used in transient stability calculations. 

In transient stability studies a load flow calculation is made first to 
obtain system conditions prior to the disturbance. In this calculation 
the network is composed of system buses, transmission lines, and trans- 
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formers. The network representation for transient stability studies 
includes, in addition to these components, equivalent circuits for machines 
and static impedances or admittances ta pround for loads. After the 
Joud flow calculation, therefore, the impedanee or admittance matrix of 
the network must be modified to reflect the changes in the representation 
of the network. 

The operating characteristics of synehronous and induction machines 
are described by sets of differential equations. ‘Phe number of differ- 
ential equetions required fora machine depends on the detail needed to 
represent accurately the machine performance. Pwo first-order differ- 
ential equations are required for the simplest representation of a syn- 
chronous machine. 

A transient stability analysis is performed by combining a solution 
of the algebraic equations deseribing the network with a numerical solu- 
tion of the differential equations. ‘Phe solution of the network equations 
retains the identity of the system and thereby provides uccess to system 
voltages and currents during the transient period. The modified Muler 
and Runge-Kutta methods have been applied to the solution of the differ- 
ential equations in transient stability studies. 


10.2 Swing equation 


In order to determine the angular displacement between the machines of 
a power system during transient conditions, it is necessary to solve the 
differential equation describing the motion of the machine rotors. The 
net torque acting on the rotor of a machine, from the laws of mechanics 
related to rotating bodies, is 


WR? 
T= a (10.2.1) 
g 
where T = algebraic sum of all torques, ft-lb 
WR? = moment of inertia, lb-ft? 
g = acceleration due to gravity, equal to 32.2 ft/sec? 


a = mechanical angular acceleration, rad/sec? 
The electrical angle @, is equal to the product of the mechanical! angle @, 
and the number of pairs of poles 2/2, that is, 
P 
0. = = Om (10.2.2) 


The frequency f in cycles per second is 


fe (10.2.3) 
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Then from equations (10.2.2) and (10.2.3) the electrical angle in radians is 
6. = — On (10.2.4) 
The electrical angular position 8, in radians, of the rotor with respect toa 
synchronously rotating reference axis 1s 
& = 0, — onl 


where wo = rated synchronous speed, rad/secc 
t = time, sec 
Then, the angular velocity or slip with respect to the reference axis is 


dé dé, 

de gh 

and the angular acceleration is 
d76 d?6, 

de dt 


Taking the second derivative of equation (10.2.4) and substituting, 
d*s— 60f 6, 


di? rpm dt? 
where 

278m 

dz 


Then, substituting into equation (10.2.1), the net torque is 
Te WR? rpm a5 
g 60f de? 
It is desirable to express the torque in per unit. The base torque is 


defined as the torque required to develop rated power at rated speed, 
that is, 


Base torque = 


where the base torque is in foot-pounds. Therefore, the torque in per 

unit is 

WR? Qn (my 0.746 
60 550 ds 


g f 
T = a8 
base kva dt? (10.2.5) 
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The inertia constant 7f of a machine is defined as the kinetic energy at 
rated speed in kilowatt seconds per kilovolt-ampere. The kinetic energy 
in foot-pounds is 


ee 1Wwk | 
Kinetic energy = — wo” 
26g 
where 


and rpm is the rated speed. Therefore 

1 WR? (on)? 3) HEN 

2 9g 60 550 
base kva 


Ho= 


Substituting.in equation (10.2.5), 
Weazie (10.2.6) 


The torques acting on the rotor of a generator include the mechanions 
input torque from the prime muver, torques due to rotatiou:l losses 
(friction, windage, and core losses), electrieal output torques, and damp- 
ing torques due to prime inover, generator, and power system. The 
electrical and mechanical torques acting on the retor of a motor are of 
opposite sign and area result of the electrical input and meelanteal load, 
Neglecting damping and rotational losses, the accelerating torque 7’. is 


T,=T,—T, 
where 7,, = mechanical torque 


T. = electrical air gap torque 
Thus equation (10.2.6) becomes 


pie eee a, gem a (10.2.7) 


Since the torque and power in per unit are equal for small deviations in 
speed, equation (10.2.7) becomes 


as nf 
Ta aaa! 


where P,, = mechanical power 
P, = electrical air gap power 
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This second-order differential equation can be written as two simultaneous 
first-order equations: 


da dw xf 
SS See mm vee 
dt dt H ie ) 
and 
dé dé, 
ao ye (10.2.8) 


Since the rated synchronous speed in radians per second is 2rf, equation 
(10.2.8) becomes 


dé _ . 
dl ov mf 


10.3) Machine equations 
Synchronous machines 


In transient stability studies, particularly those involving short periods 
of analysis in the order of a second or Iess, a synchronous machine can be 
represented by a voltage source, in back of transient reactance, that is 
constant in magnitude but changes its angular position. This repre- 
sentation neglects the effect of saliency and assumes constant flux 
linkages and a small change in speed. The voltage back of transient 
reactance is determined from 


EY = E, + Tale + crag 


where /” = voltage back of transient reactance 

i, = machine terminal voltage 

I, = machine terminal current 

‘a = armature resistance 
= transient reactance 
The representation of the synchronous machine used for network solu- 
tions and the corresponding phasor diagram are shown in Fig. 10.1. 

Sahiency and changes in field flux linkages can be taken into account 

by representing the effects of the three-phase ac quantities of a syn- 
chronous machine by components acting along the direct and quadrature 
axes. ‘The direct axis is along the centerline of the machine pole and the 
quadrature axis leads the direct axis by 90 electrical degrees. The posi- 
tion of the quadrature axis ean be determined by calculating a fictitious 
voltage luented on this axis. This is a voltage back of quadrature-axis 


oa 
1 
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Fig.10.1 Simplified representation 
of a synchronous machine. (a) 
Equivalent circuit; (b) phasor dia- 
gram. 


synchronous reactance and is determined from 
BE, = E, + Tol t + juli 


where /’, = voltage back of quadrature-axis synchronous reactance 
gq = quadrature-axis synchronous reactance 

The representation of the synchronous machine used for network solu- 
tions and the corresponding phasor diagram are shown in Fig. 10.2. 

The sinusoidal flux produced by the field current acts along the direct 
axis. The voltage induced by field current lags this flux by 90° and, 
therefore, is on the quadrature axis. This voltage ean be determined by 
adding to the terminal voltage ff, the voltage drop across the armature 
resistance and the voltage drops representing the demagnetizing effects 
along the direct and quadrature axes. Then negleeting saturation, 


Br = Bet role + tala + jtelg 


where /¢; = voltage proportional to field current 
2a = direct-axis synchronous reactance 
%q = quadrature-axis synchronous reactance 
Ia = direct-axis component of machine terminal current 
I, = quadrature-axis component of machine terminal current 
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The phasor diagram showing EF; as well as the voltage back of transient 
reaetanee is shown in Fig. 10.5. 

The quadrature component of voltage back of transient reactance 
from the phasor diagram is 


= By — it, — Ma 


a 


where Lis the voltage proportional to the field flux linkages resulting 
from the combined effect of the field and armature currents. Since the 
field flux linkages do not change instantancously following a disturbance, 
Le also does not change instantaneously. The rate of change of /) along 
the quadrature axis is dependent on the field voltage controlled by the 
regulator and exciter, the voltage proportional to the field current, and 
the direct-axis transient open circuit time constant and is given by 

ae 1, 

ae (Eya — Er) 


ii 


where Esq = term representing the field voltage acting along the quadra- 
ture axis 


Tj) = direct-axis transient open circuit time constant 


! 


Xy Tq 


(a) 


Se 
: ern, 
(b) . TN Ory, 


Fig. 10.20 Representation of a synchronous machine for 
determining E,. (a) Equivalent circuit; (b) phasor 
diagram. 
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q 


Fig. 10.30 Phasor diagram for determining the quadrature-axis component 
of voltage behind transient reactance. 


Induction machines 


In power system transient stability studies loads, including induction 
motors, usually can be represented adequately by shunt impedances. 
However, in studies involving large induction motor loads it ix necessary 
frequently to represent the induction motors in a more detailed manner. 
Induction motors are used extensively in industrial processes and can 
have significant effects on the transient response of a power system. 

A reasonable linear representation of an induction machine can be 
obtained by taking into account the effects of mechanical transients and 
rotor electrical transients. The effects of stator electrical transients 
on system response usually can be neglected. The equivalent circuit 
shown in Fig. 10.4 has been used to represent the transient behavior of 
an induction motor including the effects of mechanical transients and 
rotor electrical transients with a single time constant. 

The differential equation describing the rate of change of the voltage 
behind transient reactance X% is 


dk’ 1 
——- = —j2nfsl" — — {lil — j(X — xX’ 
ay 7 Tas! ~ ae EY — (X ~ XM 


where the rotor open circuit time constant 7) in seconds is 


tpt Lm 


jo 
°  Onfr, 
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I, | 

Ey @®) Fig. 10.4 Simplified representation of an 
| 
! 


induction machine for transient anulysia. 


and the terminal current is 


1 
N= (Mi - EY-— 


The reactanees X and X’ can be obtained from the conventional 
steady state cquivalent circuit of an induction machine as shown in 
Fig. 10.5, where 


r, is the stator resistance in per unit 

x, is the stator reactance in per unit 

r, is the rotor resistance in per unit 

z, is the rotor reactance in per unit 

tm is the magnetizing reactance in per unit 
s is the rotor slip in per unit 


The resistances and reactances are all on the same kva base. The ratio 
of the base voltages of the stator and rotor is equal to the open circuit 
voltage ratio at standstill. The per unit slip is 


Synchronous speed — actual speed 
$s = 
Synchronous speed 


Since the rotor resistance r, is small compared with the reactances, it can 
he neglected in the calculation of X and X’. From the steady state 
equivalent circuit, then, the open circuit reactance is approximately 


Ae ay Bite 


The blocked rotor reactance is approximately 


2) a Lindy 
X’ = 2, + —— 
Im + Ir 
" X, x, 
WA 009-9), 
| i 
E, Xm + Fig. 10.5 Steady state positive 


sequence equivalent circuit of 


ee ee an induction machine. 
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10.4. Power system equations 


Representation of loads 


Power system loads, other than motors represented by equivalent ¢ir- 
cuits, can be treated in several ways during the transient period. “The 
commonly used represen titions are either statie imapedianee or admittance 
to ground, constant current at fixed power factor, constant rent and rese- 
tive power, or a combination of (hese representations. 

The constant power lond is cither equal to the seheduled real and 
reactive bus load or is a percentage of the specified values in the cuse of a 
combined representation. ‘he parameters associated with static 
impedance and constant current representations are obtained from the 
scheduled bus loads and the bus voltages calculated from a load flow 
solution for the power system prior toa disturbance. The initial value 
of the current for a constant current representation is obtained from 
Pup ~ JQt» 

Aba 


“p 


I po = 


where Pr, and Qr, are the scheduled bus loads and £ is the calculated 
bus voltage. The current /po flows from bus p to ground, that is, to 
bus 0. The magnitude and power factor angle of Jp9 remain constant. 

The static admittance y,o, used to represent the load at bus p, can 
be obtained from 


(Ep — Bo)ypo = Lo 


where J: is the calculated bus voltage and /o is the ground voltage, equal 
to zero. Therefore 


I po 
Ypo = E, (10.4.1) 
Multiplying both the dividend and divisor of equation (10.4.1) by E3 


and separating the real and imaginary components, 


Pryp Qtp 
oe ep’ + fr” si - ep? + fy’ 
where 


Ypo = Gpo — JDp0 


Network performance equations 


The network performance equations used for load flow calculations can 
be applied to describe the performance of the network during a transient 
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period (Stagg, Gabrielle, Moore, and Hohenstein, 1959). Using the bus 
admittance matrix with ground as reference, the voltage equation for 
bus p is 

—_ L 
Pie aa = y Y Dopalig (10.4.2) 


q=l 
arp 


The term P, — jQ,/E% in equation (10.4.2) represents the load current 
at bus p. For the constant current load representation 


=e = |Ipol/8 + o5 
“p 


where ¢, is the power factor angle and 6% is the angle of voltage with 
respect to the reference. When the constant power is used to represent 
the load, (P, — jQ,)l, will be constant but the bus voltage EF, will 
change every iteration. When the load at bus p is represented by a 
static admittance to ground, the impressed current at the bus is zero and 
therefore 


Cg 2 I ales = 
io* 


In using equation ao. 4.2} to describe the performance of the net- 
work fora transient analysis, the parameters must be modified to include 
the effects of the equivalent elements required to represent synchronous 
and induction machines and loads. The line parameters YLp, must be 
modified for the new elements and an additional line parameter must be 
calculated for cach new network clement. The system’shown in Fig. 
10.6, which was used also to illustrate the load flow solution techniques 
in See. 8.3, has two machines and a load at each bus. Representing all 
loads as static admittances to ground, the voltage equation for bus 1 is 


Ky = —VYLeE, = YLi3E3 po YLyE, oat Y Lacks 


where YD = Yyoly 

YI13 = Yisly 

YIne = Yuli 
The elements Yi2, Yis, and Yi, from the bus admittance matrix of the 
network are the same as in the load flow representation. However, 

1 


ae oe 


where 


Yur = yi2 + yia + yrs + Yr0 
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Fig. 10.6 Single line diagram of power system for transient analysis. 


includes the static admittance representing the load. Since /¥» is zero, 
the line parameter YZy9 dues not have to be caleulated. 
The voltage equation for bus 2 is 


Ey = —¥igk, ae ¥ Loss = ¥ Laglis =. ¥ Leal s 


where bus 8 is a new bus. In this case the diagonal admittance clement 
for bus 2 is 


Yoo = yur + Yas + Yrs + Yoo + Y28 


where 729 is the static admittance representing the load and yes is the 
machine equivalent admittance. The formulas for the Gauss-Seidel 
iterative solution of the network shown in ligt 10.6 are, then, 


| itil = ~ VL yp aed ¥ Light * = YL 


| = — Vii, fet ae Y Toag lt 5* = Y Lag ls 5* = Y Laglts 
we = VD WE! — Vashi! 


Ee = —~YLyaki — Vials — YLal; 
Ek+t = —YLs.h 4+! — YLigylt5*? 
Eee = —Y Lett! A ViuEet 


The initial bus voltages are obtained from the load flow solution 
prior to the disturbance. The initial voltages for the new buses 7 and 8 
are obtained from the equivalent circuit representing the machines. 
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Subsequent voltages for these buses are calculated from the differential 
equations describing the performance of the machines. 

During the iterative calculation the magnitudes and phase angles cf 
the bus voltages behind the machine equivalent admittances are held 
constant. Ifa three-phase fault is simulated, the voltage of the faulted 
bus is set to zero and held constant. 

If the bus impedance matrix is used for a transient stability study, 
ground is usually taken as reference because all network bus voltages, 
except at the faulted bus, change during the transient period (Brown, 
Happ, Person, and Young, 1965). To eliminate the need to modify the 
bus impedance matrix for a change in the reference bus, ground is used 
also as reference in the prefault load flow calculation. 

When ground is used as reference for the load flow calculation and the 
loads are represented solely as current sources, the bus impedance matrix 
will include only the capacitor, reactor, and line charging elements to 
ground. In this case the bus impedanee matrix is i-conditioned and 
convergence of the solution usually is not obtained. On the other hand, 
if the loads are represented solely as impedances to ground to improve 
the convergence characteristic, then these impedances and the bus 
impedance matrix must be modified during the iterative solution for 
changes in bus voltages. “Po overcome this diffienlty only a portion 
of each bus load is represented as an impedance te ground. The remain- 
ing portion of the load ean be represented as a current source whieh varies 
with the bus voltage so that the total bus current satisfies the scheduled 
load power. 

After the load flow solution is obtained, the bus impedance matrix 
must be modified to include the new network elements representing the 
machines and to account for changes in the representation of loads. 
These modifieations can be made by using the algorithm described in 
Sees. 4.2 and 4.3. Each element representing a machine is a branch toa 
new bus, and each clement representing a load ehange is a link to ground. 

The iteration formula for the performance of the network during the 
transient period using ground as reference is 


Bs) Hol. ple Wyden soak 
a ps 


where nis the number of network buses, iis the number of buses hehind 
the equivalent machine impedances, and bus fis the faulted bus, The 
current vector /, is composed of load enrrents from either the constant 
current or constant power representation and the currents obtained from 
machine equivalent cireuits. 

In the application of the bus impedance matrix, only those rows and 
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columns corresponding to machines, constant power, and constant 
current sources need to be retained for the network solution. All rows 
and columns would have to be maintained, however, if system voltages 
and power flows are required during the transient calculations. 

The procedures described using the bus impedance and admittance 
matrices and representing each machine as a voltage behind the machine 
impedance is an application of Thevenin’s theorem. An _ alternate 
method is to represent the machine as a current source between the 
machine terminal bus and ground and in parallel with the machine 
impedance. This is an application of Norton’s theorem (Shipley, Sato, 
Coleman, and Watts, 1966). This eliminates the need to establish an 
additional bus behind the impedance of each machine. The machine 
currents are calculated by using the internal machine voltages and the 
machine impedances. These currents are held constant during the 
network iterative solution. 


10.5 Solution techniques 


Preliminary calculations 


The first step in a transient stability study is the load flow calculation to 
obtain system conditions prior to the disturbance. ‘Then the network 
data must be modified to correspond to-the desired representation for. 
transient analysis. In addition, the machine currents prior to the dis- 
turbance are calculated from 


where 2 is the number of machines and Px and Qu are the scheduled or 
calculated machine real and reactive terminal powers. The calculated 
power for the machine at the slack bus and the terminal voltages are 
obtained from the initial load flow solution. VPinally the voltages back 
of machine impedances must be calculated. 

When the machine 7 is represented by a voltage source of constant 
magnitude back of transicut reactance, the voltage is obtained from 


vw - 
so) = Nu + vale + JLaf 
where 

v es , ef 

0 = Coy + ico 


and Js’,9, is the initial value used in the solution of the differential equa- 
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tions. The initial internal voltage angle is 


. 
Siro) 


dio) = tanT! aa 
10) 


The initial speed wo) in radians per second is equal to 2xf where f is the 
frequency in cycles per second. The initial mechanical power input 
P»ico) is equal to the electrical air-gap power P., prior to the disturbance 
which can be obtained from 


Pa = Pi + [Zail?ras 


where |J1;|*ra: represents the stator losses. 

When the effects of saliency and changes in field flux linkages are 
taken into account a voltage back of quadrature-axis synchronous react- 
ance is used to represent the machine. This voltage is calculated from 


ge = By tad et joe i 

where 

By = gi ofa 

The initial internal voltage angle is then 


Soi 
8400) = tan 7! — 
Cat 


As in the simplified representation, the initial speed is equal to 2xf and 
the initial mechanical power is equal to P.,, the air-gap power. 
The calculations of the voltage proportional to field current £7, and 


the voltage proportional to ficld flux linkages /),.9, are required also for 
this representation. These voltages are obtained from 


Lr cad Sti + Parl ts + Jtail as + JXail ai 
and 


wv . . 
Deacon = Eg — (qi — Vay) Lai 


, 


where /2,;9, is the initial value used in the solution of the differential 
equations. Finally, the initial field voltage /ya:¢o) is equal to 47; if satura- 
tion is neglected. 

The next step is to change the system parameters to simulate a dis- 
turbance. Loss of generation, load, or transmission facilities can be 
effected by removing from the network the appropriate elements. A 
three-phase fault ean be simulated by setting the voltage at the faulted 
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bus to zero. Then, the modified network equations are solved to obtain 
system conditions at the instant after the disturbance occurs. 

The techniques described for Joad flow solutions can be employed to 
obtain the new bus voltages for the network. ln the iterative solution, 
however, the buses back of machine impedances are treated differently 
depending on the machine representation. When the machine is repre- 
sented by a voltage of constant magnitude back of transient reactance, 
the internal machine bus voltage is held fixed during the entire iterative 
process. When the machine is represented by the direct and quadrature 
components, the internal machine bus voltage is held fixed during an 
iteration. However, at the end of each iteration, the voltage /,; must 
be reevaluated to reflect the changes in the terminal voltage Lu. First 
the new voltage for the internal bus is obtained by calculating the new 
machine terminal current from 


Fontan @ ces Dba ae 

: ve ms Tai + JL qi 
Then the new component of current along the direct axis ix determined. 
Finally the voltage back of quadrature-axis synchronous reactance 1s 
computed from 


k+l ov ot \ Red 
ES = Eau + (tg — By )1 yi 


where Bites and 4,), the angle of Z,;, are held fixed. 

When the network solution has been obtained, the machine terminal 
current becomes the initial value for the solution of the differential equa- 
tions. It is used to calculate initial machine wir-gap power from 


ae Wok 
Pio) = Re Liico 0) 


when the magnitude of the voltage in back of transient reactance ix held 
fixed or from 


Peo) = Re Lio Lica) 


when the effects of saliency and changes in field flux linkages are taken 
into account. The initial voltage Hic) is obtained also from the network 
solution at the instant after the disturbance. 


Modified Euler method 


When a machine is represented by a voltage of constant magnitude back 
of transient reactance, it is necessary to solve two first-order differential 
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equations to obtain the changes in the internal voltage angle 6; and 
machine speed w;. ‘Thus for an m machine problem where all machines 
are represented in the simplified manner, it is necessary to solve 2m simul- 
taneous differential equations. These equations are 


18; 
2 ay = 
(10.5.1) 
das; Ths . ‘ 4 
dt = Tis G mt Pein) tn 1, SSR SETS 48 ,™ 


If no governor action is considered’, i; remains constant and 
Poe = P mien 


In the application of the modified Euler method the initial estimates 
of the internal voltage angles and machine speeds at time ¢-+ At are 
obtained from 


db; 
Sirs = Oke + al ye a 
dw; ! : 
whessa = Guy + 7 ha At a7=1,2,...,m 


where the derivatives are evaluated from equations (10.5.1) and Paw 
are the machine powers at time & When ¢ = 0, the machine powers 
Poo are obtained from the network solution at the instant after the 
dishurbanee oecurs, 

Second estimates are obtaimed by evahiating the derivatives at time 
t+ af. This requires that initial estimates be determined for the 
machine powers at time (+ df These powers are obtained by calculat- 
ing new components of the internal voltage from 


Oo 
ary 


TOO) = wt 
Crepe an — [fs oy 


710) i 
Siavan hy 


i 


_ 0) 
SIN ban 


Then a network solution is obtained holding fixed the voltages at the 
internal machine buses. When there is a three-phase fault on bus f, the 
voltage vy also is held fixed at zero. With the calculated bus voltages 
and the internal voltages, machine terminal currents can be calculated 
from 


1 
Vat otf Tei 


(0) = (fe BE (0) 
Peek (E “itty Seen a 
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prior to disturbance 
Modify network data 
for new representation 


al 


oes baa 


Calculate machine currents 


i—=1,2,...,m 


Se eee! 


| Calculate voltages behind machine equivalents 
” : . 
Foca Bat ait teu! 
te l,20-.,m 


rT) 


Calculate initial estimates of power 
angles and machine speeds at (+ Ot 


- i = §! pn ees 
t=0 Sifter) Siu t aT a 
ww yd LEE ae 


Is Witeat) wrayt dt he) 
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condition ? 


PN, Dees lh 
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behind machine impedances at t+A&t 


70) 


() 
i(t-at) i 


, 
a 1B! sees Si (reat) 


(3 


Modify system data 


Solve network performance equations 


70) fa a (0) 
Fifevaty 7 IEG! 8! Bic ay 


= ’ / | 
EyM! m= Sy YLpg Egh! 2, Ylpg Eqt—), Yhap Ei! 


qel gape) fel 
pw1,2,...,a pf (when fault on bus f) 


34 “ ] Calculate final estimates of power 
Calculate machine eee & angles and machine specds at t+At 
- A 9 oe tate . 
Bae soe Feit lai Gi 4 | 
t—1,2,...,m a) aw) qt) Neary 
Bites Fi)? 2 ar 
dw; dw ;| 
r GE ley ae 
Calculate machine terminal powers oY wi) + {t) (tat) 
r ry 
Py 105 i Ee erat ve 2 
fw l,2....m i-1,2,...,m 


~~ 


Fig. 10.7. Transient calculations using the modified Euler method. 
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and machine powers from 
(0) ra (0) eh Od * 
Paiute = Re LP ragans oetan) | 


The seeond estimates for the internal voltage angles and machine 
speeds are obtained from 


a db; 
di lo " dt le+ao 
ae — si ‘ S 
Ona = Burk ho ; 
2 
du; du, | 
aj oe dt i d{ it+s30 
Ween = Via A 9 t= 1, 2, ,™m 
where 
dé; 
= wi? = 
di \tt+30 Wee Ay anf 
dn = Tp... pm f 
“2 mi HEE AL) 
di Wehany  7f; * 
The final voltages at time ¢ + At for the internal machine buses are 
fay Lae w qa 
Cera = |L,| COS Sepan 
a) = Pel gn a) pao 
Aes = eg SID Oc eka ae eee 


Equal 


Calculate final estimates of voltages 
behind machine impedances at t+ dt 


ent yw LE, | cos gi) 


i(t+st) i(t+at) 
a) tear gO) 
Ficeeaey 7 EG! 8 Screg ary 
f—1,2,....m 


Equal 
Not equal 


Advance time 
t+at—~t 


Test 
for time limit 


ti Tinas 
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Then the network equations are solved again to obtain the final system 
voltages ut time ¢+ At The bus voltages are used along with the 
internal voltages to obtain the machine cdirrents and powers and network: 
power flows. The time is advanced by Af and a test is made to determine 
if a switching operation is to be effected or the status of the fault is to 
be changed. If an operation is scheduled, the appropriate changes are 
made in the network parameters or variables, or both. Then the net- 
work equations are solved to obtain system conditions at the instant 
after the change occurs. In this calculation the internal voltages are 
held fixed at the current values. Then estimates are obtained for the 
next time increment. The process is repeated until (equals the maximum 
time Tauax) specified for the study. 

The sequence of steps for transient analysis by the modified Euler 
method and the load flow solution by the Gauss-Seidel iterative method 
using Yurs is shown in Fig. 10.7. Shown also are the matin steps of the 
preliminary calculations. The procedure shown assumes that all system 
loads are represented as fixed impedances to ground, 

When the effects of saliency and the changes in Held flux linkages are 
to be included in the representation of the machines the following dilfer- 
ential cquations must be solved simultaneously, 


db; “ 

dt va =a 

dw, wf 

Se Pini — Pua 10.4.2 

al ra ( «) (10.5.2) 
(ae: 
— = — (hy, — fe; ie Pee ree ae 

ll Tr (Eye an) 1 1.72 aay 


Again, if no governor action is considered, Pa: remains fixed and 
Pet a P mi(o) 


If the effects of the exciter control system are not included, ya; remains 
constant and 


‘¥- 
LF ya a T8 pai(o) 


If each machine of the system is deseribed by equations (10.5.2), dm 
simultancous equations must be solved. 


Runge-Kutta method 


In the application of the Runge-Kutta fourth-order approximation, the 
changes in the internal voltage angles and machine speeds, agiin for the 
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simplified machine representation, are determined from 


Bb aan cacis Teh 4. Qheay + Dhar + Irs;) 
Awe, sey as Vey, 4 ou i | Dea, i /,,) , a 1, 2, woe eg MN 


The A's and (?s are the changes in 6; and #,, respectively, obtained using 
derivatives evaluated at predetermined points. Then, 


Bia ean = Or + Ley + 2h; 4- 2h, + I y;) 


: 10.5.3 
Wicep ary = Wrery + i Gy; fe 2la, te 2h, + fi) ( , ) 


The initial estimates of changes are obtained from 


hive= (wiry — 2nf) Al 
af 
hy Sedaka aan ~ Pac) Al 1 = lL, ue poe. Seong hel 
iH; 
where win and Poy are the machine speeds and air-gap powers at time ¢. 
The second set of estimates of changes tn é; and w are obtained from 


Pad 
YP 
| 
_—__ 
a 
£ 
+ 
win 
Se 
| 
to 
a 
pee et 
tC 


mm 


where P?,) are the machine powers when the internal voltage angles are 
Bab Ch 2). Thus, before day ean be caleuketed, new components for 
the voltages for the internal machine buses must be ealenlated from 


hy 
ia jh! cos Ce + ns 


Ay, 
rat ees i . : 
ee ) i,j sin (54m 1. re = 1, 2, ee ML 


Hf 


Then, the network equations are solved to obtain bus voltages for the 
ealeulation of machine powers Pi), 
The third set of estimates are obtained from 


bo, 
hy = | (se ae *) = 2n1| Al 
be = Pay =P) Ad PS De se tn 


where P?)? are obtained from a second solution of the network equations 
with the internal voltage angles. cqual to dé; + (ke/2) and the compo- 
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nents of the voltages for the internal machine buses equal to 


keg: 
p(t) al ene 2 
€; 4 fe COS Ce + 5 
ha, 
742 vps 21 is : : 
f,° = [F,| sin (4. + — t=1,2,...,m 


The fourth estimates are obtained from 


kay a {Coser + 13;) fa 2Qnf} Ae 


nf 


Lie H, (Pm — P?) At t=1,2,...,m 


where PS? are obtained from a third solution of the network equations with 
internal voltage angles equal to 6@) + facand voltage components equal to 


el == [H| cos (Bin +E ka) 
fi = |Ei sin (ia + kai) 


The final estimates of the internal voltage angles and machine speeds 
at time + Alare obtained by substituting the k’s and (’s into equations 
(10.5.3). The internal voltage angles dj¢¢aq ure used to calculate the 
estimates for the components of voltages’for the internal machine buses 
from 


i ald 

Gagan = [4] 608 biceps 

a wv , “ i 

windy = Ly] Sin Biepan ~= 1,2, ...,m 


The network equations are solved then for the fourth time to obtain bus 
voltages for the calculation of machine currents and powers and network 
power flows. The time is advanced by Aé and a network solution 1s 
obtained for any scheduled switching operation and change in the fault 
condition. The process is repeated until € equals the maximum time 


T winx 


10.6 Example of transient stability calculations 


The method for determining transient stability will be ilustrated with 
the sumple power system used in Sec. 8.5 for the load flow problem. In 
this example the machines are represented by voltages of constant magni- 
tudes behind direct-axis transient reactunces. Loads are represented 
by fixed admittances to ground. 
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North 


Elm 
South 
Fig. 10.8 Sample system for transient stability calcula- 
tions, 
Problem 


Using the bus admittance matrix and the Gauss-Seidel iterative method 
for the solution of the network equations and the modified Euler method 
for the solution of the swing equations: 


a. Determine the effects on the sample power system shown in Fig. 
10.8 of a three-phase fault on bus 2 for a duration of 0.1 see. 
b. Determine the effects of the fault on bus 2 for a duration of 0.2 sec. 


Solution 
The results of the load flow calculation prior to the fault are given in 
Table 10.1. The inertia constants, direct-axis transient reactances, and 


equivalent admittances of the generators at buses 1 and 2 in per unit 
on a 100,000 kva base are given in Table 10.2. 


Table 10.1) Bus voltages, generation, and loads from load flow 
caleulation prior to fault 


Generation Load 
Bus code Bus voltages 
p Ep, Megawatts Megavars Megawatts Megavars 
1 1.06000 + j70.9009000 129.565 —7.480 0.0 0.0 
2 1.04621 — 70.05128 40.0 30.0 20.0 10.0 
3 1.02032 — 70. 08920 0.0 0.0 45.0 15.0 
4 1.01917 — 70.99506 0.0 0.0 40.0 5.0 
5 1.01209 — j0.10906 0.0 0.0 60.0 10.0 
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Table 10.2) Inertia constants, direct-axis transient reactances, and 
equivalent admittances for generators of sample system 


Direcl-axts lransicnt iquivalent 
Bus code Inertia constant reactance admittance 
p-t H 2 Uri 
1-6 50.0 0.25 0.0 — j4.00000 
2-7 1.0 1,50 0.0 — JQ. 66667 


a. The Gauss-Seidel iterative equations desertbing the performance of 


the network, using the bus code numbers given in ig. LOG, are 


ac = —Vihygley = Y Lage y* == Yiyglis 
fok+t = —V hig let? a Y Lah = Vials ~ Yh Val) 


Bett me Vy BEY — Vig hlt! — ¥ bak 

Pett = 2V igi a Vial = Vig 
1 “fe 

{Hl ws —¥ Lsghitt! — V Lg ltt?! 


The line parameters YLL,, for these equations enn be obtained from: the 
elements of the bus admittance matrix used for the load flow solution 
prior to the disturbance and the equivalent admittances for machines 
and loads. 
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Fig.10.9 Representation of sample system for transient stability 
calculations. 


ooaTea Tl — dooce’ 


goucr es &+ Goue 


aoucre F + QOgse 1 — 


OOe6a RES — 


oogge’. £ + gouue | - 


LO0LW EL 


agaa@oel 4+ eaoQmr ot —jaquoa’s £ + L9999 LT = 


aqooamael 4- 


Odd00 OT — 


aaena ye’ = 


L99TG" 


at jao0qae F4- £9099 T =) 


i 


I 


Qogenre £4 oagen 1 


goods £ + Qoodg s— 


ooogve + £99901 — 


ead’ £ + 


fgggg'h — oogTRacl — PEEEN Ol 


oaogm elf + 90000 — 


| 
| 
i 


i 


nage f+ 


| 


gagee bE — o0000'S Ef + aQo0g"E =" 


OOL69Y STF — GOOeE’9 


(@) 


© 


SU NLEVUL OOUT YPM SNQ OY PE 


390 Computer methods in power system analysis 


The line parameters are obtained from the equation 


1 
YVLgg = V nqlp = ¥,, (+) 
Pp 


The modified line parameter for element 1-2 is 


1 
Yiu = Yu | =——— 
. si (- + | 
—5, 115.0000 
gee 5.00000 + 715.00000 


6.25000 — 722.69500 
= —0.67074 — 70.03560 


where Y;}; and Yy. are elements in the bus admittance matrix and iis 
is the equivalent admittance representing the machine at bus 1, which is 
given in Table 10.2. The remaining line parameters for bus 1 arc 
obtained from the equations 


1 
ee ee 
- i Yur + yis 


1 
Ying = Yue (| <= 
a = + -) 


where 
Vie = —Yi16 


The line parameter for element 2-1 1s obtained from 


1 
Yu = Yo | ——————_ 
= a GZ + Yor + =) 


where Yo and Yo, are elements in the bus admittance matrix; ye is the 
equivalent admittance representing the machine at bus 2 and goo is the 
equivalent admittance to ground representing the load at bus 2. The 
equation for the load equivalent admittance is 


Pie ats 
ey’ + fy’ 


and for bus 2 


Ypo = 


0.20 — 70.10 
Y20 Se ae pein get 


™ (1.04621)? 4- (0.05128)? 
= 0.18228 — j0.09114 
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where the bus voltage is obtained from the load flow solution and is 
given in Table 10.1. The line parameter ¥ Za is 


—5,00000 - 715.00000 


Yi s 
* 14,.01562 — 733.1728] 
= —0.45235 — 0.00052 


The V7,,'s for all elements are given in Table 10.3. 
The voltages behind the equivalent admittances representing the 
machines are obtained from the equation 


Eo= Bu + jt] t=n+1,n+2,...,n+m 
where 
Pu = JQui 
Oe 
and nis the number of buses of the network and m 7 the number of 
machines. Tor the machine at bus 1 > Aaa pA bee f04 


| on (1295654 ey 
Ey = 1.06 + 70.0 + 70.2 
; ee ee ( 1.06 — 70.0 


Le = 


i] 


1.04236 + 0.30558 


It 


Table 10.3) Line parameters for 
transient stability representation 


of sample svatem 


Bus corde 


P-q VDipg 

1-2 —0.67074 — j0.03560 
1-3 —0,16769 — 70, 00890 
1-6 —0. 16383 + JO. 04512 
2-1 —0.45235 — 7.00052 


i 
w 
| 
) 


15078 — j0.00017 
15078 — j0.00017 
22618 — j0.00026 
—0.01810 + j0.00601 
09625 + j0. 00089 
12833 + j0.00119 


1 oft 
otmn ay 
lof 
op 


1 
~~ A) 
J 
jan) 


$2 49 G9 bo nD BD KD 
ne A 
| 
S 


<4 —0.77000 + 70. 00711 
4-2 —0.12866 + j0.00115 
4-3 —0.77198 + 70. 00687 
4-5 —0.09650 + j0.00086 
5-2 — 0.65236 + 70.02866 
S-4 ~0.32618 + 70.01433 
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where the bus voltage and generation are obtained from Table 10.1 and 
the machine reactance from Table 10.2. The voltage magnitude is 

[Mel = 1.08623 

and the internal voltage angle is 

be = 16.339° or 65 = 0.28517 rad 

The voltage behind the equivalent admittance representing the machine 
at bus 2 is obtained in a similar manner and is 

fy = 1.50335 + j0.49981 

The voltage magnitude is 

|,| = 1.58426 

and the internal voltage angle is 

6; = 18.390° or $67 = 0.32007 rad 


The fault at bus 2 is simulated by setting the voltage at this bus 
equal to zero. Then the network equations are solved to obtain system 
conditions at the instant the fault occurs. In this caleulation the voltage 
at the faulted bus and the voltages behind the equivalent admittances 
representing the machines are held fixed. The calculated system volt- 
ages are given in Table 10-4. 

The machine currents, with the fault, are calculated from the 
equation 


Lu ca (et <F La) pi 
Then 
Ter 


{ (1.04236 + 0.30558) — (0.19234 + 70.00330){ (0.0 — j4.0) 
1.20912 — 73.40008 


Table 10.4 Bus voltages of sample 
system at the instant the 
fault occurs 


Bus code Bus voltage 
Pp EZ, 
1 0.19234 + 70. 00330 
2 0.0 + 70.0 
3 0.04707 — 70.00096 
4 0.03758 — j0.00118 
5 0.01226 — 70.00093 
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and 


Ii. 


£(1.50335 + 70.49981) — (0.0 + j0.0)}(0.0 — j0.66667) 
0.33321 — 71.00223 


Il 


The electrical power of the machines is calculated from 
Por JQei = Lie)" 
The real power of the machine at bus 1 is 
Pes = (1.20912) (1.04236) — (3.40008) (0.30558) 

= 0.22134 


The real power of the machine at bus 2 is zero since bus 2 is the faulted 
bus and its voltage is zero. Calculating the real power as a check, 


Pez = (0.33321) (1.50335) — (1.00223) (0.49981) 
= 0.0000067 


The initial estimates of the internal voltage angles and speed of the 
machines at (+ At are obtained from the differential equations. The 
rate of change in speed of the machines is calculated from 


io = be CPs | Pest) 
dl H, 


Then, at ¢ = 0 for the machine at bus 1, 


dus! 3.1416(60) ars 
— =——— (1.29565 — 0.22134 
dt i 50.0 ( ee Mm 
= 4.05006 


similarly, for the machine at bus 2, 


de;:  3.1416(60) 
eg ee eG 10000° 0,0 
ae Ta (0-40000 — 0.0) 


= 75.3984 


Next, the initial estimates of the speed of the machines at f+ Al are 
calculated from 


doy | 
f 


ae 
dt in 


fa) aks ay 
Wrrp an ™ ary + 


where of)? at f= O is the rated speed and equal to 22f and At = 0.02. 
Then, for the machine at bus 1, 
wero.on = 2(3.1416)60 + (4.05006)0.02 

= 376.992 + 0.08100 

= 377.07300 
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Similarly, for the machine at bus 2, 
wrryon = 2(3.1416)60 + (75.3984)0.02 
376.992 - 1.50797 
378.49997 


i 


The rates of change of the internal voltage angles are calculated 
next from 


di ; 

Ae ea 

Since wy) at ¢ = 0 is equal to 27f, then for the machines 
dé, aby | 

lq 700 and = "|, = 0.0 


The initial estimates of the internal voltage angles of the machines are 
calculated from 


(0) — #2) baits 
Beran = by dt | Al 


Then, for the machines, the internal voltage angles in radians are 


5) oy) = 0.28517 
6, 69, = 0.32097 


The new components of the voltages behind the equivalent. admit- 
tances representing the machines are calculated from 


70) as. (RE | eee OO 
Capa = i | COS Orga 
and 


Poem = [Ei] sin ity ay 

These voltage components replace the previous values obtained from the 
load flow solution prior to the fault and again the network equations are 
solved. In this calculation the new voltages behind the machine equiva- 
lent admitlances as well as the zero voltage at the faulted bus are held 
comstiunt. 

Since there is no change in the maternal vole angle for the mitral 
estimate, the system voltages and machine currents and powers are the 
stunt as those obtained from the network solution at the instaat the fault 
occurs. Consequently, the rates of change in the speed of Uhe machines 
até -b At = 0,02 will be the same. Therefore, 


= 4.05006 and — 


dus ea 
di |(0.02) dt (0.02 


= 79,39484 
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The final estimate for the speed of the machines at ¢ + At is calculated 
from 
do; tla; 


‘ ‘s di ‘dl t+ At) 
[2 9) a € ———S eee 
Drege = pen at 2 At 


Then, for the machine at bus 1, 


4.05006 4.05 
05 ae at 0.02 


wl oo, = 2(3.1416)60 + ( 
= 377.07300 
Similarly, for the machine at bus 2, 


75.3984 75.3984 
75.3984 + 75 =* 0.02 


wo) a, = 2(3.1416)60 + ( Z 


= 378.49997 


The rates of change of the internal voltage angles at ¢ + At are caleu- 
lated from 


dé; 


2 hy _ 
a Orr an orf 


Then, for the machine at bus 1, 


dds : 
—: = 277-0730 — 37 2 
ae ee) 377.0730 — 376.9920 

= 0.08100 
Similarly, for the machine at bus 2, 
di _ 37849997 — 376.9920 
di 0.02) ae 


= 1.50797 


The final estimates for the internal voltage angles of the machines 
at (-+ Atare calculated from 


dé, i dé; | 
di Ley ‘dt. \ttan) 
bah a a ca 95 At 


Then, for the machine at bus 1, 


0.0 + 0.08100 
0.28317 =e (ee) 0.02 


0.28517 + 0.00081 
0.28598 


hy 
85.0.0) 


i 


Hl 
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Similarly, for the machine at bus 2, 


0.0 + 1.50797 
0.32097 + (Aa = 0 
0.32097 + 0.01508 
= 0.33605 


I 


qd) 
5340.02) 


The internal voltage angles in degrees at (+ Al = 0.02 are 


180 

Bit0.0n = 0.28598 (=) = 16.38540° 
T 

and 
180 

541.02) = 0.33605 (=) = 19.25420° 
wT 


At t+ At = 0.02 the final components of valtages pehind the 
machine equivalent admittances are 


= 1.08623 cos (16.38540) 
1.04212 
1.08623 sin (16.38540) 
0.30641 


"ad 
6 


and 


, 
a 


1.58426 cos (19.25420) 
1.49564 
fr? = 1.58426 sin (19.25420) 


= 0.52243 


Then the network equations are solved to obtain the final system voltages 
at t+ At = 0.02. The voltages obtained from this calculation are 
given in Table 10.5. 


Table 10.5 Bus voltages of sample 
system att + At = 0.02 


Bus code Bus voltage 
p Ey 
1 0.19258 + 70. 00353 
2 0.0 + 70.0 
3 0.04815 — j0.00114 
4 0.03845 — 70.00133 
5 0.01249 — j0.00097 
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With these system voltages the machine currents and powers at 
t+ Al = 0.02 enn be calculated. “he current of the machine at bus 1 is 


Terenon = $(1.04212 + j0.30641) — (0.19258 + j0.00353) }(0.0 — 74.0) 
720159" 93.39816 


and the real power is 


Peco.02 = (1.21152) (1.04212) — (3.39816) (0.30641) 
= 0.22132 


The current of the machine at bus 2 is 


Tino.on, = {C4954 + j0.52243F — (0.0 + 50.0)}(0.0 — j0.66667) 
= 0.31829 — 0.99710 


and the real power is zero since the fault is at bus 2. 

This completes the calculations for values at ¢ + At = 0.02. Then 
the time is set tol = 0.02 and the process repeated to obtain estimates at 
t+ At = 0.04. When the time is advanced to ¢ = 0.10, however, the 
network equations are solved without the fault to obtain the post fault 
conditions before proceeding with the normal process. In the network 
calculation only the voltages behind the machine equivalent admittances 
are held constant. The machine currents and powers obtained with the 
new system voltages are used to obtain new estimates at £-+ At = 0.12. 
The process is continued until 6 = Tinas- 

The internal voltage angles and the ratios of actual to rated speed of 
the machines for the complete calculation are shown in Figs. 10.10 and 
10.11, respectively. The system is stable for this disturbance. 


b, The procedure for determining the transient. stability of the sample 
system fora fault on bus 2 of duration 0.2 sce is identical except that the 
network solution without the fault is obtained when t = 0.20 instead of 
{= 0.10 as in part a. The internal voltage angles and the ratios of 
actual to rated speed of the machines for the complete calculation are 
shown in Figs. 10.12 and 10.13. The system is unstable for this 
disturbance. 


10.7 Exciter and governor control systems 


In the solution techniques deseribed in Sec. 10.5 the effects of the exciter 
and governor control systems on power system response were neglected. 
In that representation the field voltage Mya and the mechanical power Pm 
were held constant in the transient calculations. When a more detailed 
evaluation of system response is required or the period of analysis 
extends beyond one second it is important to include the effects of the 
exciter and governor systems. 
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Fig. 10.10 Internal voltage angle of machine with respect to time fora fault 
duration of 0.1 sec. 
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Fig.10.11 Ratio of actual to rated speed of machine with respect to time for 
a fault duration of 0.1 sec. 
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time for a fault duration of 0.2 sec. 
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The exciter control system provides the proper field voltage to main- 
tain a desired system voltage, usually at the high-voltage bus of the power 
plant. An important characteristic of an exeiter control system is its 
ability to respond rapidly to voltage deviations during both normal and 
emergency system operation. Many different types of exciter control 
systems are employed on power systems. The basic components of 
an exciter control system are the regulator, amplifier, and exeiter. The 
regulator measures the actual regulated voltage and determines the volt- 
age deviation. The deviation signal produced by the regulator is then 
amplified to provide the signal required to change the exciter field current. 
This in turn produces au change in the exerter output voltage which results 
in anew excitation level for the generator. 

A convenient form of representing s control system is a block dia- 
gram that relates through transfer functions the input and output varia- 
bles of the principal components of the system. A block diagram for a 
simplified representation of a continuvusly acting exciter control system 
is shown in lig. 10.14. This is one of the important types of exciter 
control systems. This representation includes transfer functions to 
describe the regulator, amplifier, exciter, and stabilizing loop. The 
stabilizing loop modifies the response to eliminate undesired oscillations 
and overshoot of the regulated voltage. The differential equations 
relating the input and output variables of the regulator, amplifier, exciter, 
and stabilizing loop, respectively, are 


aby 1 
—- = £ EY, — Ev 
ap, ) 
Ligh 1 Ee 
Fiseieee gn epee {Ke G at —s eo a) a piu! 
dt Ta Ka | oe 
dk 1 (10.7.1) 
Std ‘ 
= — (Mi — Kek 
Fe = Te Bt Keke) 
dhiv l db ya ; 
eee, eet K Bh CVE Sear ck fsiv 
dt x | rv dl | 
where /fs = scheduled voltage in per unit 
vit == output voltage of the amplifier in per unit prior to the 


disturbance 
Tx = regulator time constant 
Ka = amplifier gain 
T, = amplifier time constant 
Ke = exciter gain 
Ty = exciter time constant 
Kp = stabilizing loop gain 
Tr = stabilizing loop time constant 
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Control Steam Turbine 
system System 


Fig. 10.15 Block diagram for a simplified representation of a speed governor 
control system. 


and the intermediate variables are designated by Hii, Mili, Wiv, BY and 
Evi, The intermediate variable Li is 


hii = fii Ei 


where E¥' is equivalent to the demagnetizing effect due to saturation in 
the exciter. This is determined from 


Evi = AcBEn 


where A and B are constants depending upon the exciter saturation 
characteristic. 

To include the effects of the exciter control system, equations (10.7.1) 
are solved simultaneously with the equations (10.5.2) describing the 
machine. 

The effects of the speed governor control during transient periods 
can be taken into account by using the simplified representation of the 
governor control system shown in Fig. 10.15. This representation 
includes a transfer function describing the steam system with a time con- 
stant 7s and a transfer function describing the control system with a 
time constant Te. The differential equations relating the input and 
output variables of these transfer functions, respectively, are 


aPy 


ae pie ee) 
AS a (10.7.2) 
ee, Sod) 


“do Te 
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where P,, is the mechanical power and the intermediate variables are 
designated by P', Pi, Pt and Pl¥. The variables Pi and Pi" are 
related by the following: 

Pi =o Peo 

ae ae oA ST oils iain se La 

P28 oz dos [oui > Pend 

where Pax is the maximum turbine capability. The intermediate 
variable Pi! is 

Pr = Pro — PR 

where Pico) is the initial mechanical power. The intermediate variable 
PY 4s 


; 1 fwo —w 
Vw + 
Pe ( op DBr) 


where R is the speed regulation in per unit and DBr is the dead band 
travel, that is, the change in speed required to overcome the dead band of 
the governor system. A typical governor characteristic is shown in 
Fig. 10.16. 

Equations (10.7.2) are solved simultaneously with equations (10.5.2) 
if the effects of the governor control system are included. 


10.8 Distance relays 


Coordination in the planning of generation and transmission facilities 
and the design of an effective protective relaying system is essential for 
the reliable performance of a power system. The principal purpose of 
relays is to protect the power system from the effects of faults by initiating 


1.95 Dead hand = 0.0006 
5 Speed regulation = —0.04 
= 1.00} - 
S 9.5 10> 
§ Per unit of rated load 
S 
x 

N95 


Fig. 10.16 Iypical governor characteristic set for rated out- 
puctat rated speed. 
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x 


Fig. 10.17 Opera ting characteristic of distance 
relay plotted onan RX diagram. 


circuit breaker operations to disconnect the faulted equipment. The 
design of a protective relaying system must assure proper operation so as 
not to disconnect additional equipment that would aggravate the effects 
of the disturbance and it must assure that the faulted equipment is cleared 
sufficiently fast to mitigate the effects of the fault. In addition, the 
relaying system must not limit the design capability of the generation 
and transmission facilities. 

An important type of relay that is used for high-voltage transmission 
line protection is the ‘distance relay. This relay responds to the rauo of 
measured voltage to measured current which can be expressed us an 
impedance. A convenient means of showing the operating characteristic 
of a distance relay is with an RX diagram on which a circle is drawn with 
the radius equal to the impedance setting as shown in Fig. 10.17. When 
the value of the impedance seen by the relay falls within the circle, the 
relay will operate. 

To provide adequate primary and backup protection, distance relays 
have three units. The operating characteristic of each unit can be 
adjusted independently. Furthermore, the proper functioning of dis- 
tance relays requires the capability to distinguish direction. This is 
provided by either a directional unit, as in the impedanceé-type distance 
relay, or is inherent in the operating characteristics, as in the mho-type 
distance relay. ‘The operating characteristics of these two reluys are 
shown in Fig. 10.18. The circles associated with the three units are 
labeled zone 1, zone 2, and zone 3. 

When a fault occurs and the value of impedance seen by the relay 
falls within zone 1 and above the characteristic of the directional untt of 
the impedance type, the zone 1 contacts will close and trip the circuit 
breaker immediately. In this case all three units will operate because 
zone 1 is the smallest circle. When the impedance falls only within 
zones 2 and 3, or zone 3, the contacts of the associated units will close 
and energize a timer. At a specified time setting, the timer will close a 
second set of contacts associated with zone 2. If the first set of contacts 
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associated with zone 2 is closed the circuit breaker will be tripped. II 
the zone 2 contacts are not closed, that is, the impedance seen by the 
relay is not within zone 2, then the timer, at a later specified time, will 
close a second sct of contacts associated with zone 3. If the first set of 
contacts associated with zone 3 is closed then the circuit breaker will be 
tripped. The time delays for zones 2 and 3 can be set independently. 
Zones 1 and 2 provide primary protection for a transmission line section, 
whereas zones 2 and 3 provide backup protection in the event relays or 
circuit breakers of adjoining facilities fail to operate properly. 

During a system disturbance and following the switching operations 
to clear the faulted equipment, power swings will occur on the transmis- 
sion system until a new stable operating condition is established. These 
swings should not cause relays associated with the unfaulted equipment 
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Fig. 10.18 Operating char- 

acteristics of distance relays. 
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impedance 


Fig. 10.19 Trajectory of apparent impedance during a 
power swing. 


to operate. The operation of the relay system can be tested for various 
system disturbances by calculating during the step-by-step transient cal- 
culations the apparent impedance, that is, the impedance seen by the 
relay. The apparent impedance calculated at each time increment can 
be compared to the operating characteristics of the relay. A convenient 
means of making this comparison is to plot the impedance values on the 
RX diagram of the relay as shown in Fig. 10.19. 

The apparent impedance is calculated from the final results obtained 
from the network solution at timet + At. First the current in a specified 
transmission line p-q is calculated from 


Ing = (Ep — Eq) y ne 


Then, the apparent impedance for bus p is 


E 
Z=— 
‘ I 94 
or in complex form, 
, ep + Ife 
Ry +jX, = — 
aes Ang + Jog 
where Ry = ertive + Soboe 
Q59 2 ae 
ae Srdpq — Cyd yg 


2 2 
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The values 2, and X, are the coordinates in per unit on the RX diagram 
of the apparent impedance at time ¢ + Af. 

Norma! information related to the operating characteristics of the 
relay includes the diameters of the circles for each zone, the angle @ with 
respect to the F axis of the line along which the centers of the circles lie, 
and the positions of the centers of the circles along this line. This infor- 
mation is used to determine the coordinates in per unit of the center of 
each circle. These coordinates are determined from 


2 base kva 
Re 


Pee er eee 8 
(base sa? 10 


S X base kva 


a ee ey 
a (base kv)? X 103/ > 


where D is the diameter of the circle in primary ohms. The distance d 
between the center of the circle C and the impedance point 7, is 


d = V (AR)? + (AX)? 
where 
4R=Rh, — R. and AX = X,— X, 


as shown in Fig. 10.20. The value of d is compared to the radius rin 
per unit of the circle. 


Fig. 10.20 Comparison of 
apparent impedance and 
Rp distance relay operating 
characteristic. 
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Fig. 10.21 Simulation of the operation of mho-type distance relays in a 


transient analysis. 


Chapter 10 Transient stability studies 409 


The sequence of steps for simulating the operation of mho-type dis- 
tance relays in a transient stability study is shown in Fig. 10.21. Fora 
specified line | the apparent impedance calculated at ¢ + At is compared 
to the operating characteristic of each of the three zones. This is accom- 
plished by calculating the distances du, dx, and dy from the apparent 
impedance point to the centers of the circles for zones 1, 2, and 3, respec- 
tively. Each distance is compared to the radius of the appropriate 
circle, that is, dis compared to ri; doris compared to ra; and ds is com- 
pared tors. Ifthe apparent impedance is in zone 1 an immediate switch- 
ing operation, is initiated. If the apparent impedance is in zones 2 and 
3, or zone 3, the corresponding contacts Cz and Cy, or Ca, are closed 
and the timer 7; is started. When time is incremented by At in the 
transient calculations the relay timer J; also must be advanced by At. 
When the timer reaches the time setting Tx or Ta for zone 2 or 3, respec- 
tively, and the corresponding contacts Ca or Cy: are closed, a switching 
operation is initiated. 

When an operation is initiated the switching time is determined by 
adding to ¢-+ At the inherent relay and circuit breaker time Ty, that is, 
the time required for the relay and circuit breaker to disconnect the line. 
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High-speed relays and circuit breakers operate in approximately 0.04 sec. 
The switching operation is effected in the step-by-step transient calcula- 
tions at the scheduled time. 


10.9 Description of transient stability program 


In general, a transient stability program is developed as an extension of a 
load flow program. This provides the ability to obtain a load flow solu- 
tion prior to the disturbance and thus the initial system values for the 
transient calculations. In addition, the load flow data can be used in 
the transient study. 

The American Electric Power Transient Stability Program is com- 
posed of the following parts: 


Input 


The input program used for the entry of load flow data is used also to 
read in the additional data required for the transient stability calcu- 
lations. This information includes synchronous and induction machine 
data, time interval, total time period, transmission lines and buses to be 
monitored, and sequence and time of system fault and switching oper- 
ations. If thé operations of impedance relays are to be simulated, the 
characteristics of the relays are required also. 


Data assembly and modification 


The data assembly and modification program links the load flow and 
transient stability programs. It prepares and checks all data associated 
with the various machine and load representations and modifies the sys- 
tem data by adding machine equivalent circuits, calculating internal 
machine voltages and currents, and converting loads to the desired 
representation. In addition, an initial slip for each induction motor is 
calculated, 


Transient calculations 


The transient calculations include the numerical solution of the differ- 
ential equations describing machine behavior and the iterative solution 
of the network equations to determine the performance of the trans- 
mission system. A network solution is obtained for cach estimate of 
machine speeds and internal voltages at the next time interval. The 
results of the network solution obtained with the final estimates at the 
next time interval are used to calculate line currents and swing imped- 
ances for preselected lines. 
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System operations 


The system operations program modifies the system data at specified 
{imes during the transient analysis to simulate fault conditions and 
switching operations associated with a system disturbance. The types 
of operations that can be specified are: 


1. Simulating a fault 

2. Clearing a fault 

3. Tripping a line or transformer 
4. Reclosing a line or transformer 
5. Switching on static loads 

6. Dropping static loads 

7. Tripping machines 

8. Restarting motors 


Any sequence and combination of these operations can be specified for a 
transient analysis. 


Relay operations 


The relay operations program compares the apparent impedances calcu- 
lated for preselected lines to their distance rclay characteristics. If a 
switching operation is effected the program automatically schedules this 
operation at the proper time during the transient calculation. The 
switching operation is performed by the system operations program. 


Output 


The output program uses the bus numbers assigned in the load flow cal- 
culation to identify the transient results. The first information provided 
includes the study title, case number, remarks, and sequence of system 
operations. Next, detailed results are printed for each time interval. 
Yor each machine, the type, terminal and internal voltages, current, 
speed, and mechanical torque are printed. For the network, the power 
flows and associated bus voltages as well as the swing impedances for 
presclected lines are printed. A sample of the output from this program 
is shown in Fig. 10.22. 

In addition to these results, a plot of machine speeds and phase 
angles can be obtained for preselected machines. Letters of the alphabet 
are used to designate the machines and to form the curves. A sample 
plot of machine phase angles is shown in Fig. 10.23. 
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Problems 


10.1 The synchronous machine shown in Fig. 10.24 is generating 100 
megawatts and 50 megavars. The voltage of the infinite bus g 
is 1.0 + j0 and the line reactance is 0.05 per unit on a 100,000 kva 
base. The machine transient reactance is 0.20 and the inertia 
constant is 3.5 per unit on a 100,000 kva base. Calculate the 
changes in phase angle and speed of the generator for a three- 
phase fault at bus p fur a duration of 0.1 sec. Use the modified 
Euler method with time increments of 0.02 sec and maximum time 
of 0.2 sec. 


Fig. 10.24 Sample system for Prob. 101. 


10.2 The load flow results for the sample system shown in Fig. 10.25 are 
given in Table10.6. The machine data in per unit on a 100,000 kva 
base is given in Table 10.7. The effects of saliency and changes in 
field flux linkages of the machines are to be taken into account in 
the transient calculations. The loads are to be represented as 
fixed impedances to ground. Calculate the values of all parame- 
ters and variables needed to convert the system representation to 
that required for transient analysis. 


Fig. 10.25 Sample system for Prob. 10.2. 
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Table 10.6 Bus voltages, generation, and loads from load flow 
ealculation for sample system for Prob. 10.2 


Bus voltages Generation Load 
Bus code 

p Magnitude Angle Megawatts Megavars Megawatts Megavars 
I 1,040 0 296.7 49.4 0 9) 

2 1.030 -1.5 0 11.1 0 0 

3 0.985 -5.9 40.0 41.6 100.0 30.0 
4 0.961 —-6.5 0 0 160.0 90.0 
5 0.961 —6.7 0 0 90.0 60.0 
6 1.015 ~4.5 325.0 71.0 300.0 30.0 


Table 10.7 Synchronous machine data for sample system for Prob, 10.2 
Direct-arig Quadrature- 
tranatent Direct-arts Direct-aris arta 
Inertia open ecircnil transtent synchronous synchronous 
Bus code conslant time constant reactance reactance reactance 
Pp Hf La 4 Ud Xq 
1 35.00 3.5 0.06 0.22 0.19 
2 0.25 7.0 0.80 3.20 2.50 
3 4.50 4.0 0.50 1.60 1.50 
6 22.00 3.5 0.10 0.34 0.30 
Table 10.8 Voltages from load flow calculation at the 


instant following the fault for sample systemfor Prob. 10,3 


Voltage back of 


Terminal quadrature-azis Field 
Bus code vollage synchronous reactance voltage 
Pp Ey Ey Eye 
1 0.618 + 70.094 1.795 + 30.860 1.30 
2 0.482 + 70.063 2.469 — 70.065 1.38 
3 0+ 70 3.460 + 70.901 1.79 
4 0.320 + 70.005 
5 0.445 + 70.025 
6 0.662 + 70.063 1.651 + 71.097 1.66 
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10.38. The results of the load flow calculation for the sample power system 
used in Prob. 10.2 at the instant following a three-phase fault on 
bus 3 are given in Table 10.8. Using a time increment of 0.02 sec, 
calculate the first estimates of machine speeds, phase angles, and 
voltages proportional to the field flux linkages at ¢ = 0.02. 

10.4 The load flow data in per unit on a 100,000 kva base for the sample 
power system shown in Fig. 10.26 is given in Tables 10.9 and 
10.10. The slack is bus 1. The machine data in per unit on a 
100,000 kva base is given in Table 10.11. The loads are to be 
represented as fixed impedances to ground. For a time increment 
of 0.02 sec and a maximum time of 1.0 sec calculate the changes 
in phase angles and speeds of the generators for a three-phase fault 
at the East bus for a duration of 0.1 sec. Use the following 
methods and compure the results: 

a. Euler’s method 
b. The modified Euler method 
ce. Runge-Kutta method 


North 


® 


© Fig. 10.26 Sample system for 
Prob, 10.4. 


10.5 The terminal voltage J/¢; of a synchronous generator connected to a 
power system is 1.0 per unit and the terminal output power is zero. 
The machine reactances are 


la = 1.2 
ty = 0.8 


Taking into account the effects of saliency and assuming the mag- 
nitude of the voltage proportional to the field current 7) remains 
fixed, calculate the per unit terminal output power when the quad- 
rature axis is advanced 30° with respect to the terminal voltage. 


Table 10.9 
system for Prob. 10 cf 


Chapter 10 


Impedances for sample 


Transient stability studies 


Bus code Linprdance 


Line charging 


P-q Zpq Ynql 2 
1-2 0.04 + 70.16 0.14 
1-3 0.02 + 70.08 0,07 
2-3 0.03 + 70.10 0.04 


Table 10.10 


toltauves for sample system for Prob. 10.4 


Scheduled generation and loads and assumed bus 
£ 


Generation Load 
Bus code Assumed es : 
p bus voltage Megawatts Megarars Meqgatvatts  Meqgavars 
1 1.04 + 70 0 0 0 0 
2 1.00 + 90 100 70 50 20 
3 1.00 + 70 0 0 250 150 


Table 10.1) 


Synchronous machine data 


417 


for sample svstem for Prob, 10-4 
I i 


Inertia Direct-azis 
Bus code constant transient reactance 
p H La 
1 160.0 0.) 
2 3.0 0.3 


10.6 


10.7 


A power system with two generating units is supplying a total load 
of 200 megawatts at rated frequeney. The data for the generating 
units is given in Table 10.12. Assuming there is no load frequeney 
control systein to change the governor setting and that there is no 
change in load with frequeney, calculate the following: 

a. The new system frequeney when the load increases 30 mega- 

watts 

bh. The new megawatt loading of the generating units 

Acsynehronods venerator, rotating at svnehronous speed, has an 
inertia constsnt! of 3.0 and speed regulation of —0.05, A Joad of 
constant power equal to 25 percent of generator rating is connected 
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Table 10.12 Generator data for Prob. 10.6 


Per unit 
speed 
Unit Megawatt Megawalt regulation 
number rating loading R 
1 100 50 —0.05 
2 200 150 —0.04 


suddenly fo the machine Corminals. Neglecting the Gime constiints 
of the governor control system and the steam system, calculate 
the speed of the generator as a funetion of time. 

10.8 he initial operating conditions of a synchronous generator are, 


Megawatt output = 0.50 per unit 
Terminal voltage = 1.0 + 30 


Power factor = 1.0 


The generator data is 


x = 0.2 
ta = 1.2 
te=1dl 


A load of 0.1 per unit and 0.8 power factor is connected suddenly to 
the generator terminals. Assuming that there is no change in 
speed and that the generator field voltage remains constant, 
calculate the generator terminal voltage as a function of time. 
Represent the load as a fixed impedance to ground. 
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